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Some applications of functions of several complex variables
to Toeplitz and subnormal operators

by J. Janas (Krakow)

Abstract. The paper consists of two parts. In the first part we shall prove a certain
theorem on Toeplitz operators in a strongly pseudoconvex domain (this is a generalization
of our previous result [6]), using the recent result of A. Aytuna and A. M. Chollet [1].
In the second part we shall prove a theorem of approximation type for the algebra A4(Q)
(the Banach algebra of all functions continuous in € and holomorphic in Q), where 2 is
a bounded and symmetric domain in C". Applications of this theorem to the case of an
n-tuple of commuting subnormal operators and to Toeplitz operators are also given.

I. Let D = C" be a bounded strongly pseudoconvex domain. Denote
by H®(0D) the Banach aigebra of all functions on dD which are boundary
values of bounded holomorphic functions in D. If C(éD) denotes the Banach
algebra of all continuous functions on D, the recent result of A. Aytuna
and A. M. Chollet says that H®(dD)+C(dD) is a Banach algebra with
ess-sup norm. This a generalization of the previous result of W. Rudin, who
proved the same theorem for the unit ball in C". The theorem of Rudin was
applied in [6] to Toeplitz operators on odd spheres. Now we shall give
an analogous application of the theorem of Aytuna and Chollet to Toeplitz
operators in a strongly pseudoconvex domain.

First of all, we recall the definition of a Toeplitz operator. Let IZ(6D)
be the Hilbert space of all complex functions which are square integrable
with respect to the surface Lebesgue measure u on dD. Denote by H?(éD)
the Hardy space of all functions in I?(dD) which are boundary values of
functions holomorphic in D (see [10] for the definition and properties of
H?(0D)). Let P be the orthogonal projection from I?(6D) onto H?(dD).
We define the Toeplitz operator T, on H?(dD) by putting, for any bounded
measurable function ¢ on 0D,

T, f=Ple- /).

Using the above-mentioned result of Aytuna—Chollet, we shall give
a characterization of the Banach algebra generated by the family

{T,, p € H* (8D)+C(6D)}.
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The idea of proof is the same as in [6]. To begin with, note that combining
the results of [4], § 5.4, and Venugopalkrishna’s proof of [11], Theorem 2.1,
one can prove the following lemma.

LEMMA 1. If se C(dD), then (I—P)g: H*(0D) - I?(0D) is a compact

operator.

Remark 1. In the case of the unit ball the above lemma was proved
in [6] with use of a result of Coburn [2].

Now we recall the definition and some properties of the Poisson-
Szeg6 kernel,

P(z,&) =1|5(z,¢)-S(z,2)"", zeD, éedD,

where Siz, £) is the Szegd kernel of D. In particular, P(z, &) satisfies the
foilowing two conditions:

(i) For every ze D, [ P(z, &) du(§) = 1.
é

(m) If feC(0D), therf for any &edD and D> z, - & we have
JPe. 05 @dn ;21 &

n—w

(See [10j.)
We shall need a little more in order to adopt the proof from [6].
we have the following lemma.

LEMMA. 2. Let D be a strongly pseudoconvex domain in C" with a Szego
kernel S(z,¢&). If (¢€dD and De i, — &, then the sequence

In(&) = S(Ap> O Sy 4,) 712
has the properties:
1° f,eH?*(3D) and | [, =1,
2 f,—0.

Proof 1° follows immediately from property (i).
We shall prove 2. First note that*

(+) S(Am; Am) = + 0.

Suppose nof; then for an arbitrary basis {{;} = H?(D) (not the boundary
values; see [10] for the definition) we can write

S(Ay, A = .Za WA <M< +0 form=1,2,..

Therefore the sequence 7, of functionals on H2(D) given by

M (f) = f(Am)
satisfies the inequality |5, | < \/ﬁ .
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Indeed, for any h e H? (D)
11 (B) = l'lm( ; Cx '/’k)l = | ; Vi (Am)'

< ( ; leal?)7 ( ; Wi (Aa)P)V2 < M2 R,

But this is impossible because one can always find a sequence of functions
h,e H*(D), |h,l = 1, such that
'r,m(hm)l = lhm(lm)l —— +00.

m— o

(It is sufficient to choose g, holomorphic in a neighbourhood of D and
suclz that |g,, (&)l > 1, gl < 1 in D\U,,, where U, is a neighbourhood base
at £. See [5], p. 275. Let n,eN be such that ||g™| > 1 and define:
h = g llgam = 1)
Thus, for H2(0D)3g = ). a,§,, we can write
k

(fows 9 = | £n(©)g(©)du(d)| = |; O ¥y (A + S (i Apm) ™ 44|

a

N
< Sms Am) ™12 k; low Y (4n)l + \ Zﬂ lay i (A)]

N @®

< S(ps An)" 12 Y |c1,‘;/;,‘(}.m){-+-(k=g:+l lay[2)V/2.

k=1

Fix e > 0 and take N such that ( Y |[aJ?)"? < ¢2. Then from the
' k=N+1

above inequality and from (») we get |(f, g < &, for m = my. The proof
is completed.

