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Difference functions of periodic measurable functions
by

Tamds Keleti (Budapest)

Abstract. We investigate some problems of the following type: For which sets H is
it true that if f is in a given class F of periodic functions and the difference functions
Apf(z) = f(x + h) — f(z) are in a given smaller class G for every h € H then f itself
must be in G?7 Denoting the class of counter-example sets by $(F, G), that is, H(F,G) =
{H CR/Z: 3f € F\G) (Vh € H) Apf € G}, we try to characterize $H(F,G) for
some interesting classes of functions F O G. We study classes of measurable functions
on the circle group T = R/Z that are invariant for changes on null-sets (e.g. measurable
functions, Lp, Lo, essentially continuous functions, functions with absolute convergent
Fourier series (ACF™), essentially Lipschitz functions) and classes of continuous functions
on T (e.g. continuous functions, continuous functions with absolute convergent Fourier
series, Lipschitz functions). The classes $(F,G) are often related to some classes of thin
sets in harmonic analysis (e.g. (L1, ACF*) is the class of N-sets). Some results concerning
the difference property and the weak difference property of these classes of functions are
also obtained.

1. Introduction. In this paper we investigate problems of the following
type:
Let f be a “nice” function. For which sets H is it true that

(%) if the difference functions Ay f(z) = f(x+h) — f(x) are “even nicer”
for every h € H then f itself must be “even nicer”?

1.1. Notation. We introduce the following notation. Let G be either the
additive group R of reals or the circle group T = R/Z. Let F and G be
classes of functions on G with F D G. We denote by $°(F,G) the class of
those subsets H of G for which there exists f € F \ G such that A, f € G if
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16 T. Keleti

and only if h € H. That is,
9(F,G)={{hecG:A,feG}: fecF\G)

We denote by $(F,G) the class of sets that can be covered by a set in
HY(F,G). Then

NF,G)={HCG:3feF\G) (Vhe H) Ayf € G}.

Thus the family of sets satisfying () is precisely the complement of H(F, G).
Our goal is to characterize $(F,G) for certain natural families of functions.

(Families of sets are always denoted by Gothic letters, and classes of
functions are denoted by calligraphic letters or by capitals.)

We focus on the following families of (periodic) functions on T: measur-
able functions (L), L, functions, essentially bounded measurable functions
(L), continuous functions (C), continuous functions with absolute conver-
gent Fourier series (ACF) and Lipschitz functions (with exponent 1) (Lip').
(Note that Lo, Ly, Loo,C, ACF and Lip' denote classes of functions on the
circle group T.)

The classes H(F,G) are often related to some classes of thin sets in
harmonic analysis. Now we define those classes that will arise in our results.
Detailed explanations can be found in the monographs [2], [17], in the recent
research papers [6] and [7] or in the recent topical survey [5].

A set H C T is called a pseudo-Dirichlet set if there exists an increasing
sequence (g,) of integers and a sequence (g,,) converging to zero such that
for any x € H there exists an ng(z) such that [sing,7z| < €, if n > no(x).

A set H C T is called an N-set if there exists a trigonometric series that
is absolutely convergent on H but is not absolutely convergent everywhere;
that is, if there exist sequences (a,) and (b,) such that > >~ (|a,| + |by|)
= oo but for any z € H,

o0
Z(|an cos(2mnz)| + |by, sin(2wnz)|) < co.
n=1

The families of pseudo-Dirichlet sets and N-sets are denoted by p®
and O, respectively.

We denote by §, the family of those subsets of T that can be covered
by a proper F, subgroup of T.

It is known that

PO CNG o
(The inclusions are easy. For the (not too difficult) example for p© # 91 see
e.g. [7]. It is much more difficult to construct a set from F, \ M. Such a set
was recently constructed by M. Laczkovich and I. Ruzsa [15].)

1.2. Known results. The difference property. In 1951 N. G. de Bruijn [3]
introduced the following notion: a class F of real functions is said to have
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the difference property if any real function f such that, for each h, A, f € F,
is of the form f = g+ G, where g € F and G is additive, that is, G(z +y) =
G(z)+G(y) for all z and y. He proved that the class of continuous functions
and the class of periodic continuous functions have the difference property.
He also proved in [3] and [4] the difference property for the classes of differ-
entiable, analytic, absolutely continuous and Riemann-integrable functions.
M. Laczkovich [13] proved that the class of pointwise discontinuous functions
and some related classes also have the difference property.

Since a measurable additive function is necessarily linear we have G ¢
H(F,G) if F is a class of measurable functions on G =R or T and G C F is
a class of functions on G having the difference property and invariant under
addition of linear functions (e.g. G is any of the above mentioned classes).

