
Bulletin of the Section of Logic

Volume 50/1 (2021), pp. 97–123

https://doi.org/10.18778/0138-0680.2020.28

Rajab Ali Borzooei

Gholam Reza Rezaei

Mona Aaly Kologani

Young Bae Jun

SOJU FILTERS IN HOOP ALGEBRAS

Abstract

The notions of (implicative) soju filters in a hoop algebra are introduced, and

related properties are investigated. Relations between a soju sub-hoop, a soju

filter and an implicative soju filter are discussed. Conditions for a soju filter to be

implicative are displayed, and characterizations of an implicative soju filters are

considered. The extension property of an implicative soju filter is established.
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1. Introduction

It is well-known that an intuitionistic fuzzy set is a generalization of a fuzzy
set, and it is introduced by Attanassov [1]. Molodtsov [15] introduced the
concept of soft set as a new mathematical tool for dealing with uncertain-
ties. For more information on intuitionistic fuzzy sets and soft sets, see
[1, 2, 14, 15]. By combining intuitionistic fuzzy set and soft set, Jun et al.
[11] introduced a new structure, so called soju structure, and they applied
it to BCK/BCI-algebras. Xin et al. [16] introduced the notion of positive
implicative soju ideal in BCK-algebra, and investigate related properties.
We discuss relations between soju ideal and positive implicative soju ideal,
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and established characterizations of positive implicative soju ideal. They
constructed extension property for positive implicative soju ideal.

In this article, we apply the soju structure to hoop algebras, which is
introduced by Bosbach in [8, 9] and studied [12, 4, 3, 5, 6, 7, 16]. We intro-
duce the concepts of soju sub-hoops and (implicative) soju filters in a hoop
algebra, and investigate related properties. We discuss the homomorphic
preimage and image of soju sub-hoops. We consider relations between a
soju sub-hoop, a soju filter and an implicative soju filter. We provide con-
ditions for a soju filter to be implicative, and characterize an implicative
soju filter. We establish the extension property of an implicative soju filter.

2. Preliminaries

By a hoop (or hoop algebra) we mean an algebra (H,�,→, 1) in which
(H,�, 1) is a commutative monoid and the following assertions are valid.

(H1) x→ x = 1,

(H2) x� (x→ y) = y � (y → x),

(H3) x→ (y → z) = (x� y)→ z

for all x, y, z ∈ H. We define a relation “≤” on a hoop H by

(∀x, y ∈ H)(x ≤ y ⇔ x→ y = 1). (2.1)

It is easy to see that (H,≤) is a poset.
A nonempty subset S of a hoop algebra H is called a sub-hoop of H if

it satisfies:

(∀x, y ∈ S)(x� y ∈ S, x→ y ∈ S). (2.2)

Note that every sub-hoop contains the element 1.

Proposition 2.1 ([10]). Let (H,�,→, 1) be a hoop algebra. For any
x, y, z ∈ H, the following conditions hold:

(a1) (H,≤) is a meet-semilattice with x ∧ y = x� (x→ y),

(a2) x� y ≤ z if and anly if x ≤ y → z,

(a3) x� y ≤ x, y and xn ≤ x for any n ∈ N,
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(a4) x ≤ y → x,

(a5) 1→ x = x and x→ 1 = 1,

(a6) x� (x→ y) ≤ y, x� y ≤ x ∧ y ≤ x→ y,

(a7) x→ y ≤ (y → z)→ (x→ z),

(a8) x ≤ y implies x� z ≤ y � z, z → x ≤ z → y and y → z ≤ x→ z,

(a9) x→ (y → z) = y → (x→ z).

A nonempty subset F of a hoop algebra H is called

• a filter of H (see [10]) if the following assertions are valid.

(∀x, y ∈ H)(x, y ∈ F ⇒ x� y ∈ F ), (2.3)

(∀x, y ∈ H)(x ∈ F, x ≤ y ⇒ y ∈ F ). (2.4)

• an implicative filter of H (see [13]) if the following assertions are valid.

1 ∈ F, (2.5)

(∀x, y, z ∈ H)(x→ ((y → z)→ y) ∈ F, x ∈ F ⇒ y ∈ F ). (2.6)

Note that the conditions (2.3) and (2.4) means that F is closed under
the operation � and F is upward closed, respectively.

Note that a subset F of a hoop algebra H is a filter of H if and only if
F satisfies the condition (2.5) and

(∀x, y ∈ H) (x→ y ∈ F, x ∈ F ⇒ y ∈ F ) . (2.7)

For more information on intuitionistic fuzzy sets and soft sets, see [4],
[3] and [16].

3. Soju sub-hoops and soju filters

In what follows, let U be an initial universe set unless otherwise specified.

Definition 3.1 ([11]). Let E be a set of parameters. For any subset A
of E, let σ := (µσ, γσ) be an intuitionistic fuzzy set in A and (F̃ , A) be



100 R. A. Borzooei, G. R. Rezaei, M. A. Kologani, Y. B. Jun

a soft set over U . Then a pair (A, 〈σ; F̃ 〉) is called a soju structure over
([0, 1], U).

Given a soju structure (E, 〈σ; F̃ 〉) over ([0, 1], U), α ∈ 2U and (t, s) ∈
[0, 1]× [0, 1] with t+ s ≤ 1, consider the following sets:

U(µσ; t) := {x ∈ E | µσ(x) ≥ t},
L(γσ; s) := {x ∈ E | γσ(x) ≤ s},
i(F̃ ;α) := {x ∈ E | F̃ (x) ⊇ α},

which are called soju level sets of (E, 〈σ; F̃ 〉).

Definition 3.2. Let A be a subset of a hoop algebra E. A soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is called a soju sub-hoop based on A (briefly, soju
A-sub-hoop) of E if the following condition is valid.

(∀x, y ∈ A)

 x • y ∈ A ⇒


µσ(x • y) ≥ min{µσ(x), µσ(y)}
γσ(x • y) ≤ max{γσ(x), γσ(y)}
F̃ (x • y) ⊇ F̃ (x) ∩ F̃ (y)

 (3.1)

for • ∈ {�,→}.

Example 3.3. Consider a hoop algebra (E,�,→, 1) in which E = {0, a, b, 1}
with binary operations → and � which are given as follows:

→ 0 a b 1
0 1 1 1 1
a a 1 1 1
b 0 a 1 1
1 0 a b 1

� 0 a b 1
0 0 0 0 0
a 0 0 a a
b 0 a b b
1 0 a b 1

(1) The set A = {0, a, 1} is a sub-hoop of E. Define a soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) = ([0, 1],Z) by Table 1.
By routine calculations, we know that (A, 〈σ; F̃ 〉) is a soju A-sub-hoop
of E.

