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The homotopy groups of the Ls-localization
of a certain type one finite complex at the prime 3
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Yoshitaka Nakazawa and Katsumi Shimomura (Tottori)

Abstract. For the Brown—Peterson spectrum BP at the prime 3, v2 denotes Hazewin-
kel’s second polynomial generator of BPx. Let Lo denote the Bousfield localization functor
with respect to vngP. A typical example of type one finite spectra is the mod 3 Moore
spectrum M. In this paper, we determine the homotopy groups 7« (LaM A X) for the 8
skeleton X of BP.

1. Introduction. Let BP denote the Brown—Peterson spectrum at the
prime p and Ly the Bousfield localization functor from the category of spec-
tra to itself with respect to vy !BP. Here v, is the polynomial generator of
BP, = Zy)[v1, va, ... with |v,| = 2p¥—2. A p-local finite spectrum F is said
to have type n if K(n).(X) # 0 and K(n —1),(X) = 0 for the Morava K-
theories K (i).(—) with coefficient ring K (i), = K(i).(S°) = (Z/p)[vs, v; *].
The Toda-Smith spectrum V'(n) characterized by

BP,(V(n)) = BP./(p,v1,...,Vn)

is a typical example of spectrum of type n + 1 when it exists.

At the prime 3, V(1) exists and the homotopy groups m,(L2V (1)) were
recently computed by the second author [9]. Of course, the homotopy groups
m«(L2V (1)) at a prime > 3 had already been computed by Ravenel (cf. [5]).
In other words, we know the homotopy groups of the Ls-localization of a
type two finite complex even at the prime 3. In this paper we compute
the homotopy groups of the Lo-localization of a type one finite complex at
the prime 3. At a prime > 3, the homotopy groups of the Ls-localization
of a type one complex and a type zero complex are computed in [7] and
[11], respectively. At the prime p = 2, without a finiteness condition, the
homotopy groups of the Lo-localization of type two and type one complexes
are computed in [3] and [8], respectively.
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From now on, we fix a prime p = 3. Let X denote the 8-skeleton of
BP and M = V(0) denote the mod 3 Moore spectrum. Then M A X is
a spectrum of type one. Since we have the Adams map o : X*M — M
such that BP,(a) = vy, we see that m.(LaM A X) is a k(1),-module for
k(1). = (Z/3)[v1], where we identify v; and «. In this paper, we determine
the homotopy groups 7, (L2 M A X) by using the Adams—Novikov spectral
sequence. In order to state our results, consider k(1),-modules K QRN AON

I?(i), M@ and N@ defined as follows:

e K is isomorphic to K(2). — (Z/3)[v3,v5 "] generated by g of di-
mensions —5,10,5 and —12 for ¢ = 0, 1,2 and 3, respectively.

e L) is the direct sum of k(1),-modules isomorphic to

KD/ (o)
generated by g,(izn for k > 0 and m € Z — 3Z of dimension 16-3*(3m — 1) —
1+ 156 for i = 0,1, and & - 3¥*1(2m — 3) — 3+ 15(i — 2) for i = 2, 3.
e K is isomorphic to (Z/3) [v3,v53] generated by k() of dimension
15 — 51.
o M is the direct sum of k(1),-modules isomorphic to

B0/ (0F%) © k(1)) (0]"%)
generated by g’,(f’)m and g”,(jv)m for k > 0, m € Z of dimensions 8-3*(18m + 3)
—2+15(i — 1) and 8- 38(18m + 11) — 2+ 15(i — 1).
e N is the direct sum of k(1),-modules isomorphic to

k(1)./(v7)
generated by g% for m € Z of dimension 16 - Bm+2) -2+ 11(: — 1).
Let G* denote a k(1),-module isomorphic to the finite v; torsion part
M?# of H*M{ shown in (11.1):
G =K g O,
G =KYaerLWaeKMaeM®aND,
FP=KPaLPgaK®aeM?»aNO?,
GP=K® aL®),
G*=0 fors>3.

Our computation shows that the Fs-term of the Adams—Novikov spectral
sequence for 7, (LaM A X) is zero at the filtration degree greater than 4.
Therefore, the spectral sequence collapses to the Es-term. We compute the
Fo-term and obtain:
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THEOREM 1.1. The homotopy group w.(LaM A X) is isomorphic to the
direct sum of a k(1).-module

k(1)« © A(hao),
two copies of K(1)./k(1)., and @,~,G®. Here hog € mi5(LaM N X) and

the direct sum of the two copies of K(1)./k(1). is generated by the elements
zj(-z) € Tisi—aj—2(LaM ANX) fori=0,1 and 0 < j € Z as a vector space over
Z/3 with vlzj(»i) = Zj(i_)l and z(()i) =0.