As the next lemma shows, for periodic continuous functions the converse
implication is also true, which means that the notion of $(F,G) is a kind of
generalization of the difference property.

LEMMA 1.1. If G C C and G is invariant under addition of constants
then the following statements are equivalent:

(i) T ¢ 9(C,9),
(ii) G has the difference property.

Proof. (i)=(ii). Suppose that A, f € G for any h. Then, since G C C
and C has the difference property, f can be written in the form g+ G, where
g € C and G is additive. Thus, for any h, Apf = Apg + C, where C is
a constant. Hence Apg = Apf — C € G for any h, which implies—using
T & $H(C,G)—that g € G.

(ii)=-(i). This is obvious by the previous observation. m

All of the results above concerned the case of H = G. As far as I know,
the first result answering a more general problem is the following:

THEOREM 1.2 (Balcerzak, Buczolich and Laczkovich [1], 1997). For any
subset H C T, the following statements are equivalent:

(1) If f:T — R is continuous and Apf € Lip* for every h € H then
f € Lip'.

(ii) There is no proper Fy subgroup of T containing H.
That is, with our notation, $(C,Lip*) = ..

Another result of this type is

THEOREM 1.3 ([8], 1997). For any pseudo-Dirichlet set H there exists a
periodic function f € Lo\ Lo for which Ay f is continuous for any h € H.
Thus, for any class C C G C Lo, we have $H(L2,G) D pD.

We will generalize these results in Sections 3 and 5.
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1.3. Preliminary results. The following easy facts will be used frequently.

LEMMA 1.4. If F D G and G is a translation invariant group of functions
on T (with pointwise addition), then each element of $H°(F,G) is a subgroup
of T. (We say that G is translation invariant if for any g(z) € G and a € T,
we have g(x +a) € G.)

Proof. By definition
Anf(z) = f(z = h) = f(x) = =Anf(z—h),
thus if A, f € G then also A_p, f € G. In addition,
Apyihy f(2) = Apy f(@ 4 h1) + Ap, f(2),
therefore if Ay, f, Ap, f € G then also Ap, 4, f €G. =
LEMMA 1.5 (Monotonicity Lemma). If F1 D F2 D G then
5’)0(.7:1,g) D 550(]:2,9) and $H(F1,G) D 9(F2,G). m

LEMMA 1.6 (Triangle inequality). If Fy; D F2 D F3 then
H(F1, F3) C H(F1, Fa) UH(F2, F3).

Proof. Suppose that H € $(Fi,F3) but H ¢ $H(F1,F2) and H ¢
$(F2,F3). Then there exists f € Fy \ F3 such that A,f € F3 for any
h € H. Since H ¢ $H(F1,F2) and F3 C Fa, f cannot be in f € F; \ Fo,
therefore f € Fy \ Fs, which contradicts H & $(Fz, F3). =

LEMMA 1.7. If Fi1DFaD fg and f)(fl,fg) C f_)(fg,fg) then
N(F1, F3) = H(Fa, Fa).

Proof. This is trivial from Lemmas 1.5 and 1.6. =

2. Changes on null-sets. Essentially continuous functions

NoTATION 2.1. If F is a class of functions we denote by F* the class of
those functions that are equal to a function in F almost everywhere.

If the elements of F are P functions, where P is an arbitrary property
(e.g. P = continuous) then we will call the functions in F* essentially P
functions.

In this section we investigate what happens if we replace a class F by F*.
We will see that in the most important cases the corresponding class § either
remains the same or becomes much more interesting.

The following lemma is obvious.

LEmMMA 2.2. If GCC then GFNC=G. m
ProproSITION 2.3. If C D F D G then
9(F,9) =9(F,G") = 9(F",G%).
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Proof 9(F,G) C H(F,G*): If H € $H(F,G) then there exists f € F\ G
such that Apf € G for any h € H. Applying Lemma 2.2, we see that
f & G*. Therefore f € F\ G* and A, f € G* for any h € H, which shows
that H € H(F,G*).

D(F,G) D H(F,G*): It H € H(F,G*) then there exists f € F\G* C F\G
such that A,f € G* for any h € H. Since f € F C C we get A, f € C.
Applying Lemma 2.2, we see that Apf € G. Therefore f € F\ G and
Apf € G for any h € H, which shows that H € $(F, 7).

H(F,G*) C H(F*,G*): This follows from the monotonicity lemma.

N(F,G*) D H(F*,G*): If H € H(F*,G*) then there exists f € F*\ G*
such that A, f € G* for any h € H. Since f € F* there exists ]?6 F such
that f = f a.e. Since f & G* we get f € G*, hence f € F\ G*. On the other
hand, Ay f € G* implies that Ahfve G*. Therefore H € $(F,G*). m

ProrosiTION 2.4 If G C F C Loy, G CC and G contains the constant 0
function, then

9°(F*,G) D {additive subgroups of measure zero}.