(2) Define a soju structure (E, 〈σ; F̃ 〉) over ([0, 1], U) = ([0, 1],Z) by
Table 2.
It is routine to verify that (E, 〈σ; F̃ 〉) is a soju sub-hoop of E.

Proposition 3.4. Let A be a sub-hoop of a hoop algebra E. Every soju
A-sub-hoop (A, 〈σ; F̃ 〉) of E satisfies the following condition.
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Table 1. Tabular representation of (A, 〈σ; F̃ 〉)

A σ(x) = (µσ(x), γσ(x)) F̃ (x)
0 (0.75, 0.2) 4Z
a (0.45, 0.5) 4N
1 (0.85, 0.1) 2Z

Table 2. Tabular representation of (E, 〈σ; F̃ 〉)

E σ(x) = (µσ(x), γσ(x)) F̃ (x)
0 (0.4, 0.6) 2Z
a (0.4, 0.5) 6N
b (0.6, 0.3) 3Z
1 (0.8, 0.1) Z

(∀x ∈ A)
(
µσ(1) ≥ µσ(x), γσ(1) ≤ γσ(x), F̃ (1) ⊇ F̃ (x)

)
, (3.2)

Proof: Since x→ x = 1 for all x ∈ E, it is straightforward by (3.1).

Theorem 3.5. Given a hoop algebra E, the soju structure (E, 〈σ; F̃ 〉) over
([0, 1], U) is a soju sub-hoop of E if and only if its nonempty soju level
sets U(µσ; t), L(γσ; s) and i(F̃ ;α) are sub-hoops of E for all α ∈ 2U and
(t, s) ∈ [0, 1]× [0, 1] with t+ s ≤ 1.

Proof: Assume that (E, 〈σ; F̃ 〉) is a soju sub-hoop of E and let α ∈ 2U

and (t, s) ∈ [0, 1]× [0, 1] be such that t+ s ≤ 1, and U(µσ; t), L(γσ; s) and
i(F̃ ;α) are non-empty. Let x, y ∈ E be such that x, y ∈ U(µσ; t)∩L(γσ; s)∩
i(F̃ ;α). Then µσ(x) ≥ t, µσ(y) ≥ t, γσ(x) ≤ s, γσ(y) ≤ s, F̃ (x) ⊇ α and
F̃ (y) ⊇ α. It follows from (3.1) that

µσ(x • y) ≥ min{µσ(x), µσ(y)} ≥ t,
γσ(x • y) ≤ max{γσ(x), γσ(y)} ≤ s,
F̃ (x • y) ⊇ F̃ (x) ∩ F̃ (y) ⊇ α

for • ∈ {�,→}. Hence x • y ∈ U(µσ; t) ∩ L(γσ; s) ∩ i(F̃ ;α), and therefore
U(µσ; t), L(γσ; s) and i(F̃ ;α) are sub-hoops of E.
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Conversely, suppose that the nonempty soju level sets U(µσ; t), L(γσ; s)
and i(F̃ ;α) of (E, 〈σ; F̃ 〉) are sub-hoops of E for all α ∈ 2U and (t, s) ∈
[0, 1]× [0, 1] with t + s ≤ 1. For any x, y ∈ E, let tx, ty, sx, sy ∈ [0, 1] and
αx, αy ∈ 2U be such that µσ(x) = tx, µσ(y) = ty, γσ(x) = sx, γσ(y) = sy,

F̃ (x) = αx and F̃ (y) = αy. If we take t := min{tx, ty}, s := max{sx, sy}
and α := αx ∩ αy, then x, y ∈ U(µσ; t) ∩ L(γσ; s) ∩ i(F̃ ;α). Thus x • y ∈
U(µσ; t) ∩ L(γσ; s) ∩ i(F̃ ;α), and so

µσ(x • y) ≥ t = min{tx, ty} = min{µσ(x), µσ(y)},
γσ(x • y) ≤ s = max{sx, sy} = max{γσ(x), γσ(y)},
F̃ (x • y) ⊇ α = αx ∩ αy = F̃ (x) ∩ F̃ (y)

for • ∈ {�,→}. Therefore (E, 〈σ; F̃ 〉) is a soju sub-hoop of E.

We define the image and preimage of soju structures. Let E and K be
nonempty sets and f : E → K be a mapping.

Definition 3.6. (1) If (K, 〈τ ; G̃〉) is a soju structure over ([0, 1], U), then
the preimage of (K, 〈τ ; G̃〉) under f is denoted by f−1(K, 〈τ ; G̃〉) and is
defined to be a soju structure (E, 〈σ; F̃ 〉) over ([0, 1], U) with µσ = f−1(µτ ),
γσ = f−1(γτ ) and

F̃ = f−1(G̃) = {(x, f−1(G̃)(x)) | x ∈ E, f−1(G̃)(x) ∈ 2U}

where µσ(x) = f−1(µτ )(x) = µτ (f(x)), γσ(x) = f−1(γτ )(x) = γτ (f(x)),
and f−1(G̃)(x) = G̃(f(x)) for all x ∈ E.

(2) If (E, 〈σ; F̃ 〉) is a soju structure over ([0, 1], U), then the image
of (E, 〈σ; F̃ 〉) under f is denoted by f(E, 〈σ; F̃ 〉) and is defined to be a
soju structure (K, 〈τ ; G̃〉) over ([0, 1], U) with µτ = f(µσ), γτ = f(γσ) and
G̃ = f(F̃ ) where

µτ (y) = f(µσ)(y) =

{
sup

x∈f−1(y)

µσ(x) if f−1(y) 6= ∅,

0 otherwise,

γτ (y) = f(γσ)(y) =

{
inf

x∈f−1(y)
γσ(x) if f−1(y) 6= ∅,

1 otherwise,

and
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G̃(y) = f(F̃ )(y) =


⋃

x∈f−1(y)

F̃ (x) if f−1(y) 6= ∅,

∅ otherwise

for all y ∈ K.

Theorem 3.7. Let f : E → K be a homomorphism of hoop algebras and
let (K, 〈τ ; G̃〉) be a soju structure over ([0, 1], U). If (K, 〈τ ; G̃〉) is a soju
sub-hoop of K, then the preimage of (K, 〈τ ; G̃〉) under f is a soju sub-hoop
of E.

