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Abstract. It is consistent that there is a partial order (P, <) of size N; such that
every monotone function f : P — P is first order definable in (P, <).

It is an open problem whether there can be an infinite lattice L such
that every monotone function from L to L is a polynomial. Kaiser and Sauer
[KS] showed that such a lattice would have to be bounded, and cannot be
countable.

Sauer then asked the weaker question if there can be an infinite partial
order (P, <) such that all monotone maps from P to P are at least definable.
(Throughout the paper, “definable” means “definable with parameters by a
first order formula in the structure (P, <)”.)

Since every infinite partial order P admits at least ¢ = 2% many mono-
tone maps from P to P, our partial order must have size (at least) conti-
nuum.

We show:

0.1. THEOREM. The statement “There is a partial order (P, <) of size N;
such that all monotone functions f : P — P are definable in P” is consistent
relative to ZFC. Moreover, the statement holds in any model obtained by
adding (iteratively) wy Cohen reals to a model of CH.

We do not know if Sauer’s question can be answered outright (i.e., in
ZFC), or even from CH.

Structure of the paper. In Section 1 we give four conditions on a partial
order on (P,C) of size k and we show that they are sufficient to ensure the
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conclusion of the theorem. This section is very elementary. The two main
conditions of Section 1 are

(1) a requirement on small sets, namely that they should be definable,
(2) two requirements on large sets (among them: “there are no large
antichains”).

Here, “small” means of size < |P|, and “large” means of size = |P|.

In Section 2 we show how to take care of requirement (1) in an inductive
construction of our partial order in ¢ many steps. Each definability require-
ment will be satisfied at some stage o < c.

Finally, in Section 4 we deal with the problem of avoiding large an-
tichains. Here the inductive construction is not so straightforward, as we
have to “anticipate” potential large sets and ensure that in the end they will
not contradict our requirement. The standard tool for dealing with such a
problem is <{». This combinatorial principle has been used for a related con-
struction in [Sh 128], and it is possible to use the techniques of [Sh 136,
Section 5] to combine it with the requirement on small sets to show that the
conclusion of our theorem actually follows from <{». However, we use instead
a forcing construction, which seems to be somewhat simpler: We will work
in an iterated forcing extension, and use a A-system argument to ensure
that the requirements about large sets are met. This argument is carried
out in Section 4, which therefore requires a basic knowledge of forcing.

1. Four conditions

1.1. THEOREM. Assume that (P,C) is a partial order, and k := |P| a
reqular cardinal. We will call subsets of cardinality < k “small”. Assume
that the following conditions hold:

C1. Every antichain is small (an antichain is a set of pairwise incompa-
rable elements).

C2. Whenever g : (P,C) — (P,C) is monotone, then there is a small set
A C P such that for all a € P, f(a) € AU{a}.

C3. For all « € P the set {# € P: 5 C a} is small.

C4. Every small subset of P x P is definable in the structure (P,C).

Then every monotone map from (P,C) to itself is definable in (P,C).
We will prove this theorem below.

LEMMA 1.2. Let T be as above. Then for any set A C P there is a small
set A C A such thatVa € A3ye A’ : vy C a.

Proof. Let B C A be a maximal antichain in A. So B is small, by Cl1.
Let A’ be the downward closure of B in A, i.e., A" := Jgcp{v € A: 7 C B}.
Then A’ is still small because of C3. Clearly A’ is as required. m
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1.3. FACT. Let (P,C) be any partial order, and g : P — P a monotone
function. Then g is definable iff the set {(x,y) : g(x) C y} is definable.

Proof. Let B := {(z,y) : g(z) C y}. Clearly B is definable from g.
Conversely, g can be defined from B as follows:

g(x) =z Vy:(x,y) e B=2LCy) and ((z,2) € B). =

Proof of 1.1. Let g : P — P be monotone. Let Py C P be small such
that

o If g(av) # « then g(a) € .
e JC a € Py implies 8 € F,.