Proof. Let A be an additive subgroup with measure zero. Let f be its
characteristic function.

Since f =0ae.and 0 € G C F weget f e F . If a € Athen A,f =
0€eG. If a ¢ Athen A,f is a non-constant function with finite range, so
it cannot be continuous, hence it is not in G. Therefore f witnesses that

A€ 9°F*.G). u

REMARK 2.5. It is also proved in the author’s PhD thesis [9] that if
G is a closed, translation invariant subspace of C then equality holds in
Proposition 2.4.

In the sequel we will work with classes of functions of the following two
types:

(i) classes of measurable functions that are invariant under changes on
null-sets (that is, F = F*);
(ii) classes of continuous functions that contain the constant 0 function.

Instead of $(F,G) we will usually investigate H(F*,G*). If F and G are
both of type (i), then these classes of sets are trivially the same; if F and G
are both of type (ii) then the same is shown by Proposition 2.3.

If F is of type (i) and G is of type (ii) then these classes are usually not
equal (we will show that $(F, G) contains $(F*, G*)), but, as Proposition 2.4
shows, $(F,G) is “too big” and it is much more interesting to investigate
H(F,G*), which is the same as H(F*,G*).

The following lemma was proved in [8] (Lemma 2). (In fact, the last
assertion is not stated in [8], but it easily follows from the proof.)
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LEMMA 2.6. Let A be an additive subgroup of R and let S be a dense
union of translated copies of A. Suppose that we have a function h: R — R
and continuous functions l, : R — R for all a € A such that A h|S = 1,|S

for any a € A. Then there exists a function h : R — R such that ﬁ|S = hl|S
and AQNh = l, for every a € A. Moreover, if h is bounded, then we can
choose h to be also bounded. m

MAIN LEMMA 2.7. Suppose that H C R, f : R — R is a measurable
function and Ay f is essentially continuous for any h € H. Then there exists
a function f such that f = f a.e. and Apf is continuous for any h € H.
Moreover, if f is bounded, then we can choose f to be also bounded.

Proof. Let A be the additive subgroup of R generated by H. Then
clearly A,f is essentially continuous also for any a € A. Thus for each
a € A there exists a continuous function [, such that A, f = [, a.e. Then

(1) fle4+a)= f(z)+1,(x) a.e. (for any fixed a € A).
Let

S ={z: f has a finite approximative limit at z}.

Since f is a measurable function the set S has full measure.

For any x € S, the right-hand side of (1) has a finite approximative limit
at x, hence so does the left-hand side. That is, if x € S and a € A then
x+a € S. Therefore S is a dense (being of full measure) union of translated

copies of A.
Let
_ [ limappr, f ifxz e,
fl(w)_{f(x) if z ¢ S.
If f is bounded then so is f;. Since f is measurable it is almost every-
where approximately continuous, so f; = f a.e. This implies that their

approximative limits are equal everywhere. Thus for any =z € S we get
fi(z) = limappr,f = limappr, fi, which implies that f; (and thus also
A, f1) is approximately continuous at the points of S. On the other hand,
Aufr = Ao f ae. and A, f =1, a.e, so A, f1 =1, a.e.

Hence for any z € S and a € A we get
Aq fi(x) = limappr, A, fi (2) = limappr,la = la(2).

Now applying the previous lemma, changing f; on the complement of S,
we can get a function f such that A,f = [, for any a € A. Thus f = f
a.e. (since f = f1 on S, S has full measure and f; = f a.e.) and Ay f is
continuous for any h € H C A. Moreover, fis bounded if f is. =

COROLLARY 2.8. If GCFC Lo and GCC, then H(F*,G*)CH(F*,G). m
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THEOREM 2.9. If f : R — R is measurable and Af is essentially
continuous for any h € R then f is also essentially continuous.

Proof. According to the Main Lemma, there exists a function fsuch
that f = f a.e. and Ay f is continuous for any h € R. Then using the
difference property of the continuous functions (see Subsection 1.2) we see
that fis a sum of a continuous function and an additive one. But since fis
measurable, this implies that f is continuous, so f is essentially continuous. =

REMARK 2.10. For periodic functions this theorem is the first step for
a stronger result. We will prove (Theorem 4.7) that if f is a measurable
function on T and Ay, f is essentially continuous for any h € H, and H cannot
be covered by a proper F, subgroup of T, then f is essentially continuous.