The theorem follows from

THEOREM 1.2. The homotopy group m.(Lg2)X N M) is isomorphic to
the k.(1)-module

k(1) ® A(hao, G2) @ @ G
s>0
Here k(1) = lim; k(1)./(v]), and Lk (2) denotes the Bousfield localization
functor with respect to the Morava K-theory K (2)..

Note that LK(Q)X AM = lim; LK(Q)X A V(l)(]-) = lim; Lo X A V(l)(j).
This theorem follows from the knowledge of the homotopy groups
T (L (2yX AV (1)(;)) for the cofiber V(1)) of o/ : XYM — M, whose
structures can be read off from the differentials of the Bockstein spectral
sequence used to determine H*M;. Note also that we have the duality

E3* (X AV (1)(j)) = Hom(Ey " (X AV(1)(;)), Q/Z)

even at p = 3, which was observed at the prime p > 3 by Hopkins and
Gross [2].

2. The spectrum X. Throughout this paper, we consider everything
localized at the prime number 3. Let S° denote the sphere spectrum and
consider the cofiber S° U,, e* of the map a3 : S3 — SY which represents
the generator 73(S°). Since the map a; : S7 — S* is extended to a; : S7 —
SO Ug, €, the spectrum X is defined to be a cofiber of the map &; and
denoted by

X =8%U,, e*Us, €&
Let BP denote the Brown—Peterson spectrum at the prime 3. Then BP, =
m(BP) = Zg)vi,vg,...] with [v;| = 2(3" — 1), and BP,(BP) =
BP,[t1,ta,...] with [t;] = 2(3° — 1). By the cell structure, we see that X
is the 8-skeleton of BP, and so
BP.(X) = BP,[t:]/(t}) C BP.(BP),

which gives the comodule structure of BP,(X).
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Let M denote the Moore spectrum which is defined as the cofiber of the
map 3 : 5% — S° Then

BP.(M A X) = (BP./(3))[t:]/(1})

as a comodule.

3. The Es>-term. We note that for the Brown—Peterson spectrum BP,
(BP., BP.(BP)) is a Hopf algebroid, and the category of BP,(BP)-comod-
ules has enough injectives. Therefore, the Ext group Ext} p.(sp)(BP:,C) is
defined as a cohomology of the relative injective resolution of a comodule
C. Note that BP,(W) is a comodule for a spectrum W. The Ej-term of
the Adams—Novikov spectral sequence for computing the homotopy groups
e (W) is ExtgtP*(BP) (BP., BP,(W)). Hereafter, spectra are supposed to be
3-local.

Consider a comodule algebra E(2), = vy 'Zs)[v1, v2] whose structure is
read off from that of BP,. By Landweber’s exact functor theorem, E(2),(—)
= E(2).®pp, BP.(—) is a homology theory and E(2) denotes the spectrum
which represents it by Brown’s theorem. Then, F(2).(F(2)) = E(2). ®pp,
BP,(BP) ®pp, E(2). is also a Hopf algebroid. We have another Adams—type
spectral sequence

(3.1) ES = Ext‘;ézQ)*(E(m)(E(Q)*,E(2)*(W)) = . (LoaW)

(cf. [6]). Here Ly denote the Bousfield localization functor with respect to
E(2). Using this we will compute first the Es-term for the spectrum X A M
defined in the previous section. Consider the coalgebroid
Y = E(2).[t},ta,t3,...] ®pp, B(2).
whose coalgebra structure is inherited from I" = E(2),.(F(2)) by the canon-
ical projection I' — X. So it is a coalgebra over F(2),. Let
E2)./(3) = Y ®@g@). lo = X ®g@), L1 — ...
be a relative Y-injective resolution, by which we mean a long exact sequence
of comodules which is split as F(2),-modules. Applying the functor I'Oy —
to the resolution, we have another I'-injective resolution
(E2)./B3)[t1]/(t}) = I ®p@), o = I @p@), i — ...,
since I' Oy E(2). = E(2)«[t1]/(#3) as a comodule and I' Oy ¥ = I'. These
resolutions give the same cohomology and so we have an isomorphism

Exty' (B(2)s, (B(2)./(3))[t1]/(8)) = Exty (B(2)., E(2)./(3))-

4. The chromatic spectral sequence. For the sake of simplicity, we
use the notation

H*'(C) = Ext} (E(2).,0)
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for a X-comodule C. Consider the exact sequence
(41) 0= B(2)./(3) — v 'B(2)./(3) = B(2)./(3,v7°) — 0.
of comodules, which defines the comodule E(2)./(3,v°). For short, we write
M} = B(2)./(3,0%)
following [4]. We denote an element of it by
z/v]  with z/v] # 0 if and only if j > 0,
for z € K(2),. Here K(2), = F(2)./(3,v1) = (Z/3)[va,v5 ']. In other words,
M} ={z/v] -2 e K(2),, 0<jecZ}.
We also define
NO = B(2),/(3) and MY =7 E(2)./(3).
Then the short exact sequence induces a long one:

(4.2) s B S HINO S HEMO — HeME S

Y

which yields our chromatic spectral sequence. That is, Ef’t = H'M; =
H*TtND. The structure of the F1-term H* M} is given as follows:

(43)  H'M = Exty(EQ).. 07 B(2)./(3)) = Axqy. (o).
This follows from the change of rings theorems:
H*M} = Exts(F(2).,v; 'E(2)./(3)) = Ext (K(1)4, K(1),) and
Extyy (K(1)s, K(1)s) = K(1). ® Extg 2)(Z/3,2/3)
and Ravenel’s result (cf. [5, Th. 6.3.7]):
EXt*S(1,2) (2/3,Z/3) = A(hao),
where K (1), = (Z/3)[v1,v; ],
Y = K(1).[ta ts, .. ]/ (01t —v¥'t; 1> 1) and
5(1,2) = X' @), Z/3 = (Z/3)[ta, ts,...]/(t] — t; 10 > 1).
We further note that the generator hog is represented by the cocycle
hoo = ta — ut} + uvit] +uvity € 25K (1).{1,u,u?},

where {2 denotes the cobar complex and K (1).{1,u,u?} = K(1).[t1]/(t}).
The exact sequence (4.2) together with (4.3) gives us the desired Es-term
H*NY = H*(E(2)./(3)) = Ext(E(2)+, £(2)./(3)) of the spectral sequence
(3.1), if we know H*M{ = H*(E(2)./(3,v°)).
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Consider the following short exact sequence:

O*>K(2)*$E ] (3,05°) — 2= F(2)./(3,v5°) —=0

[

in which f(x) = x/v;. By the following lemma we will determine H* Mj.

LEMMA 4.5 ([4, Remark 3.11]). Consider the commutative diagram

2), —= H°M{ —2=H*M] —= H"t'K(2

HYK(
oo ] J H
K (2), d

B V1 B s Hs+1K

in which the upper sequence is the long exact sequence induced by the short
one (4.4). If the lower sequence is exact, then H* M} = B.

5. Definition of some elements. In this section we will work in the
cobar complex 2% M|, whose homology groups are H*M{. Here the cobar
complex consists of the modules

t

AN

QEM{ = M{ ®p@2), X Qr). --- Op@2), X
with differentials d; : QL M} — Q23 M given by

di(m@®y1 ®...07) =nr(M) @M ®...0%
+Z MmN ®...0 A(1) ® ... 0y

—(— MmN ®... 0% ® 1,

where ng : Mi{ — M} ®p). ¥ and A : X — Y ®p@), X are the maps
induced from the right unit ng : F(2), — E(2).(F(2)) and the coproduct
A:E(2).(E(2) — E(2)+(E(2) ®g@2). E(2)«(E(2)), respectively.

Since nr(vs) = 0 and Nr(vs) = 0 in E(2).(E(2)), we have the relations

(ct. [10]):

9_ 2 1,3 2 3 3
(5.1) t] = vity — vivy th 4+ vivety mod (3,v7) and

t5 = vSty —vivy '3 mod (3,0?)

in E(2).(E(2)). Note that in [10] the lower congruence is said to hold mod
(3,v3), but a careful computation shows it holds also mod (3, v3).
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First, we recall [4] the elements z) € F(2), for k > 0 defined inductively
by

4(3“171)02-3“%1

v3 for i = 0,1,
T; = .
T3+ e 5 for ¢ > 1,

where e; = —1 and e; = 1 for ¢ > 2. Then by [4, Prop. 5.4] we have, mod

qi—1
(3,01 1,

do(z1) = vit] = viv(ty + vi(vy 't — 1) — (o)),

(5:2) do(z;) = —v} 3i71_1v%’3i_1(t1 + vlgg’i_l) for i > 1,
where
(5:3) 2=y a0y (8 — 1),
Here using (5.1), we have
(5.4) d1(¢2) = 0 mod (3, v1).
Put

-9,3 ~3,3,3
v¥hog = vyty — uvivy Tty +uvivy Ctity

for u € Z. Recall [10] the element V = i(v%t% —v{t? — do(v3)). Then

(5.5) V = —v3ti mod (3,v1) and dy(V) = vib; mod (3,v7)
for
(5.6) b = —t3 @123 — 23" 08" (k> 0).
We also define the cocycle € = vy %3 @ ¢3 + ... by the following:
LEMMA 5.7. In X ®p(2), X,

do(vg};;o) = -0V ®G +vivié mod (3,v?).
We also have
do(v;hvgo) = —vyvat] ® (5 mod (3, v]).
Proof. This follows from a direct computation: mod (3, v?), we have
do(v3ty) = — vt @ to + V28 @ ty,
do(v1vy "3) = — vfvy °t] @ 5 — vivy (8] @ 15 + 5 @ 177 + v3bY),
do(—v1vy '1513) = vivg 283 @ t5t5
Fovy (T8 +8 @4+ @15 + 150 8).