Proof: For any • ∈ {�,→} and any x1, x2 ∈ E, we have

µσ(x1 • x2) = f−1(µτ )(x1 • x2) = µτ (f(x1 • x2))

= µτ (f(x1) • f(x2))

≥ min{µτ (f(x1)), µτ (f(x2))}
= min{f−1(µτ )(x1), f−1(µτ )(x2)}
= min{µσ(x1), µσ(x2)},

γσ(x1 • x2) = f−1(γτ )(x1 • x2) = γτ (f(x1 • x2))

= γτ (f(x1) • f(x2))

≤ max{γτ (f(x1)), γτ (f(x2))}
= max{f−1(γτ )(x1), f−1(γτ )(x2)}
= max{γσ(x1), γσ(x2)},

and

F̃ (x1 • x2) = f−1(G̃)(x1 • x2) = G̃(f(x1 • x2))

= G̃(f(x1) • f(x2))

⊇ G̃(f(x1)) ∩ G̃(f(x2))

= f−1(G̃)(x1) ∩ f−1(G̃)(x2)

= F̃ (x1) ∩ F̃ (x2).

Therefore (E, 〈σ; F̃ 〉) = f−1(K, 〈τ ; G̃〉) is a soju sub-hoop of E.

Theorem 3.8. Let f : E → K be a homomorphism of hoop algebras and
let (E, 〈σ; F̃ 〉) be a soju structure over ([0, 1], U). If (E, 〈σ; F̃ 〉) is a soju
sub-hoop of E and f is injective, then the image of (E, 〈σ; F̃ 〉) under f is
a soju sub-hoop of K.
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Proof: Let y1, y2 ∈ K and • ∈ {�,→}. If at least one of f−1(y1) and
f−1(y2) is empty, then it is clear that

µτ (y1 • y2) ≥ min{µτ (y1), µτ (y2)},

γτ (y1 • y2) ≤ max{γτ (y1), γτ (y2)},

and G̃(y1 • y2) ⊇ G̃(y1) ∩ G̃(y2). Assume that f−1(y1) and f−1(y2) are
nonempty. Then

min{µτ (y1), µτ (y2)} = min{f(µσ)(y1), f(µσ)(y2)}

= min

{
sup

x1∈f−1(y1)

µσ(x1), sup
x2∈f−1(y2)

µσ(x2)

}
= sup

x1∈f−1(y1)

x2∈f−1(y2)

min{µσ(x1), µσ(x2)}

≤ sup
x1∈f−1(y1)

x2∈f−1(y2)

µσ(x1 • x2)

= sup
x∈f−1(y1•y2)

µσ(x)

= f(µσ)(y1 • y2) = µτ (y1 • y2),

max{γτ (y1), γτ (y2)} = max{f(γσ)(y1), f(γσ)(y2)}

= max

{
inf

x1∈f−1(y1)
γσ(x1), inf

x2∈f−1(y2)
γσ(x2)

}
= inf

x1∈f−1(y1)

x2∈f−1(y2)

max{γσ(x1), γσ(x2)}

≥ inf
x1∈f−1(y1)

x2∈f−1(y2)

γσ(x1 • x2)

= inf
x∈f−1(y1•y2)

γσ(x)

= f(γσ)(y1 • y2) = γτ (y1 • y2),

and
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G̃(y1) ∩ G̃(y2) = f(F̃ (y1)) ∩ f(F̃ (y2))

=

 ⋃
x1∈f−1(y1)

F̃ (x1)

 ∩
 ⋃
x2∈f−1(y2)

F̃ (x2)


=

⋃
x1∈f−1(y1)

x2∈f−1(y2)

(F̃ (x1) ∩ F̃ (x2))

⊆
⋃

x1∈f−1(y1)

x2∈f−1(y2)

F̃ (x1 • x2)

=
⋃

x∈f−1(y1•y2)

F̃ (x)

= f(F̃ )(y1 • y2) = G̃(y1 • y2).

Therefore (K, 〈τ ; G̃〉), the image of (E, 〈σ; F̃ 〉) under f , is a soju sub-hoop
of K.

Definition 3.9. Let A be a subset of a hoop algebra E. A soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is called a soju filter based on A (briefly, soju
A-filter) of E if the following condition is valid.

(∀x, y ∈ A)

x� y ∈ A ⇒


µσ(x� y) ≥ min{µσ(x), µσ(y)}
γσ(x� y) ≤ max{γσ(x), γσ(y)}

F̃ (x� y) ⊇ F̃ (x) ∩ F̃ (y)

 (3.3)

(∀x, y ∈ A)

 x ≤ y ⇒


µσ(x) ≤ µσ(y),

γσ(x) ≥ γσ(y)

F̃ (x) ⊆ F̃ (y)

 . (3.4)

A soju E-filter is simply called a soju filter.

Example 3.10. Consider the hoop algebra (E,�,→, 1) in Example 3.3. De-
fine a soju structure (E, 〈σ; F̃ 〉) over ([0, 1], U) = ([0, 1],Z) by Table 3.
It is routine to verify that (E, 〈σ; F̃ 〉) is a soju filter of E.
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Table 3. Tabular representation of (E, 〈σ; F̃ 〉)

E σ(x) = (µσ(x), γσ(x)) F̃ (x)
0 (0.3, 0.6) 3N
a (0.3, 0.5) 3N
b (0.6, 0.3) 3Z
1 (0.7, 0.1) Z

Theorem 3.11. Let A be a sub-hoop of a hoop algebra E. Then a soju
structure (A, 〈σ; F̃ 〉) over ([0, 1], U) is a soju A-filter of E if and only if it
satisfies (3.2) and

(∀x, y ∈ A)


µσ(y) ≥ min{µσ(x), µσ(x→ y)}
γσ(y) ≤ max{γσ(x), γσ(x→ y)}

F̃ (y) ⊇ F̃ (x) ∩ F̃ (x→ y)

 . (3.5)

Proof: Let (A, 〈σ; F̃ 〉) be a soju A-filter of E. Since x ≤ 1 for all x ∈ E,
it follows from (3.4) that we have (3.2). For any x, y ∈ A, we get x� (x→
y) ≤ y. Using (3.3) and (3.4), we have