Now we are ready to formulate the above-mentioned characterization
of the algebra {T,, ¢ € H*(6D)+ C(dD)}.

THEOREM 1. Let X be the ideal of all compact operators in H? (D).
Denote by of the Banach algebra generated by the family {T,, ¢ € H* (0D)+
+ C(0D)}. The quotient algebra s /X is isometrically isomorphic with H® +C
by the map ¢: ¢ - {T,+K,KeX}.

Proof. Using Lemmas 1 and 2, one can repeat our previous proof from

[6] step by step (replacing the sequence h, from [6], by the sequence f,
from Lemma 2).

Remark 2. In the case where D is the unit ball in C* the above
theorem was also proved by A. M. Davie and N.P. Jewell in [3], but
their proof cannot be extended to an arbitrary strongly pseudoconvex
domain.

We also have the following corollaries:
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CoroLLARY 1. If @ e H®+C and ¢ is invertible in this algebra, then
the operator T, is Fredholm.

CoroLLARY 2. If pe H® +C, then
ITN = 1Tl = lele  (ITl; — the spectral norm of T).

II. In order to formulate results of this part we shall recall some
definitions.

Let A = C(X) be a function algebra (X a compact Hausdorfl space).
The following definition was introduced by W. Mlak in [9].

DerINITION M. Let p > 1. We say that a function algebra 4 < C(X)
is p-approximating in modulus if the linear combinations ) c;|u|?, ¢; > 0 are
dense in the cone C*(X) (non-negative, continuous functions on X).

Actually, we shall need a little weaker notion. Namely, we introduce
the following technical condition. For a given finite non-negative Borel
measure u on X we shall call the function algebra 4 < C(X) (p, u)-
approximating in modulus (p = 1) if the linear combinations Zci lu? are

dense in the space I',(u) (of non-negative pu-integrable functions on X).
Let Q be an arbitrary bounded domain in C", symmetric with respect
to zero. If Aut Q is the group of holomorphic automorphisms of  and
K is the isotropy subgroup of Aut £, then there exists a K-invariant
measure u on the Bergman-Shilov boundary d, of 2. Moreover, K acts
transitively on d,. See [8]. Let P (&, z) (€ € 0p, z € Q) be the Poisson—Szego
kernel of Q. The following properties of P(¢, z) were proved in [8]:

(i) P¢,2) > 0;

(i) [ P(& 2)du(8) = 1,26 ;

(i) Vn>0lm [ P(,z2)du() =0.

z=& (2—¢l>

Now we are re;fiyﬂtc;' prove

THEOREM 2. Let Q be as above. If A(S) is the Banach algebra of all
continuous functions on Q and holomorphic in Q, then for any finite, non-
negative Borel measure v on 0, the algebra A(Q),, is (2, v)}-approximating in
modulus.

Proof. We shall prove a little more. Namely, for an arbii'fary function
ve C*(d,) there exists a sequence h,; € A(£2) such that

@ | Y hulle <M < 400, m=1,2,...
(b) Ve €dq, ; |Bmi G = v (£)-

From (a) and (b) the assertion of the theorem. follows easily.
Now let v € C*(d,). We define the sequence

v,(8) = I P(C, r,&)o0)du(l),
!
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where 0 <r, < 1,r, <> 1. Then for any fixed éedg

(*) 0, (§) ~ v(d).
Indeed, by (ii) and (iii)) we have for ¢ > 0 and for n > 0

[§ P& du©)~v(d)|
<[P 1,8 @) -0 du)
<2olle- | PECr&du@+ [ P r,épQ)—-v@lduQ)

£—&l>n lc-&i<n
<ie+ie=e¢, ifp=p,.
Now note that there exists a partition {o;} of d, such that

(++) ||vp(é)_z P(C;, rp'f)U(Ci)#(Ui)”ao <eée,

Y
where P({;,r, &) = |S(;, rpé)|2~S(r‘,£,r,,£)". But S(r,¢,r,¢) does not
depend on ¢! Indeed, since S(z,z) = S(kz, kz) for every ze Q2 and every
ke K and since K acts transitively on J;,, the above claim is true.
Therefore we can write

P@irpd) = S0p8, 197" | T 4@ vl 8

= S, | T e, 0P,

where {y,} is an arbitrary basis in H2(Q). See [10]. Denoting S(r,&,r, &)~
= ap and ;1 ws(Ci)ws(rpé) = gpiEA(Q)L?Q’ we havc: P(Cia rp i) = aplgpi(é)|2°

Relations (x), (»*) and the above equality prove that the sequence

hi = G- [0(C) (07)a,]"2

satisfies (@) and (b). The proof is complete. In fact we have proved more
that 4(Q) is p-approximating in modulus.
Now we shall show two applications of Theorem 2.