Now use the relation (5.1) to obtain the lemma. Note that, as shown in [1],
b3 = by = v8by mod (3,v%), which is 0 in our case.
The other case is similar. m
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LEMMA 5.8. Consider the element vy ‘hgg = vy 2"t] — 83 —

v1v35¢5 +vivy

v3vat(3. Then vy hsg = vy 'tz mod (3,v;) and

d1(vy "hao) = —b1 — (§ @ 1] + viv2€ mod (3, v})
m X RPE©2), .

Proof. The first statement follows from (5.1).
For the second statement, note first that

b? = U%gbl —d; (v?v%t?tg).

Furthermore, notice that

vltg’ = —’Ugtg + vy vztg vi’vgt(3
and (3 = vy 33 vy 2t +vy vy 33 — vy 2t mod (3, ). Then, mod (3, v}),
] @37 + 19 @5 = (—v1vy 3 + viveth — v3t8) @ vt + 1) ® vaBt]

= 1)%3253 & v2t9 — v 023t§ & v2t3 + U1U2 ® vgtflj
+ 020283 @ 3 — vl @ 3 + i) @ 1)
=027 @t +vPuPtS @ 1) + Pt @ 3
V20193 @ 19 + 020283 @ 112 — 30248 @ 3
— Wg% Rt + ol @13 + 1111124t2 ® 5.
Now add the following to obtain the results:
di(v;7"t3) = —u (M e BT+ T @t + 1t o)
= — 0y () @37 + 15 @t + b)),
di(—0103¢3) = vivat @ GG — oit] ® ¢,
dy (Vv 8t3) = vy 8 @t — VP (1 @ 1) 13 @ tT7),
di (—v3v 21083 = ¥ (B o — o3 + S+ i otd). =

LEMMA 5.9. Consider the element vgi\;ll = V+v%v;1h30. Then v?hjl =
—v3t3 mod (3,v1) and

di(v3h11) = =073 @ ] + v7ve€ mod (3,7)
in X Qp@), X
Proof. The first congruence is seen by (5.5) and the other follows from
a direct calculation and the relation
di(V) = vib; mod (3,09)
(see (5.5)). Now the lemma follows from the previous one. m

Next, we recall [1] the elements x(n) € F(2).(E(2)) such that z(n) =
vt + v1v8¢ mod (3,v%) for n = 3¥s with k > 0 and for s € Z with
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s=1mod3ors=—1mod9:
x(1) = vaty + v17,
z(3) =Y,
(3 = vie(3*) — do(vg )
+ (=1)kw Sa(k)ﬂvgi(k)w, k>0,

(3k(3t +1)) xk+1x(3k) k>0, teZ;

via(3 ( t—1)) = vi2(9t — 1) — (3O DTL) 29,2712y,
v 33(3]““(915 1)) = (3’6(975 )) —do(v §k+1(9t—1)+1)

n U3a k), 31 (t: k)+1€’ k>0,
for the integers a(k), i(k), a’(k) and i'(¢; k) for k > 0 and ¢ € Z defined by
a(0)=2, a(k)=2-3"+1, i(k)=3"-1)/2,
a'(0) =10, d'(k)=28-3F1
I(t;0)=9t—4, i'(t;k) =393t — 1) - 1).
Here 7 = t] —t2, w, X and Y are the elements of 2LE(2). = E(2).(E(2))
defined in [1] such that
dy(w) = € + v mod (3,v1),
X = —v8t; mod (3 v1),
di(X) = v1%v3bo + 0703t @ ¢5 mod (3, v7"),
Y = vit; mod (3,v,),
di(Y) = v]va€ mod (3,2%),
for a cochain £ € 2% F(2), defined above Lemma 5.7, which represents the

generator £ of H2K (2), (see (5.13)) (K (2)« = E(2)./(3,v1)).
Then the following holds:

(5.10)  Let s denote an integer such that either s = 1mod3 or s =
—1mod 9. Then there exist elements x(m) of E(2).(E(2))/(3) for
m with m = 3*s such that

z(m) = vty + v1v5'¢ mod (3,v%),
and for k >0 and t € Z,
dy(z(3t + 1)) = v?03'by mod (3,v3),

dy (2(35(3t + 1)) = — (= 1)Fo®®3 T HE D 2e 11od (3,070 (& > 0);
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dy(z(9t — 1)) = —vi%3 by — 0199 3 © ¢ mod (3, vit),

dy(z(38(9t — 1)) = —vf (k)vg(t;k)tl ® ¢ mod (3, U%Jra (k)) (k> 0).
Here note that ¢ denotes a power of (.
Now we rewrite this in terms of our complex.
LEMMA 5.11. In X,
z(m) = v1v)*¢ mod (3,v3),
and for k >0 and t € Z, in X Qp9), ¥,
dy (2(35(3t + 1)) = — (= 1)k @3 O 1od (3,010 (& > 0);

dy (2(35(9t — 1)) = —p103" +13 O=DFG =D/2¢ 104 (3,42+103°) (> ()
up to homology.

