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New Optical Solitons of the Longitudinal Wave Equation
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This paper studies a nonlinear partial differential equation known as the nonlinear longitudinal wave equation
which describes the propagation of optical solitons in a magnetoelectro-elastic circular rod. Mentioned task is
performed by solving this nonlinear equation using the well-designed modified Kudryashov method, producing
a series of new optical solitons. The capability of the modified Kudryashov method in handling the nonlinear
longitudinal wave equation in a magnetoelectro-elastic circular rod is confirmed.

DOI: 10.12693/APhysPolA.133.20
PACS/topics: nonlinear longitudinal wave equation, magneto-electro-elastic circular rod, modified Kudryashov
method, new optical solitons

1. Introduction
Essentially, partial differential equations (PDEs) are

of paramount importance among researchers due to its
proven capability of modelling a broad range of problems
associated with different research areas, such as electron-
ics, mechanics, optics, and plasma physics. Nowadays, by
developing a specific transformation, a partial differential
equation can be converted into an ordinary differential
equation. This conversion causes the produced ordinary
differential equation to be solved readily by means of a
group of powerful approaches, such as functional variable
method [1–3], first integral method [4–7], exp-function
method [8–10], modified trial equation method [11–13],
the Kudryashov methods [14–19] and so on. The modi-
fied Kudryashov method is considered as one of the most
robust techniques which has been developed for solving
nonlinear differential equations. Numerous studies re-
veal super performance of this method in handling non-
linear differential equations. For instance, Hosseini and
Ansari [20] solved exactly the time-fractional Boussinesq
equations using the modified Kudryashov method. Hos-
seini et al. [21] indicated the suitability of the modified
Kudryashov method in solving the nonlinear Tzitzéica
type equations in nonlinear optics. Zayed and Alurrfi [22]
reported the results of a research in which the modified
Kudryashov method was adopted to produce a number
of exact solutions for nonlinear seventh-order Sawada–
Kotera–Ito equation, the nonlinear seventh-order Kaup–
Kupershmidt equation and the nonlinear seventh-order
Lax equation. For more research papers, see [23–42].
This paper illustrates the effectiveness of the modified
Kudryashov method in finding a number of new optical
solitons for the nonlinear longitudinal wave equation in
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a magnetoelectro-elastic circular rod [43]
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where r is the linear longitudinal wave velocity for a
magnetoelectro-elastic circular rod and n is the disper-
sion parameter, both depending on the material proper-
ties as well as the geometry of the rod [43]. This equation
was already solved via different methods. For example
Baskonus et al. [43] employed the modified exp (−Ω(ξ))
expansion function method to obtain new analytical so-
lutions of the nonlinear longitudinal wave equation in a
magnetoelectro-elastic circular rod. Younis and Ali [44]
utilized the ansatz method to extract the bright, dark
and singular solitons of the NLWE in a magnetoelectro-
elastic circular rod. In a similar study, Yang and Xu [45]
adopted the ansatz method to construct the 1-soliton
solution and peaked solitary wave solutions of the non-
linear longitudinal wave equation in a magnetoelectro-
elastic circular rod. Xue and coworkers [46] applied the
Jacobi elliptic function expansion method for the exact
solution of the NLWE in a magnetoelectro-elastic circu-
lar rod, and Zhou [47] solved the nonlinear longitudinal
wave equation in a magnetoelectro-elastic circular rod via
(G′/G)-expansion method and traveling wave hypothe-
sis. The rest of this study is structured according to the
following sections. Section 2 provides the basic details
of the modified Kudryashov method. Section 3 indicates
how the longitudinal wave equation in a magnetoelectro-
elastic circular rod is solved based on the mentioned
method to produce a series of new optical solitons. Fi-
nally, the last part of the paper is devoted to presenting
the conclusion.