At this point one can hope that the class of essentially continuous func-
tions has the difference property; that is, for any f : R — R, if A, f € C*
for any h € R then f is a sum of an essentially continuous function and an
additive one. However, this is not the case. More precisely, the following is
true:

THEOREM 2.11. Under the continuum hypothesis, the class of essentially
continuous functions does not have the difference property.

Proof. Assuming CH, Sierpiniski [16] constructed a non-measurable
function S : R — {0, 1} such that for any fixed h € R, A, S(z) = 0 with the
exception of an at most countable number of z-values.

Then clearly A, S € C* for any h € R. But if S were the sum of an essen-
tially continuous function and an additive one, then the additive function
would be essentially bounded on any interval, which would mean that it is
linear. Then S would be essentially continuous but S is not measurable. m

However, the class C* has a weaker property. We say that a class F has
the weak difference property if every function f : G — R for which A, f € F
for every h € G admits a decomposition f = g+ H + S with g € F, H
additive, and S such that for every h € G, A, S(z) =0 for a.e. z € G.

LEMMA 2.12. Suppose that (i) F D G are classes of measurable functions
on G (where G =T or R), (ii) G is a group that contains the constant func-
tions and the linear functions, and (iii) F* has the weak difference property.
Then G* has the weak difference property if and only if G & H(F*,G*).

Proof. Assume that G* has the weak difference property but G €
H(F*,G*). Then there exists f € F*\ G* such that A, f € G* for any h € G.
Since G* has the weak difference property, this implies that f =g+ H + S
where g € G*, H is additive, and for every h € G, A, S(z) = 0 for a.e.
zeG.



22 T. Keleti

Let | = f —g = H + S. Then [ is measurable and Al is constant a.e.
for any h € G. Thus, by the Main Lemma 2.7, there exists a function [ such
that | = [ a.e. and Al is constant everywhere. Then [ —[(0) is a measurable
additive function, so lis linear, thus 1 €G. Since f=gy —|—Ta.e., g € G* and
G is a group, this implies that f € G*, which is a contradiction.

Now we prove that if G ¢ $H(F*,G*) then G* has the weak difference
property. Suppose that for some f : G — R, A, f € G* for every h € G.
Then, since G* C F*, f has a decomposition f =g+ H + 5 with g € F*,
H additive, and S such that for every h € G, ApS(z) = 0 for a.e. z € G.
Then A, f = Apg + ApH + ARS. Since Ay f € G* and A,S = 0 a.e. and
AR H is constant, this implies that also Apg € G* for any h € G. Therefore,
since G € H(F*,G*), g€ G*. m

THEOREM 2.13. The class of essentially continuous functions has the
weak difference property.

Proof. In [12] M. Laczkovich proved that the class of measurable func-
tions has the weak difference property. Then, by Lemma 2.12, Theorem 2.9
implies that C* also has the weak difference property. m

NoTATION 2.14. For f: G — R, where G = R or T, we denote by Hy
the set of h’s for which Ay, f is continuous.

PRroPOSITION 2.15. If g : R — R has a point of continuity and H, is a
dense set, then g must be continuous everywhere.

Proof. Let w(x) be the oscillation of ¢ at z. Since w(z) is upper semi-
continuous, the sets of the form {x : w(x) > ¢} are closed for any ¢ € R.
On the other hand, w(x) is periodic modulo h for any h € H,, since
g(x 4+ h) = Apg(x) + g(z), and Apg is continuous everywhere.

Therefore for any ¢ € R the set {z : w(z) > ¢} is closed and is periodic
modulo a dense set, so these sets must be either empty or the whole real
line, which implies that w(z) is constant. Since g has a point of continuity,
this constant must be 0, which means that g is continuous. =

ProrosiTION 2.16. If f : R — R is measurable but not essentially
continuous and Hy is dense, then

limsup f = 400 and liminf f =—-0c0 (Vz € R).

Proof. We prove that limsup f = +oo; the proof of the other statement
is the same.

We use the notation f(z) = max{f(z),limsup, f}. Since f(z + h) =
Apf(z) + f(x) and Auf is continuous for h € Hy it follows that f — f
is h-periodic for each h € Hy. Thus if f(zg) = +oo for any 29 € R then
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limsup, f = 400 on a dense set, which implies that limsup, f = +oo
everywhere. Therefore we can assume that f is finite everywhere.

For a fixed h € Hy, the function f— f is h-periodic, so f(z+h)—f(z+h) =
f(x) — f(z), which implies that A, f = A, f. Therefore for any h € Hy,
Ay f is also continuous. Thus H Hy is also dense. On the other hand, f is
upper semicontinuous, so it is Baire-1, so it has a point of continuity. Then
according to Proposition 2.15, f is continuous.