Proof. We get the first congruence by projecting the relations of (5.10)
to Y ®p(2), 2. For the second one, with a careful computation using Lemma
5.7, we obtain the congruence for £ = 0. Consider the commutative diagram

I'®pe).r I'®po), I’
Pll lp1

r(1) ©p@). I(1) —>T(1) @), 1)
in which f(x) = 2® and
= B2).EQ2) = EQ).[t1,ts,..] @5p, E2).,
Y =E(Q2).t,ts,...]®@pp. E2). and I'(1) = E(2).[t2,...] ®5p, F(2)..
Suppose that popi(X) = v¢v8€. If p1(X?3) has a term violhi @ ¢, then

replace X3 by X3 —d;(y) for y such that d; (y) = v v h1y ®C Its existence
follows from (5.2) and Lemma 5.7. Then pop;(X?) = v3%03°*¢, On the
other hand, if p1(X3) = v¥ 08 g for some generator g, then pop;(X3) =
vf/vg/ g since py does not kill generators except for h11(s. Therefore we have
p1(X?3) = v33Pt1¢. Now by the definition of z(m) and induction, we have
the lemma. m

COROLLARY 5.12. The elements U(3 _1)/2§ and vg'3k+(3k_l)/2§ for
k >0 are all nontrivial cocycles of HQE(Q)*/(S).

Proof. Since v; acts on the cobar complex 25, F(2)./(3) monomorphi-
cally, d.(v]z) = 0 implies d,(z) = 0. Thus the elements are cocycles. We
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also have the projection H?E(2), — H?K(2), which sends them to elements
with the same names which are all nonzero. m

For the next lemma, recall [9] the following:
(5.13) H" K (2), = A(G2) ® K(2)+{1, ha1, h2o, &, @, hao€}-
Here the bidegrees of the generators are:
G2l = (1,0),  [hna] = (1,12),  |hoo| = (1,16), [¢] = (2,8), [¢] = (2,12).

LEMMA 5.14. The cocycles h11¢ and hogp are homologous to hoo&+v2£(Cs
and —va(ap, Tespectively.

Proof. Since Ext? (K (2)., K(2).) = H>K(2), is generated by hao&, £Co
and ¢(3, we may write

hi1p = Athoo€ + Aav2€C2  and  hogp = A3v2¢(2

for some \; € Z (i = 1,2,3). Here A = K(2).[t3,ta,t3,...]/(t],t) — vg’iflti :
i>1).
Consider the projection

A — B=(Z/3)[ta,t3,...]/(t] —t; 11> 1)
sending vo to 1, 1 to 0 and ¢; to t; for ¢ > 1. By [5, Th. 6.3.7],
Extp(Z/3,7Z/3) = A(hao, ha1, hao, ha1).

The projection sends the elements hogp and (a4, respectively, to hag(hog —
h21)h31 = —haoho1h31 and (h20 +h21)(h20 - h21)h31 = haoha1h31, which are
the generators. Therefore we deduce that A3 = —1.

Similarly send the elements hi1p, Athoo€ and Aav2€(s to the Es-term

A(h11) ® (Z/3)[b1] ® A(h2o, ka1, hso, hs1)

of the Cartan—Eilenberg spectral sequence computing H3K (2),, and we see
that \1 =land Ao =1. =

LEMMA 5.15. There exists a cochain y such that
da (v +v1y) = 7™ 9 ® (o mod (3, 7).

Proof. By Corollary 5.12, vp¢ and UEZ = v2_3(;§’\g) are cocycles of
Q%E(2),/(3) and 2% E(2)./(3,v1), respectively. Put

v = v — vz and V3 = V36 — U122
and consider the element

w = vgvAg/ﬁ + 112;%/ = —v3¢ mod (3,v1).
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Then
do(w) = —v1v9t? ® v2€ + vitd ® v2€ + ntd ® 532
= v}t} ® (v221 — 22) — VS ® Vo€
= U%<h11,h11,£5> mod (3, v})
by definition of the Massey product, since da(vez; — 22) = £ ® 12/5 . Note

that <h113h1171;2v€> € H?E(2)./(3).
On the other hand, we may write

da(w) = Mviv3p @ (2 mod (3,v7)
for some \ € Z/3. Then in H3K, for Ky = E(2)./(3,v%),

<h11, hit, 7722> = AUW%‘PCQ-

Sending this by h11, we get

<h11, hit, h11>1;;§ = >\U1U§h11<{9§2

by properties of the Massey product. Note that (hi1,hi1,h11) = —by =
—vlvgnghgl = —v102(2hgo in H2Ky by Lemma, 5.8, and that hi1p = hogé+
v9€(Cs by Lemma 5.14. We now have

—v103Cahgoé = Av1v3haoéCa
and A = 1. Therefore, we have an element y such that w = —v3¢ — vy and

da(v3€ + v1y) = —viv3e @ (2 mod (3,7).