(Such a set Py can be found using C2 and C3.) For every j € Py let D; :=
{a € P\ Py:g(a)=j},and let D :={a € P\ Py : g(a) = a}. We can find
D" and Dj as in 1.2. Let P =J; D; U D".

CLAIM 1. For o € P\ Py we have

glo)=a<3pe P :BCEa, g(B) =p.
The direction = follows immediately from the definition of D’. For the

other direction, assume that 5 € Py, f C «, g(8) = (. Since g(f) C g(«),
and ¢g(8) = 0 & Py, we also have g(«) € Py. Hence g(a) = a.

CLAM 2. For aw € P\ Py, g(a) # a we have
gla)EieVye P :yEa=g(y) i

The implication = follows from the monotonicity of g. For the converse
direction, assume that g(a) = j. Since D’ C Pi, we can find v € P; with
v £ « and g(vy) = j. By assumption, g(v) C i, so g(«) C i.

Claims 1 and 2, together with 1.3, now imply that g can be defined from
the graphs of the functions g[FPy and g[P;. =

2. Coding small sets. In this section we will show how to build a
partial order satisfying C3 and C4. Throughout this section we assume the
continuum hypothesis.

2.1. DEFINITION. (1) We call 9 a creature if M = (M,C, F, H), where

e [ is a partial order on M,

e I is a partial symmetric function, dom(F) C M x M, ran(F) C M,

o if F(z,y) = z, then x < z, y < z, and there is no 2z’ # z with z C 2/,
y C 2/, 2 C z (i.e. z is a minimal upper bound of z and y, and z,y are
incomparable),

e F'is locally finite, i.e., for any finite A C M there is a finite set B with
A C B C M such that for any (z,y) € dom F N (B x B), F(x,y) € B,

e HC M x M x M; we define H(z,y) :={z: H(x,y,2)},
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o if H(x,y,z) then z is a minimal upper bound of z,y, and z,y are
incomparable,

e H(z,y) = H(y,2),

o if H(x,y,z) then (z,y) & dom(F).

(2) If My, My are creatures, then My < My (M, is an extension of
9M;) means that M; C Mo, and the relations/functions of 9t are just the
restrictions of the corresponding relations/functions of M1, (so in particular,
dom(F™2) N (M; x M) = dom(F™1)).

(3) We say that 9, is an end extension of 9y (or that My is an initial
segment of My) if My < My and M, is downward closed in My, i.e., My =
x Ty, y € My implies x € M.

(4) We use the above terminology also if one or both of the structures i,
My are just partial orders without an additional function F' or relation H.

2.2. Notation. When we consider several creatures 91, 9, IM*, ...,
then it is understood that their universes are called M, My, M*, ..., their
partial orders are C, Ty, C* ..., etc. Instead of writing  C; y we may
write 9y = o C y, etc.

We will use the letters 9 and 91 to denote possibly infinite creatures,
and p, q to denote finite creatures.

2.3. DEFINITION. If (M,C) is a partial order, then we let F(C) be the
partial binary function F' satisfying

the unique minimal upper bound of z and y
F(z,y) = { if it exists and if x and y are incomparable,
undefined otherwise,

2.4. Setup. Let (Ms : § < ¢) be a continuous increasing sequence of
infinite sets with [Ms4q1 \ Ms| = |Ms| < ¢. Let (Rs : 6 < ¢) be a sequence
of relations with Rs C M5 X My such that for any R C My x Mj; there is a
d’ > 0 such that R = Ry . (Such a sequence can be found using CH.)