2. Modified Kudryashov method

Suppose that a nonlinear PDE in two independent vari-
ables x and t is demonstrated as

(20)
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where F is a polynomial of u (x, t) and its partial deriva-
tives. Under the wave transformation

u (x, t) = f (ξ) , ξ = kx− lt, (3)
Eq. (2) can be reduced to a nonlinear ordinary differen-
tial equation in the form

G (f, f ′, f ′′, . . .) = 0, (4)
where prime denotes derivation with respect to ξ. As-
sume that Eq. (4) has a truncated series solution as fol-
lows:

f (ξ) =

m∑
i=0

aiQ
i (ξ) (5)

where ai, i = 0, 1, . . . ,m are constants to be determined
later such that am 6= 0, and Q = Q (ξ) is the solution of
the following nonlinear differential equation:

dQ

dξ
= Q (ξ) (Q (ξ)−1) ln(a). (6)

It is easy to check that the function Q (ξ) has the form

Q (ξ) =
1

1 + daξ
, a 6= 1, (7)

in which d is an arbitrary constant. To find the positive
integer m, we need to balance the highest order deriva-
tive term and the highest order nonlinear term in Eq. (4).
By inserting Eq. (5) in Eq. (4), we obtain

c0 + c1Q (ξ) + · · ·+ cκQ
κ (ξ) = 0 (8)

Setting all coefficients in (8) to zero results in a set of
nonlinear algebraic equations as

c0 = 0, c1 = 0, . . . , cκ = 0. (9)
Solving the system (9) using the symbolic computation
package finally generates new exact solutions for the non-
linear PDE (2).
Note 1. The first two derivatives of f (ξ), whenm = 2

are as below
f

′
(ξ) = a1Q (ξ) (Q (ξ)− 1) ln(a)

+2a2Q
2 (ξ) (Q (ξ)− 1) ln(a), (10)

f
′′
(ξ) = a1Q (ξ) (Q (ξ)− 1)

2
ln(a)2 + a1Q

2 (ξ)

× (Q (ξ)− 1) ln(a)2 + 4a2Q
2 (ξ) (Q (ξ)− 1)

2
ln(a)2

+2a2Q
3 (ξ) (Q (ξ)− 1) ln(a)2. (11)

3. NLWE in a magnetoelectro-elastic circular
rod and its new optical solitons

Using the wave transformation (3) and some mathe-
matical operations, the longitudinal wave equation in a
magnetoelectro-elastic circular rod changes into a non-
linear ordinary differential equation as follows:

nl2k2f
′′
−
(
l2 − k2r2

)
f +

1

2
k2r2f2 = 0. (12)

Balancing f
′′
and f2 in Eq. (12) gives m = 2. Therefore,

the truncated series (5) becomes
f (ξ) = a0 + a1Q (ξ) + a2Q

2 (ξ) . (13)
By inserting Eq. (13) and Eq. (11) in Eq. (12) and equat-

ing the coefficient of each power of Q(ε) to zero, we will
get a system of nonlinear algebraic equations as

1

2
k2r2a20 + k2r2a0 − l2a0 = 0, (14)
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2
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+k2r2a1a2 = 0, (17)
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1

2
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Solving system of nonlinear algebraic equations yields
different cases.
Case 1

a0 = 0, a1 = −a2 =
12l2n ln(a)2

r2
, k =

±1√
n ln(a)2 + r2

l2

,

thus new optical solitons may be presented as follows:

u1,2 (x, t) =
12l2n ln(a)2da(kx−lt)

r2
(
1 + da(kx−lt)

)2 . (19)

Figure 1 demonstrates three-dimensional graphs of the
first new soliton solution for different values of a.

Fig. 1. a: The 3D graph of u1 (x, t) when n = 2, r = 3,
l = 1, d = 1, and a = e; b: the 3D graph of u1 (x, t) when
n = 2, r = 3, l = 1, d = 1, and a = 10.

Fig. 2. a: The 3D graph of u3 (x, t) when n = 2, r = 3,
l = 1, d = 1, and a = 0.5; b: the 3D graph of u3 (x, t)
when n = 2, r = 3, l = 1, d = 1, and a = e.
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Case 2

a0 = −2l2n ln(a)2

r2
, − a1 = a2 = 6a0,

k =
±1√

−n ln(a)2 + r2

l2

,

therefore, new optical solitons may be presented as

u3,4 (x, t) = u1,2 (x, t)−
2l2n ln(a)2

r2
. (20)

Figure 2 illustrates three-dimensional graphs of the third
new soliton solution for different values of a.

4. Conclusion

This paper explored a nonlinear longitudinal wave
equation, illustrating the propagation of optical solitons
in magnetoelectro-elastic circular rod. A well-designed
technique called the modified Kudryashov method was
successfully utilized to extract a number of new opti-
cal solitons. The results consisting of new exact solu-
tions show an acceptable level of performance of modified
Kudryashov method in handling the model complexity.
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