Now send this by v3™?, and we have the desired conclusion, since do(v3) =
0 mod (3,v}). =

LEMMA 5.16. There is a cocycle p in 25E(2). that yields ¢ in H*K(2).
such that

da(v3p) = v1v5€ ® (2 mod (3, v7).

Proof. By Lemma 5.15 with m = 1,

(5.17) da(039 ® & + 1) = 0

for a cocycle ¢ which represents the homology class ¢ € H?K(2), and a
cochain z, since (» is homologous to (3 mod (3,v1). Consider K, =

E(2)./(3,v?), and the short exact sequence 0 — K (2), 2 Ky 2 K(2), — 0
which yields a long one:

o H2E P HPK(2), 2 HPK(2), S HKs — ...

By virtue of (5.13), we may write
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(5.18) 85(v5p) = Av3€a + pvahaok,
for some X\ and p € Z/3. Since (5 € H' Ky and (s = (5 € H' K (2),,
05(v39C2) = 05 (v39)Co = pv2haoe € HUK(2),

by (5.18). By (5.17), the left hand side is 0, and we have p = 0.
The formula (5.17) also shows

ds(v3p @ G 4 vivex) = Vit @ V59 @ (5 mod (3,v}).
Thus we compute
85(v3hao) = 85(—v5pCa) = —vih119Ca = —v5h20éCa

by Lemma 5.14. Notice that &5(v3phao) = 65(v5p)hay = Av3&(ahay =
—Av3hooéCa, and we have A = 1. Now the lemma follows from the definition
of 6. m

6. Calculation of H°M{. We will compute H* M| by Lemma 4.5, which
requires the knowledge of the structure of H*K(2), = Exty;(E(2)., K(2).).
Recall again (5.13):

H*"K(2), = A(¢2) ® K(2).{1, h11, hao, &, @, haok}.

These generators are represented by cocycles given in previous sections, and
satisfy

(o =wvy 'ta+ 0y °t5,  hiy =15, hoo =ta,
E=v; @3 +... and @ =wvy (15 —vity) @3+ ...,
where ... denotes elements of ¥(2) ® 2y, ¥(2) for

2(2) = Ak ), (£]) @k (2), K(2):[t2]/(t3 — v3t2).
Hereafter we use the notation:
k(1) = (Z/3)[v1] and  K(1). = vy k(1) = (Z/3)[v1, 01 '],
and integers
ap=1 and a;=4x3"1 fori>0.
Now we obtain the following

THEOREM 6.1. HOM{ is the direct sum of K(1)./k(1). and cyclic k(1).-
modules isomorphic to k(1),./(v]") generated by xi/v]* fori > 0 and s €
Z—3L.

Proof. Let B denote the direct sum of K(1)./k(1). and cyclic k(1).-
modules isomorphic to k(1)./(v]?) generated by zf/v{* for ¢ > 0 and s €
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Z — 3Z. Since H'K(2), = K(2), and v (x5 /v%) = v ®/v1, we have
the map f : H°K(2), — B given by f(z) = x/v;. By definition of B,
v1 : B — B is well defined. Now by Lemma 4.5, it suffices to show that the
sequence

HK(2), L B B % H'K(2),

is exact. Consider the diagram (4.6). By easy diagram chasing, we see that

HYK(2). LB Bis exact, and that the composition dpv; is trivial. Now
suppose that 6o(b) = 0 for b € B. By the definition of B, b =) As; jgs.i,;
for \s;; € Z/3 and g5, ; = x5 /v]. Note that

So(z/v]) =[y] if do(x) = viy mod (3,v]""),

where [y| denotes the homology class of y. Then (5.2) yields

Svg_lhn, 7= 0,
(6.2) So(x5/vf) = { sv5° M (vy thao — G2), i=1,
svgls_gli1 231.71, i> 1.

Since [viy] = 0, gs,; = 0 if and only if j = a;. Consequently, do(b) =
Zs,i As,ia;00(9s,isa;)s and Ag 4, = 0 for any ¢ since the elements 00(gs.i.a;)
are linearly independent over Z/3. Therefore, b = > As,i,j9s,i,; and

j<a;
vi(b') =bfor b =3, Asijgsij+1 € B as desired. m

7. Calculation of H!Mj. The results of the last section give

LEMMA 7.1. The cokernel of &y : H'M} — H'K(2). is a Z/3-vector
space with the following basis:

(a) v3" 2hyy form € Z,

(b) v§*hao for m € Z,

(c) vg’ks@ for k>0 and s=1,4,7,8mod 9 (s € Z).