For each § we fix some element es € M1\ Ms. For each («, 5) € Msx Ms
we pick disjoint sets Agﬁ, Bgﬁ, C’gﬂ, Agﬁ, Fgﬁ (we will omit the superscript
0 if it is clear from the context) satisfying

|Aaﬁ| =2, |Baﬂ| =3, |Ca[3’ =1,
[Aapl =3, Aap = {aap; bap, cap};  Tap = {Vap},
where e is not in any of these sets and the sets
205 :=AasUBagUCapUAyg U ILp
satisfy (o, 8) # (¢, ) = 245N 2y p = 0. For z € 2,5 we define 2(x) :=

Qa,@ U {Oé, ﬂ}
Moreover, we choose the sets 2,3 such that Msiq \ Ua,,BGM5 2, still
has size [Ms|. For € Msy1\ U, genr, 2ap we let 2(z) =0
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2.5. DEFINITION. (1) Let 91 be a creature. We say that A € [M]? is
a triangle (also called an M-triangle or F-triangle if ' = F™) iff dom(F™")
D (A

(2) Let A be an F-triangle. We say that a € A is a base point for A if
there is a unique (unordered) pair {b,c} with F(b,c) = a.

(3) Let A be a triangle. We say that b is an anchor for A if there is a ¢
such that F'(b,c) is a base point for A.

(4) If 9y < My then we say that My is a separated extension of My iff

e every triangle in 91, is contained in M; or in My \ M, and

o if A C My \ M is a triangle, then A is not anchored at any point
in Ml.

o if My = H(z,y,2) and z,y € My, then also z € M;.

2.6. Note. Our goal is to define Fs1 such that Rs will become definable
(and at the same time make it possible for Fsi 1 to be of the form F(C) for
some end extension C of Cs). We will achieve this by “attaching” triangles
to all pairs (o, 3) in Rs in a way that («, 3) can be reconstructed from the
triangle. We also need to ensure that the only triangles in 9541 (and also
in any My, 0’ > §) are the ones we explicitly put there.

The particular way of coding pairs by triangles is rather arbitrary.

2.7. Overview of the construction. By induction on ¢ < ¢ we will define
creatures Ms = (M, Cs, F5) such that

(A) v < ¢ implies that M5 is a separated end extension of M,
(B) Fs = F(Cs) (see 2.3),

(C) Ry is definable in (Ms41,Cs4 1, Fs+1) and hence also in (Ms41,Cs41),
and the definition of R is absolute for any separated end extension of s 1.
For limit § we let C5 = Uw<6 C., and Fj5 = U7<5 N, Hs = U7<5H7.

We will construct 9541 from Ms in two steps. First we define a func-
tion Fjsy1 such that Rs becomes definable in (Ms41, F541). Then we show
that we can find a partial order Cs,1 (end-extending Cs) such that Fsiq
= F(Es41)-

Construction of Fsi1. Fs1q1 will be defined as follows:

° F5+1 [(M(g X M(;) = F5.

o If (o, 3) € Rs then

* Fa,z) = aqp for z € Ayg,
* F(8,x) = byg for x € Byg,
* F(es,x) = cop for x € Cup,
¥ F(2,y) = Yag for {2,y} € [Aag]?.

e Except where required by the above (and by symmetry), Fsi; is un-

defined.



260 M. Goldstern and S. Shelah
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This completes the definition of Fs . The diagram above is supposed to
illustrate this definition. Pairs (x,y) on which Fy; is defined are connected
by a line; the value of Fs41 at such pairs is the small black disk above the

pair.
2.8. FACT. (1) (Ms41, Fs41) is a separated extension of Ms.
(2) Rs is definable in (Msi1, Fsi1).
(3) Let (Msi1,Fsy1) < (M, F) and assume that
e (M, F) is a separated extension of (Msy1,Fs11), and
o if F(xz,y) € Msyq then x,y € Msy1. (This is certainly true if
F = F(C), where C is an end extension of Csyq.)
Then Rs is definable in (M, F).