µσ(y) ≥ µσ(x� (x→ y)) ≥ min{µσ(x), µσ(x→ y)},
γσ(y) ≤ γσ(x� (x→ y)) ≤ max{γσ(x), γσ(x→ y)},
F̃ (y) ⊇ F̃ (x� (x→ y)) ⊇ F̃ (x) ∩ F̃ (x→ y)

which proves (3.5).
Conversely, suppose that a soju structure (A, 〈σ; F̃ 〉) over ([0, 1], U)

satisfies (3.2) and (3.5). Let x, y ∈ A. Then x � y ∈ A since A is a
sub-hoop of E. Since

x→ (y → (x� y)) = (x� y)→ (x� y) = 1 ∈ A,

it follows from (3.2) and (3.5) that

µσ(x� y) ≥ min{µσ(y), µσ(y → (x� y))}
≥ min{µσ(y),min{µσ(x), µσ(x→ (y → (x� y)))}}
= min{µσ(y),min{µσ(x), µσ(1)}}
= min{µσ(y), µσ(x)},
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γσ(x� y) ≤ max{γσ(y), γσ(y → (x� y))}
≤ max{γσ(y),max{γσ(x), γσ(x→ (y → (x� y)))}}
= max{γσ(y),max{γσ(x), γσ(1)}}
= max{γσ(y), γσ(x)},

and

F̃ (x� y) ⊇ F̃ (y) ∩ F̃ (y → (x� y))

⊇ F̃ (y) ∩ (F̃ (x) ∩ F̃ (x→ (y → (x� y))))

= F̃ (y) ∩ (F̃ (x) ∩ F̃ (1))

= F̃ (y) ∩ F̃ (x).

Let x, y ∈ A be such that x ≤ y. Then x→ y = 1 ∈ A, and so

µσ(y) ≥ min{µσ(x), µσ(x→ y)} = min{µσ(x), µσ(1)} = µσ(x),

γσ(y) ≤ max{γσ(x), γσ(x→ y)} = max{γσ(x), γσ(1)} = γσ(x),

F̃ (y) ⊇ F̃ (x) ∩ F̃ (x→ y) = F̃ (x) ∩ F̃ (1) = F̃ (x).

Therefore (A, 〈σ; F̃ 〉) is a soju A-filter of E.

Theorem 3.12. For any sub-hoop A of a hoop algebra E, every soju A-
filter is a soju A-sub-hoop.

Proof: Straightforward.

The following example shows that the converse of Theorem 3.12 is not
true in general.

Example 3.13. Consider a hoop algebra (E,�,→, 1) in which E = {0, a, b, 1}
with binary operations → and � which are given as follows:

� 0 a b 1
0 0 0 0 0
a 0 a a a
b 0 a a b
1 0 a b 1

→ 0 a b 1
0 1 1 1 1
a 0 1 1 1
b 0 b 1 1
1 0 a b 1

Define a soju structure (E, 〈σ; F̃ 〉) over ([0, 1], U) = ([0, 1],Z) by Table 4.



108 R. A. Borzooei, G. R. Rezaei, M. A. Kologani, Y. B. Jun

Table 4. Tabular representation of (A, 〈σ; F̃ 〉)

A σ(x) = (µσ(x), γσ(x)) F̃ (x)
0 (0.65, 0.30) 8N
a (0.45, 0.25) 4Z
b (0.25, 0.45) 4N
1 (0.75, 0.15) 2Z

It is routine to verify that (E, 〈σ; F̃ 〉) is a soju sub-hoop of E. But it is
not a soju filter of E since γσ(b) = 0.45 > 0.25 = max{γσ(a), γσ(a→ b)}.

Proposition 3.14. For any hoop algebra E, every soju E-filter (E, 〈σ; F̃ 〉)
of E satisfies:

(∀x, y ∈ E)
(
x ≤ y ⇒ µσ(x) ≤ µσ(y), γσ(x) ≥ γσ(y), F̃ (x) ⊆ F̃ (y)

)
(3.6)

Proof: Let x, y ∈ E be such that x ≤ y. Then x→ y = 1, and so

µσ(y) ≥ min{µσ(x), µσ(x→ y)} = min{µσ(x), µσ(1)} = µσ(x),

γσ(y) ≤ max{γσ(x), γσ(x→ y)} = max{γσ(x), γσ(1)} = γσ(x),

F̃ (y) ⊇ F̃ (x) ∩ F̃ (x→ y) = F̃ (x) ∩ F̃ (1) = F̃ (x)

by (3.2) and (3.5).

Theorem 3.15. Given a hoop algebra E, the soju structure (E, 〈σ; F̃ 〉)
over ([0, 1], U) is a soju filter of E if and only if its nonempty soju level
sets U(µσ; t), L(γσ; s) and i(F̃ ;α) are filters of E for all α ∈ 2U and
(t, s) ∈ [0, 1]× [0, 1] with t+ s ≤ 1.

Proof: Assume that (E, 〈σ; F̃ 〉) is a soju filter of E and let α ∈ 2U and
(t, s) ∈ [0, 1] × [0, 1] be such that t + s ≤ 1, and U(µσ; t), L(γσ; s) and
i(F̃ ;α) are non-empty. It is clear that 1 ∈ U(µσ; t) ∩ L(γσ; s) ∩ i(F̃ ;α).
Let x, y ∈ E be such that x ∈ U(µσ; t) ∩ L(γσ; s) ∩ i(F̃ ;α) and x → y ∈
U(µσ; t) ∩ L(γσ; s) ∩ i(F̃ ;α). Then µσ(x) ≥ t, γσ(x) ≤ s, F̃ (x) ⊇ α,
µσ(x→ y) ≥ t, γσ(x→ y) ≤ s, F̃ (x→ y) ⊇ α. It follows from (3.5) that
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µσ(y) ≥ min{µσ(x), µσ(x→ y)} ≥ t,
γσ(y) ≤ max{γσ(x), γσ(x→ y)} ≤ s,
F̃ (y) ⊇ F̃ (x) ∩ F̃ (x→ y) ⊇ α.

Hence y ∈ U(µσ; t)∩L(γσ; s)∩ i(F̃ ;α), and therefore U(µσ; t), L(γσ; s) and
i(F̃ ;α) are filters of E.