In fact, by (5.13), H' K (2), = K(2)«{h11, hao, (2}. Therefore, this follows
immediately from (6.2).

In the following, we write v*hi1 /vl, v5*hao/v] and v§'Cy/v! for the ho-
mology classes represented by the cocycles v5't3 /v +. .. v5'ts/v] + ... and
v o /v] + ..., respectively.

PROPOSITION 7.2. The connecting homomorphism 61 : H* M — H2K (2),
acts as follows:
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(i) 81 (v3™ 2 hyy Jof) = v m+1h20€27 m € Z;
(ii) 81 (hao/v]) = j >0,
91 (v5 hog /v1) = —muyhy1(a, m € Z — 37,
5163 M hao /ot Y = med T O Ve, k>0, meZ— 3Z:

(iii) 81(¢5 Jvl) = j >0,
&y (v3mH C/U1)= vy h11C2, m € Z,

Su(v GG 88 Ty = ] T2 s 0 me,

51 (03 Ot ¢y 10:3%) — g BOmANFEID/2e sy e 7

Proof. First, note that
S (z/v]) =[y] if di(z)=vlymod (3,v7Th).
Then (i) follows from (5.2) and Lemma 5.9 as follows:
dy (V3™ 2hyy) = V™ dy (vEhay) by (5.2)
= "ty ® ¢ by Lemma 5.9.

In fact, [—CS & t?] = [t? & CQ] = [Ulvgtg & CQ] = v1v2h90(s.

For (ii), the first formula follows from d;(hgo) = 0 and the second one
from Lemma 5.7. The other follows from (5.2).

The first formula of (iii) follows from (5.4). The second one follows from
(5.2) and (5.4), and the others from Lemma 5.11.

THEOREM 7.3. H' M} is isomorphic to the direct sum of
K (1)« /k(1)s @ K (1) /k(1).

generated by hao /v and ¥ Jvl (j > 0), and the cyclic k(1).-modules

() kQ)/ @D k). mez,

(b) k(1) / (o) (03 ™ hao), k>0, meZ- 3
() k(1)./)@d ™G, k>0, mez,
(d) k(). (%)@ O VG), k>0, mez,

where ag = 1, a, = 4x3871 Ay =1, Ay = 6x3%71 (k > 0) and A}, = 10x3*
(k>0).
In the same way as the proof of Theorem 6.1, we obtain this theorem

from Lemmas 4.5 and 7.1, and Proposition 7.2.

8. Calculation of H?M]. Theorem 7.3 and Proposition 7.2 show the
following:
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LEMMA 8.1. The cokernel of the connecting homomorphism &, : H' M{
— H?K(2), is the Z/3-vector space generated by

(0)  haolo,

(i) ng(ngrS)hzoCQ, k>0, meZ,
(ii) ng(3m+1)h20C2, k>0, meZ,
(iii) wvy¢, ueGU3Z,
(IV) vgnsov m € 7.

Here, G = {3*m + (3* —1)/2 : k > 0,m = 2,8 mod 9}.

Note that
H?K(2), = K(2).{h11C2, hoo(2, &, ¢}

by (5.13), and every integer n is written uniquely as
n=3"m+ (3" —1)/2 with k >0 and m # 1 mod 3.
Using the facts shown in the previous sections, we obtain

PROPOSITION 8.2. The connecting homomorphism §y: H> M} — H3K (2).
acts as follows:

(1) de(haoCa/v]) = 0, Jj>0,
8o (02" OO hooa Jottk) = £3 OMAFE D2y e k>0, me 2,
8o (02" C D hyo o Joh) = 23 AN e S0, me 2
(i) S2(v5™E/v}) = 03" ol mEZ,

o Oz bz,

k>0, meZ,

k k_ k k41 k+1_
52(1)3 (9m+8)+(3 1)/25/1);1.3) vg’ (3m+2)+(3 1)/2&2,

k>0, meZ;
(iii) 5o (V3™ p/v1) = V3™ (vy thay — ()€, m € Z,
Fa (3™ o v1) = —v3™haok, m € Z,
8o (05 20 /v1) = v3"T2EC, k>0, meZ—3Z.

Proof. Since 0;(v5haoCa/v?) = 01 (v5Ca /vl Yhag, we obtain (i) from Pro-
position 7.2.
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The first formula of (ii) follows from Lemma 5.15. Let & for & > 0

k
denote the cocycles congruent to U3 5+ 1)/2§ mod (3,v1) appearing in
Corollary 5.12. Now compute

(v Il = by O 0! )

3k+t2m4 (3t _1)/2
Vg §Ca-

In the same way we obtain the third formula.
For (iii), we compute
02 (v2 @/v1) = 62(vy 2 2@/1)1) —Uzm 1h11<P+Uz £C2
= 03" (hao& + 126C2) + V3 EC.