Proof. (1) is clear. (2) is a special case of (3). Let (M, F) be as in (3).
Then Rs is the set of all pairs («, 3) such that there is a triangle A with a
unique base, anchored at es such that either

ea#fFand {z: Fla,x) € A} =2, {z: F(B,z) € A}| =3, or

e a=pand [{z: F(a,x) € A}| =5,
because the only triangles anchored at es will be the sets Ag - Clearly this
is a definition in first order logic with the parameter es. m

Construction of Csi1. We will define Cs4q from a (sufficiently) generic
filter for a forcing notion Qs = Q(Ms, Fs41).
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2.9. DEFINITION. Assume that 95, Fs.1 are as above. We define the
forcing notion Q5 as the set of all p such that

e p is a finite creature, p = (p,C,, F), H,),
o p[Ms < M,

® D g M5+17

o for all z € p\ My, 2(x) C p,

o Fp = Fsual(pxp),

e p is a separated end extension of p[Ms.

Clearly (Qs, <) is a partial order. Note: We force “upwards,” i.e.,p < q
means that q is a stronger condition than p. But we still call the generic set
“filter” and not “ideal”.

If G C Qs is a filter then there is a smallest creature which extends all
p € G. We call this creature Mg.

2.10. Fact. The following sets are dense in Qs:

(a) {p: 2 €p}, for any v € Msiq,

(b) Dpoy ={qa:qLlporql=32 ¢p: Hx,y,z2)}, whenever z,y € p
are incomparable and (z,y) ¢ dom(Fy),

(€) Bpoy. ={q:qLporqEICz:2C 2 yC2, z#2},
whenever x,y € p, (z,y) € dom(Fy), x C 2z, y C 2z, z # Fy(z,y).

2.11. FAcT. If G meets all the dense sets above, then Msiq1 := Mg is a
separated end extension of My, and Fsy1 = F(Cony,)-

Proof. We only prove the last statement. Let F' = F(Con, ). First
assume Fsiq(x,y) = z*. Clearly z* is a minimal upper bound of z,y, so
to prove F(x,y) = z* we only have to show that z* is the unique minimal
upper bound. If z # 2z* is also a minimal upper bound then we can find
p € G containing {z,y,z,2*}. Now use 2.10(c) to find 2’ # z in Ms,q,
x,y C 2’ C z, which is a contradiction.

Now assume that Fjsii(x,y) is undefined. We have to show that also
F(z,y) is undefined. Applying 2.10(b) twice we can find two distinct ele-
ments 21, z3 such that H(x,y, z1) and H(x,y, z2) both hold in M5, 1, hence
there is no unique minimal upper bound of z and y, so F(z,y) is unde-
fined. m

2.12. FAcT. Qs satisfies the ccc.
Proof. Qs is countable. m

2.13. CONCLUSION. CH implies that a sufficiently generic filter exists.
Thus we have completed the definition of Tsy1 and Hsiq. Clearly Msyq
will be as required.
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In the last section we will show how to embed this construction into an
iterated forcing argument.

3. Amalgamation. Starting from a model of GCH we will construct an
iterated forcing notion (Ps, Qs : § < k) such that each partial order Qs will
be some Q(Mys, F511) as in the previous section. This will define a model
M. An additional argument is then needed to show that 9, will satisfy C1
and C2. In this section we prepare some tools for this additional argument
by collecting some facts about amalgamation.

3.1. DEFINITION. Let p and q be (finite) creatures, z € p, y € q. We
define p © q and p ©, , q as follows:

epPq=(pUq,Cpaq, Fpaq, Hpaq), where Cpaq is the transitive closure
of Cp UL, and Fygq = F, U Fy. ' '
PPy yq = (PUq, Epa, ,a> Fra, yas Hpe, ,q), Where Epg, g is the transi-
tive closure of £, U &4 U{(z, )}, and Fyg, ,q = FRUFy, Hyg, ,q¢ = HyUH,.