Conversely, suppose that the nonempty soju level sets U(µσ; t), L(γσ; s)
and i(F̃ ;α) of (E, 〈σ; F̃ 〉) are filters of E for all α ∈ 2U and (t, s) ∈
[0, 1]× [0, 1] with t+ s ≤ 1. For any x ∈ E, let µσ(x) = tx, γσ(x) = sx and
F̃ (x) = αx. Then x ∈ U(µσ; tx)∩L(γσ; sx)∩i(F̃ ;αx). Since 1 ∈ U(µσ; tx)∩
L(γσ; sx) ∩ i(F̃ ;αx), we have µσ(1) ≥ tx = µσ(x), γσ(y) ≤ sx = γσ(x)
and F̃ (y) ⊇ αx = F̃ (x). For any x, y ∈ E, let tx, ty, sx, sy ∈ [0, 1] and
αx, αy ∈ 2U be such that µσ(x) = tx, µσ(x → y) = ty, γσ(x) = sx,

γσ(x → y) = sy, F̃ (x) = αx and F̃ (x → y) = αy. If we take t :=
min{tx, tx→y}, s := max{sx, sx→y} and α := αx ∩ αx→y, then x, x → y ∈
U(µσ; t)∩L(γσ; s)∩ i(F̃ ;α). Thus y ∈ U(µσ; t)∩L(γσ; s)∩ i(F̃ ;α), and so

µσ(y) ≥ t = min{tx, ty} = min{µσ(x), µσ(x→ y)},
γσ(y) ≤ s = max{sx, sy} = max{γσ(x), γσ(x→ y)},
F̃ (y) ⊇ α = αx ∩ αy = F̃ (x) ∩ F̃ (x→ y).

Therefore (E, 〈σ; F̃ 〉) is a soju filter of E.

Theorem 3.16. For any sub-hoop A of a hoop algebra E, a soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is a soju A-filter of E if and only if it satisfies
(3.2) and

(∀x, y ∈ A)

 µσ(x� y) = min{µσ(x), µσ(y)}
γσ(x� y) = max{γσ(x), γσ(y)}
F̃ (x� y) = F̃ (x) ∩ F̃ (y)

 . (3.7)

Proof: Assume that (A, 〈σ; F̃ 〉) is a soju A-filter of E and let x, y ∈ A.
Since x� y ≤ x and x� y ≤ y, it follows from (3.4) that

µσ(x� y) ≤ min{µσ(x), µσ(y)},
γσ(x� y) ≥ max{γσ(x), γσ(y)},
F̃ (x� y) ⊆ F̃ (x) ∩ F̃ (y).
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Since x ≤ y → (x� y), we have

µσ(x� y) ≥ min{µσ(y), µσ(y → (x� y))}
≥ min{µσ(x), µσ(y)}

γσ(x� y) ≤ max{γσ(y), γσ(y → (x� y))}
≤ max{γσ(x), γσ(y)}

and

F̃ (x� y) ⊇ F̃ (y) ∩ F̃ (y → (x� y)) ⊇ F̃ (x) ∩ F̃ (y)

by (3.5) and (3.4). This proves (3.7).
Conversely, suppose that (A, 〈σ; F̃ 〉) satisfies (3.2) and (3.7). Since

x� (x→ y) ≤ y for all x, y ∈ A, it follows from (3.2) and (3.7) that

µσ(y) ≥ µσ(x� (x→ y)) = min{µσ(x), µσ(x→ y)},
γσ(y) ≤ γσ(x� (x→ y)) = max{γσ(x), γσ(x→ y)},
F̃ (y) ⊇ F̃ (x� (x→ y)) = F̃ (x) ∩ F̃ (x→ y).

Therefore (A, 〈σ; F̃ 〉) is a soju A-filter of E by Theorem 3.11.

Theorem 3.17. For any sub-hoop A of a hoop algebra E, a soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is a soju A-filter of E if and only if it satisfies
(3.2) and

(∀x, y, z ∈ A)

 µσ(x→ z) ≥ min{µσ(x→ y), µσ(y → z)}
γσ(x→ z) ≤ max{γσ(x→ y), γσ(y → z)}
F̃ (x→ z) ⊇ F̃ (x→ y) ∩ F̃ (y → z)

 . (3.8)

Proof: Assume that (A, 〈σ; F̃ 〉) is a soju A-filter of E and let x, y, z ∈ A.
Since

(x→ y)� (y → z) ≤ x→ z,

we have

µσ(x→ z) ≥ µσ((x→ y)� (y → z)) = min{µσ(x→ y), µσ(y → z)},
γσ(x→ z) ≤ γσ((x→ y)� (y → z)) = max{γσ(x→ y), γσ(y → z)},
F̃ (x→ z) ⊇ F̃ ((x→ y)� (y → z)) = F̃ (x→ y) ∩ F̃ (y → z)

by (3.4) and (3.7).
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Conversely, suppose that (A, 〈σ; F̃ 〉) satisfies (3.2) and (3.8). If we take
x = 1 in (3.8), then we have (3.5). Therefore (A, 〈σ; F̃ 〉) is a soju A-filter
of E by Theorem 3.11.

Theorem 3.18. For any sub-hoop A of a hoop algebra E, a soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is a soju A-filter of E if and only if it satisfies
(3.2) and

(∀x, y, z ∈ A)

 µσ(y � z) ≥ min{µσ(x� z), µσ(x→ y)}
γσ(y � z) ≤ max{γσ(x� z), γσ(x→ y)}
F̃ (y � z) ⊇ F̃ (x� z) ∩ F̃ (x→ y)

 . (3.9)

Proof: Assume that (A, 〈σ; F̃ 〉) is a soju A-filter of E and let x, y, z ∈ A.
Note that (z � x)� (x→ y) = z � (x� (x→ y)) ≤ z � y. Using (3.4) and
(3.7), we get

µσ(z � y) ≥ µσ((z � x)� (x→ y)) = min{µσ(z � x), µσ(x→ y)},
γσ(z � y) ≤ γσ((z � x)� (x→ y)) = max{γσ(z � x), γσ(x→ y)},
F̃ (z � y) ⊇ F̃ ((z � x)� (x→ y)) = F̃ (z � x) ∩ F̃ (x→ y).

Conversely, suppose that (A, 〈σ; F̃ 〉) satisfies (3.2) and (3.9). If we take
z = 1 in (3.9), then we have (3.5). Therefore (A, 〈σ; F̃ 〉) is a soju A-filter
of E by Theorem 3.11.

Theorem 3.19. For any sub-hoop A of a hoop algebra E, a soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is a soju A-filter of E if and only if it satisfies

(∀x, y, z ∈ A)

x ≤ y → z ⇒


µσ(z) ≥ min{µσ(x), µσ(y)}
γσ(z) ≤ max{γσ(x), γσ(y)}
F̃ (z) ⊇ F̃ (x) ∩ F̃ (y)

 (3.10)

Proof: Assume that (A, 〈σ; F̃ 〉) is a soju A-filter of E and let x, y, z ∈ A
be such that x ≤ y → z. Then x→ (y → z) = 1, and so

µσ(y → z) ≥ min{µσ(x), µσ(x→ (y → z))} = min{µσ(x), µσ(1)} = µσ(x),

γσ(y → z) ≤ max{γσ(x), γσ(x→ (y → z))} = max{γσ(x), γσ(1)} = γσ(x),

F̃ (y → z) ⊇ F̃ (x) ∩ F̃ (x→ (y → z)) = F̃ (x) ∩ F̃ (1) = F̃ (x)
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by (3.5). It follows that

µσ(z) ≥ min{µσ(y), µσ(y → z)} ≥ min{µσ(x), µσ(y)},
γσ(z) ≤ max{γσ(y), γσ(y → z)} ≤ max{γσ(x), γσ(y)},
F̃ (z) ⊇ F̃ (y) ∩ F̃ (y → z)} ⊇ F̃ (x) ∩ F̃ (y).