Since f— f is measurable and its periods form a dense set, f— f is constant
a.e. Thus, since f is continuous, f is essentially continuous, contradicting
our assumption. m

THEOREM 2.17. If f:R — R is measurable and essentially bounded and
Apnf is essentially continuous for a dense set of h’s, then f is essentially
continuous.

Proof. Let
H = {h: Apf is essentially continuous}.

Since f is essentially bounded there exists an f; such that f; = f a.e. and
f1 is bounded. Then for any h € H, Af; is also essentially continuous.
Applying the Main Lemma, we can take a bounded function f such that
f=frae and 4, f is continuous for any h € H. Since H is dense, the last
proposition shows that this can happen only if f is essentially continuous.
But then so is f, being almost everywhere equal to f. m

COROLLARY 2.18.
9%(Loo,C*) = {finite subgroups of T},
H(Loo,C*) = {finite subsets of T NQ},
where Q denotes the set of rational numbers.

Proof. Since the subsets of T that can be covered by a finite subgroup
of T are the finite subsets of T N Q it is enough to prove the first equality.

C: This is an immediate consequence of the previous theorem, Lemma 1.4
and the fact that an infinite subgroup of T is dense.

D: Let G be a finite subgroup of T. Then it is easy to see that G is of
the form G ={0,1/n,2/n,...,(n—1)/n}. Let f(x) = sgn(sin(27nz)). Then
clearly f € Loo \C* and {h: Apf €C*} =G. »

3. Not essentially bounded periodic measurable functions with
many continuous difference functions ($(L,, ACF") = 91). In this sec-
tion we generalize the main results of [8] and we prove that for any p > 1,
H(L,, ACF*) = 9.

LEMMA 3.1. If dy > dy > ... >0 and )_d, = oo, then Y min(d,,1/n)

= OQ.
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Proof. We can assume that d,, > 1/n for infinitely many n, since other-
wise min(d,,, 1/n) = d,, for n large enough. Choose a subsequence d,,, such
that ng > 2n,_1 and d,,, > 1/ny for every k. Then

Zmin(dn, 1/n) = Z Z min(d,,,1/m) > Z Z 1/ng

k m=np_1+1 k m=ng_1+1
nNE —Nk—1 1
= E — 2 E —=00. n
ng 2
k k

LEMMA 3.2. If " a,, is a non-negative divergent series then, by decreasing
ap, for some indices n, we can get a non-negative divergent series » b, for
which Y b% < oo for every q > 1.

Proof. If a, — 0 then we can rearrange (a,) such that ag) >
agiz) = ... where ¢ is a permutation of N. In this case let by,) =
min(ag(n), 1/n). Then, applying the previous lemma for d,, = ay(,), we get
> bn = > byn) = 00. On the other hand, } bf = Zb‘é(n) < oo for every
q > 1, since bg(,) < 1/n. Furthermore, clearly 0 < b, < a, (n=1,2,...).

If a,, / 0 then there exists an ¢ > 0 and a subsequence a,, such that
an,, > €. Let b, =¢e/m and let the other terms of the sequence (b,,) be 0.
Then in this case clearly also 0 < b,, < a,, (n = 1,2,...), > b, = 0o and

> b1 < oo for every ¢ > 1. m

THEOREM 3.3. For every N-set H C R there exists a 1-periodic function
f R — R such that f € L, for every finite p but f € Lo, and Apf is
continuous and has an absolutely convergent Fourier series for every h € H.

Proof. It is known (see e.g. [17], Vol. I, p. 236) that if H is an N-set,
then it is also an N,-set; that is, there exists a non-negative divergent series
> by, such that

(2) > bnlsinmnh| < oo (Vh € H).

By Lemma 3.2, we can also assume that »_ b? < oo for every ¢ > 1.

Let A denote the set of all A’s for which (2) holds. It is easy to see
that A is an additive subgroup of R and H C A. Let f be a 1-periodic
complex-valued function with Fourier series

f(l‘) ~ i bneQﬂFinx‘
n=1

By the Riesz—Fischer theorem, Y b% < oo for every ¢ > 1 implies that such
a function exists in Lo. Moreover, this condition implies that this function is
in L, for every p > 0 (see e.g. [17], proof of the Hausdorff-Young theorem,

Vol. I1, pp. 101-103). Let f = Re f. Then clearly also f € MNpso Lp-
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It is known and easy to prove using Fejér means (see e.g. [2], IV, §2, The-
orem 1, p. 277) that if a bounded real even function has Fourier series with
non-negative coefficients ¢,, then Y ¢, <oc. Since f(z)~> "2, b, cos(2mnz)
and Y b, = 0o, we conclude that f ¢ L,

For a fixed h € A the Fourier series of f(x + h) is

o0

f~({L‘ + h) ~ Z(bne%rmh)e%rimc’
n=1
SO
(3) Ahf Z 27rznh ) 27rinz‘

On the other hand,
by (2™ — 1)e2™%| = 2p,, |sin wnhl.