3.2. FacT. (1) Assume that T, and T agree on pNq, and similarly F,
and Fy. Then p ® q is a creature, and pEpDq, qEpDq.

(2) If p and q are as above, and moreover, p and q are separated end
extensions of v := pN4q, and type,(z,t) = type,(y,t) (that is, for any z € r
we have p =2z C x iff q |= 2 C y), then also p @y, q is a model extending q
and end-extending p, and

(*) POryqFEalb & pEalborqlFalborplalx, qEyLCb
Proof. We leave (1) to the reader. Let C* be the relation defined in (x).
First we have to check that C* is transitive. Note that the third clause in
the definition of a C* b can only apply if a € pand be ¢\ r = ¢\ p.
Let a C* b C* c. A priori, there are 9 possible cases:

alyb by c =alpc

alyb b, c =bepng, alyb, soalyc
alyb bCpx, yCge=alpx, yEyc

alqb b, c =bepng, alyb, soalyc
alqb bl c =al4c

alqb bCpz, yCae=>bepng alyb, alyx, yCyc
alpx, yCqb bE,c = impossible

alpx, yCab bEgc =alpr, yLye

alpx, yCqb bLE, x, y &4 ¢ = impossible

So we see that in any case we get a C* c. Clearly p @, q is an end
extension of p. We now check that ¢ < p®, ,q. Let a,b € ¢, pBz yq =a T b.
The only nontrivial case is where p =a C z and q =y < b. Since = and y
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have the same type over p N g, we also have q = a C y. Hence q = a C b, so
q<pBsyq.

Finally, we check that p @, , q is a creature. It is clear that FP®=.v9 ig
locally finite.

To check that the conditions on Hyg, 4 and Fyg, 4 (in particular, min-
imality) are still satisfied, the following key fact is sufficient: if {a,b} C p
or {a,b} C ¢ (in particular, if (a,b) € dom(Hyg, ,q) Udom(Fyg, q)), then
P Pzy q = a,bC cholds iff at least one of the following is satisfied:

(D pEabCec,
(2)gFa,bCec,
B)pEFabCx,qFyLCec

We leave the details of the argument to the reader.

COROLLARY 3.3. Assume that p, q, t are as above, q € Qs and p < M.
Thenp ®qec Qs and p sy q € Qs.

3.4. DEFINITION. Let (P,C) be a partial order of size k, x a regular
cardinal. We say that P satisfies the strong chain condition if whenever
(X4 - a < k) is a sequence of finite suborderings of (P,C), and z, € X,, for
all @ < k, then there are o < 3 < k such that X, and X3 agree on X, NXg,
X, and Xg are separated end extensions of X, N X3, z, and y, have the
same type over X, N Xg, and

%a @xa,mﬁ %B S (Pa E)

3.5. Remark. By the A-system lemma, for any sequence (X, : @ < k)
of finite sets there is a set A C & of size k such that the sets (X, : o € A)
form a A-system. If (P,C) moreover satisfies C3, then we may additionally
assume that for any o« < 8 < s the models X, and X are separated end
extensions of X, N Xg. So the point of Definition 3.4 is really the last clause.

LEMMA 3.6. Assume that (P,C) satisfies the strong chain condition.
Then (P,C) satisfies conditions C1 and C2.

Proof. To show Cl1, consider any family (z, : @ < k). Let X, := {z4}.
Since (P,LC) satisfies the strong chain condition, we can find @ < (8 such
that Xo @z, .0 Xp < (P,E), but this means that z, C z3.

Finally, we show C2. Let f : (P,C) — (P,C) be monotone and assume
that 1.1(C2) does not hold. This means that for all small sets A there is x
such that f(z) # = and f(x) € A. So we can find (24, ys : @ < k) such that
for all a, xo # f(za) = Yo and the sets {z,,yq} are pairwise disjoint. Let
Xy = {%a,ya} < (P,C). Without loss of generality, we either have z, C y,
for all a or for no «, similarly y, C z, for all «a or for no a. Now find o and
(G such that X, Do,z Xp <M Now Xo Bz, 25 Xp = 24 C 23, but clearly
Xa Pro,es X3 F Yo £ yYp, 50 f is not monotone, a contradiction. m
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4. Forcing. In this section we will carry out the forcing construction
that will prove the theorem.