The others are shown in the same way. m
Now we can state the main theorem of this section:

THEOREM 8.3. H>M is isomorphic to the direct sum of K(1)./k(1).
generated by hao @ (3 /v] for 7 >0, and the cyclic k(1).-modules:

() k(1)/ (%) 0] C D hgta), k>0, mez,

F(D /@103 (03 O™ hooto), k>0, mez,
(b)  k(1)./(w})(w3me), m ez,

k(1) /(023 ) (03 G D2 k>0, m = 2,8 mod 9,
() k(1)u/(v1) (w5 ), m € Z.

The proof is the same as those of Theorems 6.1 and 7.3 by virtue of
Proposition 8.2.

9. Calculation of H3M}. Theorem 8.3 and Proposition 8.2 imply the
following;:

LEMMA 9.1. The cokernel of the connecting homomorphism 8o : H? M}
— H3K(2), is the Z/3-vector space generated by

(1> vgh20§7 u € G7

(il)  vipla, s+1eZ—3Z.

PROPOSITION 9.2. The connecting homomorphism 63 : H3 M} — H*K (2),
acts as follows:
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. k k_ 3k kt2 k1 _
(i) 53(”3 NSt 1)/2h20§/vil3 ) = *Ug mre 1>/2h20§<2,
k>0, meZ,
k k_ k k41 k41
53(’012‘3 (9m+8)+(3 1)/2h20£/vil.3 ) — U;’ (3m+2)+(3 1)/2]’1/205427
k>0, meZ,
(ii) 53(v3™ 0l fv1) = V8™ Thoolle, M EZ,

53(v3" ol /vr) = =3 hooéle,  m € L.

Proof. Since d3(v5haol/v]) = S2(v5€ /vl )hag, (i) follows from Proposi-
tion 8.2. In the same way, we obtain (ii) from Proposition 8.2 by d3(v5p(a/v1)
= 02(v3p/v1)C2- m

THEOREM 9.3. H3 M is isomorphic to the direct sum of the cyclic k(1).-
modules

() k(D). /(F3 ) 0] ™D 2en) k>0, m=2,8mod 9,

(b)  E(1)«/(v1){vz"¢C2), m+1€7Z-3L.

10. Calculation of H*Mj for s > 3. Theorem 9.3 and Proposition 9.2
imply

LEMMA 10.1. The cokernel of the connecting homomorphism 04 : H3 M
— H*K(2), is trivial.

THEOREM 10.2. H*M] =0 for all s > 3.

11. Calculation of H*E(2)/(3). We now summarize the results of the
previous sections:

HOM{ = K(1)./k(1). & M° (Theorem 6.1),
H'M! = K(1).,/k(1), ® K(1),/k(1), ® M*  (Theorem 7.3),
H*M{| = K(1),/k(1), & M? (Theorem 8.3),
H°M; = M°® (Theorem 9.3),
H°M{ = M* (s> 3) (Theorem 10.2).

Here M* denotes the part of finite vi-torsions of H®*M{ for each s, which is
expressed explicitly as follows:

M=KoL,

M* = K{hso} ® L{hao} ® K{vaCo} ® M{Co} ® N{v3hn},
(11.1) M? = K{p} ® L{&} © K{p} ® M{hao(2} ® N{¢},

M3 = K{vy 'oC} @ L{&hao},

M?®* =0 fors>3,

where &, = 02_(7'3k+1)/2§, and

K = (2/3)[v3,v5?),
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~

K=K(?2),-K,
L= @k)./ (i apy, | meZ - 32},
k>0
M = @k {:):ka | m e Z}
k>0
@EBk 0103 @ | m e 2},
k>0

N = k(1) /(u}){e™ | m € Z}.
From the long exact sequence (4.2), we have the following:

THEOREM 11.2. The Es-term H*E(2)./(3) of the Adams—Novikov spec-

tral sequence for computing m.(Lo M AX) is the direct sum of k(1).-modules:

(0 )HOE( )/ (3) = k(1)

(1) H'E(2)+/(3) = k(1)s{hao} © M°,

(2) H*E(2)+/(3) = K(1)./k(1). ® M,

(3) H°E(2)+/(3) = K(1)./k(1). ® M* = H*M{,
(4) H4E(2)*/(3) = M3 = H3M{,

(5) H°E(2)./(3) = 0.

By the sparseness of the spectral sequence, the differential d,. is zero for

r < 5. Theorem 11.2 shows that d,, = 0 for r > 5. Therefore, the spectral
sequence collapses to the Fs-term. Furthermore, there is no extension prob-
lem, since LoM A X is an M-module spectrum. Therefore we obtain the
following:

THEOREM 11.3. The homotopy groups m.(LaM A X) are isomorphic to

the direct sum of the k(1).-module

k(1).{1, hao} ® K(1)«/k(1)«{C2, hooC2}

. : 3
and finite vi-torsions @y _, M*.
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