Thus (2) implies that the right-hand side of (3) (say I, (x)) is uniformly
convergent, so it is continuous on R.

Let S be the set of points x where the averages of the partial sums of
the Fourier series (the Fejér means) of f converge to f(z). By Lebesgue’s
theorem, S contains the Lebesgue points of f, so its complement is a null-set.
Changing f on this null-set we can make f(z) equal to the limit of the Fejér
means at each point where it exists, so we can assume that S is also the set
of points where the Fejér means converge.

Since the Fejér means of I converge to In () everywhere, the Fejér means
of f(m) and f(x + h) converge simultaneously, thus € S if and only if
x + h € §. Therefore S is a_dense union of translated copies of A. If x € S
then, according to (3), Ay f(z) and I, (z) are the limits of the averages of
the partial sums of the same Fourier series, thus A, f(z) = Ip(z) if z € S.
Therefore denoting the real part of lNh by I, we get

Anf(z) =1lp(z) (x €S8, heA.
Now by Lemma 2.6, there exists a function f(x) on R such that f|S = f|S
and

Apf(z) =1l(z) (ze€R, he A).
In particular, A; f(z) = [1(x) = 0, which implies that f is 1-periodic; as
Apf =1 for every h € H C A, Ap,f is continuous for every h € H. Since
f=fae and f € (20 Lp) \ Loc we get f € ((N,o0Lp) \ Loo. m

The previous theorem is a generalization of a result of [8] (Theorem 1).
Just as Theorem 2 of [8] follows from Theorem 1 of that paper, we get the
following generalization of Theorem 2 of [§]:
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COROLLARY 3.4. For any N-set H C R there exists a 1-periodic func-
tion h € (50 Lp(R)) \ Loo(R) and there are a-periodic functions go €
Npso Lp(R) for all o € H such that go + h is continuous for all « € H. m

(Here by L,(R) we mean the class of those measurable functions
f:R — R for which |f|P has a finite integral on any finite interval; Lo (R)
denotes the class of essentially bounded measurable R — R functions.)

NoTATION 3.5. We recall that we denote by ACF the class of continuous
functions with absolute convergent Fourier series on T.
We use the notation 91 for the class of N-subsets of T.

COROLLARY 3.6. If ACF C FC Lo and 0<p<oco then $H(L,, F*) D N.
Proof. This is an immediate consequence of Theorem 3.4. m
THEOREM 3.7. $(L;, ACF*) C M.

Proof. Let H € $(L1, ACF*). Then there exists f € L; \ ACF* such

that Ay, f € ACF* for every h € H. Let the Fourier series of f be

f ~ Z Ck62m'kac (C—k — Ek:)-

k=—o0

Since this series is not absolutely convergent we get > ;- |ck| = oo. It is
easy to see that the Fourier series of Ay f is

Ahf ~ Z ck(627rikh - 1)627rikz‘

k=—o00

Let
E = {hET:Z\ck|-le2”ikh—1] <oo}.
k=1

Then, since Ay, f has an absolutely convergent Fourier series for every h € H,
we get H C E.
In [6] B. Host, J.-F. Méla and F. Parreau call a set of type

(4) {heT:Zaj\ezmnjh—ll <oo}
=0

an Hy group if n; is a sequence of positive integers and a; > 0 (p. 44, 2.3.1).
They proved that if Z;io a; = 0o, then the Hy group defined by (4) is a
proper subgroup of T. They also proved that, for a Borel subset of T, being
an N-set and being contained in an H; proper subgroup are equivalent.

It follows that E is an H; proper subgroup of T, thus (since F is clearly
an F, set so it is also Borel) F is an N-set. Since H C E we conclude that
H is also an N-set. =m
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COROLLARY 3.8. For every p > 1, $(L,, ACF*) =M.

Proof. This is trivial from Corollary 3.6, Theorem 3.7 and the mono-
tonicity lemma. m

COROLLARY 3.9. ACF has the difference property.

Proof. By Proposition 2.3, the monotonicity lemma and Theorem 3.7,
H(C,ACF) = H(C*, ACF*) C 9(L1,ACF*) C "N.

Hence T ¢ $(C, ACF), so according to Lemma 1.1, ACF has the difference
property. m

4. H(F,G) C §, for the classes Ly, L,, Lo, C*, ACF" and (Lip®)*.
Consider the following classes of functions:

Ly>L,> L DC"DACF* and (Lip™)™.