We start with a universe Vj satisfying GCH. Let k = wq, and let (M; :
d < K), Agﬂ, el Fgﬁ be as in 2.4.

We define sequences (P, Q, : @ < k), (Mo : a < K), (By : @ < K)
satisfying the following for all o < k:

(1) ]P)o = {@}, mo = @

(2) R, is a Py-name of a subset of M, x M,.

(3) In VPa F, is constructed from R, as in 2.7-2.8.

(4) Qq is a Py-name, IFp, Qo = Q(Ma, Foy1)-

(5) Pat1 = Pa * Qa.

(6) Pyt IF Mayq is the creature defined by the generic filter on Q,,, as
in Section 2. -

(7) If o is a limit, then P, is the finite support limit of (P : § < a),
and Mo = Uz, M-

We let P, be the finite support limit of this iteration. Since all forcing
notions involved satisfy the countable chain condition, we may (using the
usual bookkeeping arguments) assume that:

()  Whenever R is a P,-name of a subset of M,, x M, of size < k, then
there is some « such that B = R,,.

LEMMA 4.1. Let A C Mj be finite. Define a set Ps(A) as the set of all
p € Ps satisfying

IM, M a finite creature, A C M, Ya € dom(p) : pla I p(a) = M My41.
Then Ps(A) is dense in Ps. In particular, Ps := Ps(0) is dense in Py.

Proof. By induction on . Limit steps are easy.

Let p € P,+1. By strengthening p[a we may assume that there is a crea-
ture 9 such that pla |- p(a) = M. By 2.10 we may assume that A C N. By
inductive assumption we may assume that there is a creature 9 witnessing
pla € Py (NN Ms). Clearly 9 and 0N agree on M N N. Define 9 := M@ N.
So pla Ik p(a) < M. Define p’ by demanding p’[a = pla and p’(«) = M.
By 3.3, p’'la Ik p'(«) € Q5. Clearly p’ > p, and p’ € Pyiq. =

In VB let M, = U\, Ma. We claim that the structure (k,Con,)
satisfies the four conditions from 1.1. The argument in Section 2 shows that
we have C3 and C4. So, by 3.6 we only have to check that 9t satisfies the
strong chain condition.

Let X := (X4 : @ < k) be a sequence of names for finite creatures, and
let (zo @ @ < k) be forced to satisfy z, € X,. Assume that p is a condition
forcing that X witnesses the failure of 3.4. For each o < x we find p, > p
which decides X, and z,. Let e, = supp(p,) and J, := max(ey) + 1, so



A partial order 265

pa € Ps, . By 4.1 we may assume that there are finite creatures 3, such that
for all € € ey, pale Ik p(e) = P [M:11. We may also assume that X, C P,,
and hence (since p, IF X, < M, and p, IF Po < My), X0 < P

We may assume that the creatures P, form a A-system, say with heart
P4 (so in particular P2 < P, ). Moreover, we may assume that each P,
is a separated end extension of PB4. Also, since the x, are without loss of
generality, all different, we may assume z, € P, \ P?. Finally, we may
assume that each x, has the same type over 4.

Now pick any a < 3. We will find a condition q > p,, g > pg such that
q I+ ma @za,xg fpﬁ < mn-

Let Q = Po B, 2 Ps. First note that P, < Q and Pg < Q by 3.2.
Let €* be such that zg € Mo«4q \ M.

Now note that

Po My ife <e”,

QrM€+1 - {‘Ba @ra,xﬁ ‘Bﬁ rMe—l—l if e > e*.

We now define a condition q with supp(q) = supp(ps) U supp(pg), by
stipulating q(g) = Q[ Mc41.

By 3.3 we know that qfe IF Q[M.11 € Q., so by induction it is clear
that q is indeed a condition. Clearly q I By Se,, 25 Pp < M.
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