Conversely, suppose that (A, 〈σ; F̃ 〉) satisfies (3.2) and (3.10). Since
x ≤ (x→ y)→ y for all x, y ∈ A, it follows from (3.10) that

µσ(y) ≥ min{µσ(x), µσ(x→ y)},
γσ(y) ≤ max{γσ(x), γσ(x→ y)},
F̃ (y) ⊇ F̃ (x) ∩ F̃ (x→ y).

Hence (A, 〈σ; F̃ 〉) is a soju A-filter of E by Theorem 3.11.

Theorem 3.20. For any sub-hoop A of a hoop algebra E, a soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is a soju A-filter of E if and only if it satisfies
(3.2) and

(∀x, y, z ∈ A)


µσ(x→ z) ≥ min{µσ((x→ y)→ z), µσ(y)}
γσ(x→ z) ≤ max{γσ((x→ y)→ z), γσ(y)}

F̃ (x→ z) ⊇ F̃ ((x→ y)→ z) ∩ F̃ (y)

 . (3.11)

Proof: Suppose that (A, 〈σ; F̃ 〉) is a soju A-filter of E. Since (x→ y)→
z ≤ y → z and

y � ((x→ y)→ z) ≤ y � (y → z) ≤ z ≤ x→ z

for all x, y, z ∈ A, we get

µσ(x→ z) ≥ µσ(z) ≥ µσ(y � (y → z))

= min{µσ(y), µσ(y → z)}
≥ min{µσ(y), µσ((x→ y)→ z)},

γσ(x→ z) ≤ γσ(z) ≤ γσ(y � (y → z))

= max{γσ(y), γσ(y → z)}
≤ max{γσ(y), γσ((x→ y)→ z)},
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and

F̃ (x→ z) ⊇ F̃ (z) ⊇ F̃ (y � (y → z))

= F̃ (y) ∩ F̃ (y → z)

⊇ F̃ (y) ∩ F̃ ((x→ y)→ z).

Conversely, assume that (A, 〈σ; F̃ 〉) satisfies (3.2) and (3.11). If we take
x = 1 in (3.11), then we have (3.5). Therefore (A, 〈σ; F̃ 〉) is a soju A-filter
of E by Theorem 3.11.

Definition 3.21. Let A be a subset of a hoop algebra E. A soju structure
(A, 〈σ; F̃ 〉) over ([0, 1], U) is called an implicative soju filter based on A
(briefly, implicative soju A-filter) of E if it satisfies the condition (3.2) and

(∀x, y, z ∈ A)


µσ(y) ≥ min{µσ(x), µσ(x→ ((y → z)→ y))}
γσ(y) ≤ max{γσ(x), γσ(x→ ((y → z)→ y))}

F̃ (y) ⊇ F̃ (x) ∩ F̃ (x→ ((y → z)→ y))

 . (3.12)

Example 3.22. Consider a hoop (H,�,→, 1) in which H = {0, a, b, c, 1}
with binary operations � and → which are given as follows:

� 0 a b c 1
0 0 0 0 0 0
a 0 a c c a
b 0 c b c b
c 0 c c c c
1 0 a b c 1

→ 0 a b c 1
0 1 1 1 1 1
a 0 1 b b 1
b 0 a 1 a 1
c 0 1 1 1 1
1 0 a b c 1

Define a soju structure (E, 〈σ; F̃ 〉) over ([0, 1], U) = ([0, 1],Z) by Table 5.
It is routine to check that (E, 〈σ; F̃ 〉) is an implicative soju filter of E.

Theorem 3.23. Given a sub-hoop A of a hoop algebra E, every implicative
soju A-filter is a soju A-filter.

Proof: Let (A, 〈σ; F̃ 〉) be an implicative soju A-filter of E. If we take
z = 1 in (3.12) and use (a5), then we have (3.5). Therefore (A, 〈σ; F̃ 〉) is
a soju A-filter of E by Theorem 3.11.

The converse of Theorem 3.23 is not true in general as seen in the
following example.
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Table 5. Tabular representation of (E, 〈σ; F̃ 〉)

E σ(x) = (µσ(x), γσ(x)) F̃ (x)
0 (0.3, 0.6) 3N
a (0.6, 0.2) 3Z
b (0.6, 0.2) 3Z
c (0.6, 0.2) 3Z
1 (0.6, 0.2) 3Z

Example 3.24. Consider the hoop algebra E in Example 3.22 and let (E,
〈σ; F̃ 〉) be a soju structure over ([0, 1], U) = ([0, 1],Z) defined by Table 6.

Table 6. Tabular representation of (E, 〈σ; F̃ 〉)

E σ(x) = (µσ(x), γσ(x)) F̃ (x)
0 (0.1, 0.7) 8N
a (0.6, 0.3) 4Z
b (0.3, 0.5) 4N
c (0.3, 0.5) 4N
1 (0.7, 0.2) 2Z

It is routine to check that (E, 〈σ; F̃ 〉) is a soju filter of E. But it is not an
implicative soju filter of E since µσ(b) = 0.3 < 0.6 = min{µσ(a), µσ(a →
((b→ 0)→ b))}.

Proposition 3.25. Given a sub-hoop A of a hoop algebra E, every im-
plicative soju A-filter (A, 〈σ; F̃ 〉) of E satisfies the following assertions.