(If @ > 1/2 then, by a theorem of S. Bernstein (see e.g. [17], Vol. I, p. 240),
we also have ACF D Lip®.) In this section we prove that for any pair of
these classes we have

HF.G)CcS, (FDO0).

(We recall that §, is the class of subsets of T that can be covered by a proper

F, subgroup of T.) By the monotonicity lemma, it is enough to prove this

for F = Lg. If G C F C C then, by Proposition 2.3, everything remains the

same without *; that is, we have the same results for C, ACF and Lip“.
We will need the following well-known lemma:

LEMMA 4.1. If f: T — R is a measurable function and (a,) is a sequence
of reals converging to 0, then we can choose a subsequence (an, ) such that

klim flx+an,) = f(x) forae xzeT.

PROPOSITION 4.2. The sets in ﬁO(LU,Lp), for any 0 < p < oo, are Fy,
subgroups of T.

Proof. Since the classes of functions in this proposition are translation
invariant groups, the group property follows from Lemma 1.4.
Thus it is enough to prove that for any f € Lo the set

H={h: | 2fll, < K}

is closed for any 0 < p < o0.

Suppose that h,, € H and h, — h. By Lemma 4.1, we can choose a
subsequence (hy, ) such that f(xz + hy,,) — f(x + h) for a.e. z € T. Then
clearly also Ap,, f— Apf ae.

If p = oo then h,, € H means that [4,, f| < K ae., thus also
|Apf| < K a.e., which means that h € H. If p < oo then h,, € H means
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that {|Ap,, f[P < KP, so by the Fatou lemma also {|A,f[P < KP?, which
means that h € H. =

ProrosiTiON 4.3. If f : T — R is measurable and Apf is essen-
tially bounded for each h € T then f is also essentially bounded. (That is,
T & $H(Lo, Lo).)

Proof. Let

H, ={h:|Anf| <nae.}.
Since f is measurable, so is H,; hence | J H,, = T implies that there exists
an n such that H,, has positive measure. Then, by a theorem of Steinhaus,
the set H,, + H,, contains a neighborhood of 0. Thus kH,, contains the whole
T if k is large enough. Hence, for any h € T, |Ay, f| < kn a.e.
Therefore, denoting kn by K, we see that

{(z,h) :x,h €T, |f(x+h)— f(z)] > K}

is a measurable subset of T x T and each of its horizontal sections is a
null-set. Thus, by Fubini’s theorem, so is almost each of its vertical sections,
which means that for almost any z € T, |f(x + h) — f(x)| < K for almost
every h. Therefore, for a suitable zg, |f(x)| < |f(xo)| + K for almost every
x, which means that f is essentially bounded. m

COROLLARY 4.4. The class Lo (T) has the weak difference property.
Proof. This is trivial from Lemma 2.12 and Proposition 4.3. =

PROPOSITION 4.5. If 0 < p < oo, f: T — R is measurable, and A f €
L, for each h € T then also f € Ly,. (That is, T ¢ (Lo, L) for 0 < p < 00.)

Proof. M. Laczkovich [12] proved that L, has the weak difference prop-
erty for any 0 < p < oo, which means that if Ay, f € L), for each h € T then
f=9+H+S where g € L,,, H is additive and Ay S = 0 a.e. for all h. Thus
Ap(f — g) is constant almost everywhere for all h, so it is essentially con-
tinuous for all h. Since f — g is measurable, it is also essentially continuous
by Theorem 2.9, which implies that f =g+ (f —¢g) € L,. m

From the last three propositions we get the following:
THEOREM 4.6. For any 0 < p < oo,
9°(Lo, L,) C {the proper F, subgroups of T},
(Lo, Ly) CFo. m

Now, applying the triangle-inequality lemma (Lemma 1.6), we can easily
prove the following two theorems combining Theorem 4.6 with the results
of the previous sections.

THEOREM 4.7. $(L,C*) C §,-
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Proof. By the triangle-inequality lemma,
(Lo, C*) C H(Loy, Loo) UH(Loo,CT).

By Theorem 4.6 we have $(Lg, L) C Fo, by Corollary 2.17 we have
(Lo, C*) = {finite subsets of TN Q} C §,, which completes the proof. m

THEOREM 4.8. $(Lo, ACF*) C §,.