(a) Lifting of the commutant of an n-tuple of subnormal operators.

Let T,,...,T, be an n-tuple of commuting subnormal operators in
a complex Hilbert space H, ie., suppose there exists a larger Hilbert space
K o H and an n-tuple N,, ..., N, of commuting normal operators such that

T T f= NN f, feH,
where k; are non-negative integers. We say that a normal extension
(N,,..., N,) is minimal, if
= \V NMLNYH.
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We are interested in the following problem: whether an operator § commuting
with T; (i = 1,...,n) extends uniquely to an operator S commuting with
a minimal normal extension (N,,...,N,): SN; = N;S,i=1,...,n.

Let X be a compact set in C" such that X = IntX and Int X is
a bounded symmetric domain. Assume that T: A(X),, , — L(H) is a re-
presentation of A4(X) induced by the n-tuple (T,...,T), ie, T(z) =T,
i=1,..,n T is a homomorphism and |T )| < |luls_, (*). (Note that
A(X) = P(X), where P(X) is the Banach algebra of all functions on X
which are uniformly approximated by polynomials on X.)

ExaMpPLE. As an example of such a set X it is enough to take
X = 0o(T;, ..., T,) — an arbitrary joint spectrum of the n-tuple T,..., T, for
which the spectral mapping theorem holds true, ie., such that p(o (T}, ..., T}))
= o(p(Ty, ..., T,)), p denoting any polynomial. The conditions

(a) Int a(Tl, ceey 7::) = G(T'l’ seey 7:1)1

(b) Inta(Ty,..., T,) is symmetric,
are to be assumed additionally.

Using the inequality |p(Ty, ..., T)I < |pls,, We obtain, by continuity,
a subnormal representation of the function algebra P(X), , = A(X), -

The answer to the problem of lifting of the commutant of an n-tuple
(Ty, ..., T)) is positive, if we assume additionally that ¢(N,, ..., N,) < Onx-
Then, applying Theorem 2 and repeating the reasoning of our previous
paper [7], we obtain the following corollary.

CoRrOLLARY 1. Let X be as above. Suppose that T: A(X) ., — L(H)
is a representation induced by an n-tuple (T,, ..., T,) of commuting subnormal
operators with a minimal normal extension (N,...,N,). Assume that
6(Ny,...,N,) © Ox. Then every Se{Ty,...,T,} (the commutant) extends
uniquely to Se {N,,...,N,} and ||§| = |S|.

Remark 2.'In the case of X being the unit ball in C* the above
corollary was proved in [7].

(b) Spectral inclusion theorem for Toeplitz operators.

This is another application of Theorem 2.

We shall prove a generalization of the spectral inclusion theorem for
Toeplitz operators in Hardy space over a bounded symmetric domain.

Let 2 be a bounded symmetric domain in C". For any non-negative
finite Borel measure v on &,, we define the Hardy space H2(v) as the
I*(v)-closure of the algebra A(Q)j . Note that if v = u, where u is the

K-invariant measure mentioned before Theorem 2, then H2(y) is the classical

(") See [6] for a general definition.
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Hardy space over a symmetric domain. The definition of the Toeplitz
operator is obvious. For @ € I*(v) we define the operator T, on H?(v) by
T, f= P(¢-f), where P: I?(v) — H?(v) is the orthogonal projection. Denote
by L, the operator of multiplication by ¢ in I?(v).

CorOLLARY 2. If @ € L°(v), then 6,(T,) = o(L,), where o,(T,) is the
approximate point spectrum.

Proof. The proof is based on Theorem 2. Denote, for simplicity,
Cme = Z. Assume that 0¢ o,(T,); then

(1) JlolPIfPav = T, f12 = e- 1 f1I%,

for a certain ¢ > 0 and every f e A(Q).
According to the proof of Theorem 2, for any function ve C*(Z) we
can find a sequence {u;,} < 4(£2) such that

(i) Yluml> < M, m=1,2,..,
(i1) Z [ty ()2 ——v(x) for xeZ.

By (1) we get
J101 Y ltinl2dv = 3§ 10 ltinl? dv > & T, | |l dv

=&Y [uml*dv.
i
Thus by the Lebesgue dominated convergence theorem
{lpl>vdv = & vdv.

Since v is arbitrary, we have |p|*> > & (v — almost everywhere). The proof
is complete.

Remark 3. As in the classical case of the unit disc, Corollary 2 has
some interesting consequences (for example |T,|| = |l¢|l.)-
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