(∀x, y ∈ A)

 µσ((x→ y)→ x) ≤ µσ(x)

γσ((x→ y)→ x) ≥ γσ(x)

F̃ ((x→ y)→ x) ⊆ F̃ (x)

 . (3.13)

(∀x, y ∈ A)

 µσ(((x→ y)→ x)→ x) = µσ(1)

γσ(((x→ y)→ x)→ x) = γσ(1)

F̃ (((x→ y)→ x)→ x) = F̃ (1)

 . (3.14)
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Proof: Let A be a sub-hoop and (A, 〈σ; F̃ 〉) an implicative soju A-filter
of a hoop algebra E. If we put y = x, x = 1 and z = y in (3.12) and use
(a5) and (3.2), then we have (3.13). Using (3.13), (H1), (a5), (a7), (a9)
and (3.4), we have

µσ(((x→y)→x)→x)≥µσ(((((x→y)→x)→x)→y)→(((x→y)→x)→x))

=µσ(((x→y)→x)→(((((x→y)→x)→x)→y)→x))

≥µσ(((((x→y)→x)→x)→y)→(x→y))

≥µσ(x→(((x→y)→x)→x))

=µσ(((x→y)→x)→(x→x))

=µσ(((x→y)→x)→1)

=µσ(1),

γσ(((x→y)→x)→x)≤γσ(((((x→y)→x)→x)→y)→(((x→y)→x)→x))

=γσ(((x→y)→x)→(((((x→y)→x)→x)→y)→x))

≤γσ(((((x→y)→x)→x)→y)→(x→y))

≤γσ(x→(((x→y)→x)→x))

=γσ(((x→y)→x)→(x→x))

=γσ(((x→y)→x)→1)

=γσ(1),

F̃ (((x→y)→x)→x)⊇ F̃ (((((x→y)→x)→x)→y)→(((x→y)→x)→x))

= F̃ (((x→y)→x)→(((((x→y)→x)→x)→y)→x))

⊇ F̃ (((((x→y)→x)→x)→y)→(x→y))

⊇ F̃ (x→(((x→y)→x)→x))

= F̃ (((x→y)→x)→(x→x))

= F̃ (((x→y)→x)→1)

= F̃ (1)

for all x, y ∈ A. It follows from (3.2) that we have (3.14).
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Proposition 3.26. Given a sub-hoop A of a bounded hoop algebra E,
every implicative soju A-filter (A, 〈σ; F̃ 〉) of E satisfies the following asser-
tions.

(∀x ∈ A)


µσ((x′ → x)→ x) = µσ(1)

γσ((x′ → x)→ x) = γσ(1)

F̃ ((x′ → x)→ x) = F̃ (1)

 . (3.15)

(∀x, y ∈ A)


µσ(x→ y) ≥ µσ((x� y′)→ y)

γσ(x→ y) ≤ γσ((x� y′)→ y)

F̃ (x→ y) ⊇ F̃ ((x� y′)→ y)

 . (3.16)

(∀x, y, z ∈ A)


µσ(x→z)≥min{µσ(y→z), µσ(x→(z′→y))}
γσ(x→z)≤max{γσ(y→z), γσ(x→(z′→y))}

F̃ (x→z)⊇ F̃ (y→z)∩F̃ (x→(z′→y))

 . (3.17)

Proof: Let A be a sub-hoop and (A, 〈σ; F̃ 〉) an implicative soju A-filter
of a bounded hoop algebra E. Then (A, 〈σ; F̃ 〉) is a soju A-filter of E (see
Theorem 3.23). If we take y = 0 in (3.14), then

µσ((x′ → x)→ x) = µσ(((x→ 0)→ x)→ x) = µσ(1),

γσ((x′ → x)→ x) = γσ(((x→ 0)→ x)→ x) = γσ(1),

F̃ ((x′ → x)→ x) = F̃ (((x→ 0)→ x)→ x) = F̃ (1)

for all x ∈ E. Note that y′ → (x → y) ≤ (x → y)′ → (x → y) for all
x, y ∈ E. It follows from (H3) and (3.6) that

µσ((x� y′)→ y) = µσ(y′ → (x→ y)) ≤ µσ((x→ y)′ → (x→ y)),

γσ((x� y′)→ y) = γσ(y′ → (x→ y)) ≥ γσ((x→ y)′ → (x→ y)),

F̃ ((x� y′)→ y) = F̃ (y′ → (x→ y)) ⊆ F̃ ((x→ y)′ → (x→ y)).

(3.18)

Combining (a5), (3.2), (3.12) and (3.18) induce
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µσ(x→ y) ≥ min{µσ(1), µσ(1→ (((x→ y)→ 0)→ (x→ y)))}
= µσ(((x→ y)→ 0)→ (x→ y))

= µσ((x→ y)′ → (x→ y))

≥ µσ((x� y′)→ y),

γσ(x→ y) ≤ max{γσ(1), γσ(1→ (((x→ y)→ 0)→ (x→ y)))}
= γσ(((x→ y)→ 0)→ (x→ y))

= γσ((x→ y)′ → (x→ y))

≤ γσ((x� y′)→ y),

and

F̃ (x→ y) ⊇ µσ(1) ∩ µσ(1→ (((x→ y)→ 0)→ (x→ y)))

= F̃ (((x→ y)→ 0)→ (x→ y))

= F̃ ((x→ y)′ → (x→ y))

⊇ F̃ ((x� y′)→ y).

This proves (3.16). Using (HP3), (3.8) and (3.16) impliy that

µσ(x→ z) ≥ µσ((x� z′)→ z) ≥ min{µσ((x� z′)→ y), µσ(y → z)}
= min{µσ(x→ (z′ → y)), µσ(y → z)},

γσ(x→ z) ≤ γσ((x� z′)→ z) ≤ max{γσ((x� z′)→ y), γσ(y → z)}
= max{γσ(x→ (z′ → y)), γσ(y → z)},

and

F̃ (x→ z) ⊇ µσ((x� z′)→ z) ⊇ F̃ ((x� z′)→ y) ∩ F̃ (y → z)

= F̃ (x→ (z′ → y)) ∩ F̃ (y → z),

which proves (3.17).

Theorem 3.27. Given a hoop algebra E, the soju structure (E, 〈σ; F̃ 〉)
over ([0, 1], U) is an implicative soju filter of E if and only if its nonempty
soju level sets U(µσ; t), L(γσ; s) and i(F̃ ;α) are implicative filters of E for
all α ∈ 2U and (t, s) ∈ [0, 1]× [0, 1] with t+ s ≤ 1.

Proof: It is similar to the proof of Theorem 3.15.
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We provide conditions for a soju A-filter to be an implicative soju
A-filter.

Theorem 3.28. Let A be a sub-hoop of a hoop algebra E. If a soju A-filter
(A, 〈σ; F̃ 〉) of E satisfies the condition (3.14), then it is an implicative soju
A-filter of E.