Proof. By the triangle-inequality lemma we have $(Lo, ACF*) C
(Lo, L1)U$H(L1, ACF"). By Theorem 4.6, (Lo, L1) C Fo; by Theorem 3.7,
$H(L1,ACF*) C 7 C §,, which completes the proof. m

THEOREM 4.9. If 0 < o <1 then $(Lo, (Lip®)*) C Fo-

Proof. M. Balcerzak, Z. Buczolich and M. Laczkovich [1] proved that
H(C,Lip®*) C §» (Theorem 1.4). (Actually, they stated it only for a = 1 but
their proof works without any modification for Lip® functions as well.) Then
H(C*, (Lip™)*) C §» by Proposition 2.3. Now the monotonicity lemma, the
triangle-inequality lemma and Theorem 4.7 yield

(Lo, (Lip™)*) € H(Lo,C*)UH(C*, (Lip*)*) C Fp. m
Now we can summarize our results:

THEOREM 4.10. If Lo D F D G and G is any of the classes L,
(0 <p <o), C*, ACF* or (Lip®)* (0 < < 1) then

H(F,G) CFo.

This also holds if C D F D G and G is any of the classes ACF or
Lip® (0 <a <1).

Proof. This follows from Theorems 4.6-4.9 using the monotonicity
lemma and Proposition 2.3. =

5. Functions with L., and with Lip' differences. The construc-
tion of Balcerzak, Buczolich and Laczkovich. In this section we prove
that 9(F,G) = o if G is either Lo, (Lip")* or Lip', and F is a reasonable
class of functions.

We proved the inclusion $(F,G) C §, in Section 4. To prove the other
inclusion, we need to construct a suitable function for any set H € §,. We
follow the construction of M. Balcerzak, Z. Buczolich and M. Laczkovich [1].

THEOREM 5.1.

5( N Lnle)2%n 9( () Lip™Lip') 53,

0<p<oo 0<a<l1
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Proof. For any A € §, we need functions g; and f such that
g1 € < ﬂ Lp> \ Lo and Apgs € Lo, forany h € A; and

0<p<oo

fe ( ﬂ Lipa) \ Lip' and A,f € Lip' forany h € A.
0<a<1

It is proved in [1] (in the second part of the proof of Theorem 1.4) that
for any A € §, there exists an infinite nowhere dense closed set B such that
kB is also nowhere dense for any k € N, B = —B and the subgroup of T
generated by B covers A. (We use the following notation: A+ B = {a+b:
a€ A, be B}. The sets A — B and —A are defined similarly. If £ € N, the
k-fold sum A + ...+ A is denoted by kA.)

Thus we can assume that A is an infinite nowhere dense closed set such
that kA is also nowhere dense for any ¥ € N and A = —A. For any such
A, Balcerzak, Buczolich and Laczkovich ([1], proof of Theorem 1.1(i)=-(ii))
constructed functions g; and f with the required properties.

(They only proved that g1 € Ly \ Lo and Apgy € Lo for any h € A;
and that f € C\ Lip' and A,f € Lip' for any h € A. But, since by
construction the range of g; is {0,1,2,...} and the measure of g; *({k}) is
at most 1/(k2%), it is also clear that g; € L, for any 0 < p < oo. And, since
fz) = Xg (91(t) — ) dt (where ¢ = {; g1), this implies that f € Lip® for any
0<a<l)m

Now we can determine the classes of sets of the form $(F, Lo,) and
9(F,Lip') for any reasonable F.

THEOREM 5.2. If (g peoo Lp C F C Lo then H(F, Loc) = Fo- In par-
ticular, for any 0 < p < 00, H(Lyp, L) = §o-

Proof. This is trivial from Theorem 4.6 and Theorem 5.1 by the mono-
tonicity lemma. =

THEOREM 5.3. If (Nyopey Lip® C F C Lo then H(F*, (Lip")*) = Fo-.
If Nocaci Lip® € F C C then H(F, Lipl) = Fo. In particular, for any
0 <a<1, H(Lip*, Lip') = .

Proof. The first equality follows from Theorems 4.9 and 5.1 by the

monotonicity lemma. Then the second equality follows from the first one by
Proposition 2.3. =

6. Summary. For the classes Ly D L, D Lo, D C D ACF D Lip' (where
1 < p < o0)as F and G, the following table shows our results concerning
H(F*.G7).

By the monotonicity lemma, each column is a sequence of families of sets
decreasing monotonically from the top.
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H(F*,G%)

Lo| Lp | Leo C |ACF|Lip

Ly | * |C80|CS8e| CSo |CSo| o
Lp * | §o oM N | Fo

finite
Loo * subsets 5o
of TNQ

C * So
ACF * | So

Lip1 *

REMARK 6.1. It is also proved in the author’s PhD thesis [9] that

A(Lp,Ly) DO pD for any 0 < p < ¢ < o0 ﬁ(Lipa,LipB) D p® for any
0 < a < f <1 and all these $(Lip®, Lip”) classes are the same. These
results are published elsewhere ([11], [10]).
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