Proof: Let x, y, z ∈ A. Then

µσ(y) ≥ min{µσ(((y → z)→ y)→ y), µσ((y → z)→ y)}
= min{µσ(1), µσ((y → z)→ y)} = µσ((y → z)→ y)

≥ min{µσ(x), µσ(x→ ((y → z)→ y))},

γσ(y) ≤ max{γσ(((y → z)→ y)→ y), γσ((y → z)→ y)}
= max{γσ(1), γσ((y → z)→ y)} = γσ((y → z)→ y)

≤ max{γσ(x), γσ(x→ ((y → z)→ y))},

and

F̃ (y) ⊇ F̃ (((y → z)→ y)→ y) ∩ F̃ ((y → z)→ y)

= F̃ (1) ∩ F̃ ((y → z)→ y) = F̃ ((y → z)→ y)

⊇ F̃ (x) ∩ F̃ (x→ ((y → z)→ y))

by (3.2), (3.5) and (3.14). Therefore (A, 〈σ; F̃ 〉) is an implicative soju
A-filter of E.

Theorem 3.29. Let A be a sub-hoop of a hoop algebra E. If a soju A-filter
(A, 〈σ; F̃ 〉) of E satisfies the condition (3.13), then it is an implicative soju
A-filter of E.

Proof: Let (A, 〈σ; F̃ 〉) be a soju A-filter of E which satisfies (3.13). We
have shown that (3.13) implies (3.14) in Proposition 3.25. Therefore (A,
〈σ; F̃ 〉) is an implicative soju A-filter of E by Theorem 3.28.

Theorem 3.30. Let A be a sub-hoop of a hoop algebra E. If a soju A-filter
(A, 〈σ; F̃ 〉) of E satisfies the condition (3.15), then it is an implicative soju
A-filter of E.

Proof: Let (A, 〈σ; F̃ 〉) be a soju A-filter of E which satisfies (3.15). Note
that
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(x′ → x)→ x ≤ ((x→ y)→ x)→ x

for all x, y ∈ E. It follows from (3.2), (3.6) and (3.15) that

µσ(((x→y)→x)→x)≤µσ(1)=µσ((x′→x)→x)≤µσ(((x→y)→x)→x),

γσ(((x→y)→x)→x)≥γσ(1)=γσ((x′→x)→x)≥γσ(((x→y)→x)→x),

F̃ (((x→y)→x)→x) ⊆ F̃ (1)= F̃ ((x′→x)→x)⊆ F̃ (((x→y)→x)→x).

Thus (3.14) is valid, and therefore (A, 〈σ; F̃ 〉) is an implicative soju A-filter
of E by Theorem 3.28.

Theorem 3.31. Let A be a sub-hoop of a hoop algebra E. If a soju A-filter
(A, 〈σ; F̃ 〉) of E satisfies the condition (3.16), then it is an implicative soju
A-filter of E.

Proof: Let (A, 〈σ; F̃ 〉) be a soju A-filter of E which satisfies (3.16). For
any x, y ∈ A, we have

µσ((x′ → x)→ x) ≤ µσ(1) = µσ((x′ → x)→ (x′ → x))

= µσ((x′ � (x′ → x))→ x) ≤ µσ((x′ → x)→ x),

γσ((x′ → x)→ x) ≥ γσ(1) = γσ((x′ → x)→ (x′ → x))

= γσ((x′ � (x′ → x))→ x) ≥ γσ((x′ → x)→ x),

and

F̃ ((x′ → x)→ x) ⊆ F̃ (1) = F̃ ((x′ → x)→ (x′ → x))

= F̃ ((x′ � (x′ → x))→ x) ⊆ F̃ ((x′ → x)→ x)

by (H1), (H3), (3.2) and (3.16). Thus (3.15) is valid, and therefore (A,
〈σ; F̃ 〉) is an implicative soju A-filter of E by Theorem 3.30.

Theorem 3.32. Let A be a sub-hoop of a hoop algebra E. If a soju A-filter
(A, 〈σ; F̃ 〉) of E satisfies the condition (3.17), then it is an implicative soju
A-filter of E.

Proof: Let (A, 〈σ; F̃ 〉) be a soju A-filter of E which satisfies (3.17). The
condition (3.17) implies that
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µσ(x→ y) ≥ min{µσ(y → y), µσ(x→ (y′ → y))}
= min{µσ(1), µσ((x� y′)→ y)}
= µσ((x� y′)→ y),

γσ(x→ y) ≤ max{γσ(y → y), γσ(x→ (y′ → y))}
= max{γσ(1), γσ((x� y′)→ y)}
= γσ((x� y′)→ y),

and

F̃ (x→ y) ⊇ F̃ (y → y) ∩ F̃ (x→ (y′ → y))

= F̃ (1) ∩ F̃ ((x� y′)→ y)

= F̃ ((x� y′)→ y)

for all x, y ∈ A. Hence (3.16) is valid, and therefore (A, 〈σ; F̃ 〉) is an
implicative soju A-filter of E by Theorem 3.31.

Theorem 3.33. (Extension property) Let (E, 〈σ; F̃ 〉) and (E, 〈ρ; G̃〉) be
soju filters of a hoop algebra E such that

µσ(1) = µρ(1), γσ(1) = γρ(1), F̃ (1) = G̃(1) (3.19)

and (E, 〈σ; F̃ 〉) b (E, 〈ρ; G̃〉), that is,

(∀x ∈ E)(µσ(x) ≤ µρ(x), γσ(x) ≥ γρ(x), F̃ (x) ⊆ G̃(x)). (3.20)

If (E, 〈σ; F̃ 〉) is an impliative soju filter of E, then so is (E, 〈ρ; G̃〉).

Proof: Assume that (E, 〈σ; F̃ 〉) is an impliative soju filter of E. Then
(E, 〈σ; F̃ 〉) is a soju filter of E (see Theorem 3.23). For any x, y ∈ E, we
have

µρ((x
′ → x)→ x) ≥ µσ((x′ → x)→ x) = µσ(1) = µρ(1),

γρ((x
′ → x)→ x) ≤ γσ((x′ → x)→ x) = γσ(1) = γρ(1),

G̃((x′ → x)→ x) ⊇ F̃ ((x′ → x)→ x) = F̃ (1) = G̃(1)
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by (3.19), (3.20) and (3.15). Since (E, 〈σ; F̃ 〉) is a soju filter of E, it follows
from (3.2) that µρ((x

′ → x)→ x) ≤ µρ(1), γρ((x
′ → x)→ x) ≥ γρ(1) and

G̃((x′ → x) → x) ⊆ G̃(1). Hence µρ((x
′ → x) → x) = µρ(1), γρ((x

′ →
x) → x) = γρ(1) and G̃((x′ → x) → x) = G̃(1) for all x, y ∈ E. Therefore

(E, 〈σ; F̃ 〉) is an implicative soju filter of E by Theorem 3.30.
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