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On o-times integrated C-semigroups
and the abstract Cauchy problem

by

CHUNG-CHENG KUO (Taipei) and SEN-YEN SHAW (Chung-Li)

Abstract. This paper is concerned with a-times integrated C-semigroups for o > 0
and the associated abstract Cauchy problem: v/(f) = Au(t) 4 ?—u(%m, t>0; u{0d) = 0.
We first investigate basic properties of an a-times integrated C-semigroup which may
not be exponentially bounded. We then characterize the generator A of an exponentially
bounded e-times integrated C-semigroup, either in terms of its Laplace transforms or in

terms of existence of a unique solution of the ahove abstract Cauchy problem for every x
in (A — A)~lO(X).

0. Introduction. Let A be a closed linear operator with domain D(A)
and range R(A) in a Banach space X. The abstract Cauchy problem associ-
ated with A is the initial value problem

u'(t) = Au(t) + f(t), t>0,
{ ’M(G) =&,

where f € C([0,00); X). Let [D(A)] denote the Banach space D(A) with
the graph norm |z|4 = ||z|| + || Az|| for = € D(A). A function u is a (strong)
solution of ACP(f,z) if u € C1((0, co); X) N C({0, co); [D(A)]) and satisfies
ACP(f,z). It is well known that the ACP is closely related to the theory of
semigroups (see e.g. [5]).

Recently Li and Shaw ([8]-[10]) introduced exponentially bounded n-
times integrated C-semigroups and studied their connection with the ACP.
It was proved [8] that if A is the generator of an exponentially bounded
n-times integrated C-semigroup S(-), then ACP(0, z) has a unique solution
for every initial value z € C(D(4™1)). In particular, for the simplest case
n = 0, i.e. A is the generator of an exponentially bounded C-semigroup,

ACP(f,z)
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202 : C.-C. Kuo and 8.-Y. Shaw

the function O~*S(t)z is the unique solution of ACP(0,z) for every = €
C(D(A)).

However, as is shown by an example in Section 1, a general n-times
integrated C-semigroup may not be exponentially bounded. In this paper
we attempt to investigate a more general class of operator families, namely
a-times integrated C-semigroups, where & may be any nonnegative number.

In Section 1, some basic properties of nondegenerate c-times integrated
C-semigroups are proved. If A is the generator of such a semigroup with
o > 0 (resp. & = 0), then u(t; z) = C~19(t)x is the unique strong solution
of ACP (jaw1(-)z,0) (resp. ACP(0, ) for every value from C(D(A)) (Propo-
sition 1.5). Here jo—1(t) denotes 271 /I'(c) for a > 0 and 0 for o = 0. Sec-
tion 2 is devoted to nondegenerate a-times (o > 0) integrated C-semigroups
which are exponentially bounded. In this case, ACP(jo—1(-)z, 0) is solvable
for every w from the set (A — A)~1C(X) (Theorem 2.4), which is larger than
C(D(A)) in general, and is equal to the latter when A € p(A), the rescl-
vent set of A (see [16, Proposition 1.4]). We also prove a characterization
of an exponentially bounded o-times integrated C-semigroup in terms of its
Laplace transform (Theorem 2.3).

Conversely, if C' € B(X) is an injection and A is a closed linear opera-
tor satisfying: (a) A commutes with C; (b) A — A is injective and R(C) C

D{(X — A)~1) for some real ; (c) ACP(ja~1(-)z,0) (resp. ACP(0,z) for
the case & = 0) has a unique strong solution for every initial value z €
(A — A)~1C(X), then C~1AC is the generator of an o-times integrated C-
semigroup (Theorem 3.2). This extends Theorem 3.1 of [16] from the case
@ = 0 to cases @ > 0. Since C71AC = A when o(4) 5 @ [16, Proposi-
tion 1.4], it follows that a closed linear operator 4 with p(A) # 0 is the
generator of an a-times integrated C-semigroup if and only if A commutes
with C and ACP(ja—1{-}z,0) (resp. ACP(0,z) for the case & = 0) has a
unique strong solution for every z € C(D(A)) (Corollary 3.4). This extends
Corcllary 2.2 of [16] from the case a = 0 to cases o > 0. We also character-
ize the generator of an exponentially bounded C-semigroup in terms of the
ACP (see Theorem 3.5).

Further characterizations of generators in terms of the unique existence
of strong and weak solutions of ACP(f,z) will be established in [7]. An
extension of Theorem 3.2 to the case that A — A is not injective is also
proved there.

1. Some basic properties of a-times integrated C-semigroups.
Let X be a Banach space and let B(X) be the set of all bounded linear
operators from X into itself. Let C € B(X) and let o > 0. A family {S(t):
t > 0} in B(X) is called an c-times integrated C-semigroup (see [8]—[10] for
the case o = n € N} if
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(1.1)  S()z : [0,00) — X is continuous for each z € X;

(1.2)  S({E)S(s)z = (1/].’“(cu))[§8+t —{a— Sz](t + & — ) 18(r)Cxdr for
z € X and t,s >0, 5(0) =0 and CS(-) = S()C

It is called a (0-times integrated) C-semigroup (see [3], [4], [11], [15], [16]) if

(1.2} 8(0) = C and S(¢)5(s) = S(t +s)C for all ,5s > 0.

S(-) is said to be nondegenerate if

(1.3)  S(t)z =0 for all £ > 0 implies £ = 0.

5(-) is said to be exzponentially bounded if

(1.4)  there are constants M,w > 0 such that ||S(¢)|| < Me¥* for all ¢ > 0.

When C = I, an a-times integrated C-semigroup reduces to an a-times
integrated semigroup (see [1], [14] for the case @ =n € N and [6], [12] and
[13] for the case o € Ry ), and a C-semigroup is a classical Ch-semigroup.
In general, an a-times integrated C-semigroup may not be exponentially
bounded. For example, let {S(£) : £ > 0} be the family of linear operators
on X = L*(R) defined by

(SO£)(s) = g [§ (= m)* e dr] e £(5)

e}ty

It is clear that S(-) is an a-times integrated C-semigroup with (Cf){s) =
e”ﬂgf(s) forallse R, fe X and

¢
1 P
S| = sup| —— —r“"le”e"s d'r]
IS = s 7y § 6=
(1 ¢ 2[4~ (s—r/2)°
= sup|—— | (t = r)* L™ e ls-/2 dr}
o8| ey ¢ 1)

iv

- t
sup ____1__ S (t-—’!‘)a 1 /4 ~(g—r/2)? dT:l
o>0 | I'{c) W2

t
1 340 a1 —(s—r/2)? ]
su € t—r e dr
LT tL( )

v

t2/42

v

) —18—(;—t/4)2dr]

(t
t/z
RaCs (t/2) m(s——-t/4)3:i

v

sUp

sup
sgst/a[F o)
52313/8[

T(a)”
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__ L e (E)ae—wa)z
IM{a+1) 2
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~ Ila+1)
Under the assumption that S(-} is nondegenerate, one can define its
generator.

DErFINITION L.1. Let o > 0. The (integral) generator A of a nondegen-
erate a-times integrated C-semigroup S(-) is defined as

(1.5) =€ D{A) and .
= :
= - 0Oz = > 0.
Ar=y & S(t)z Tlat l)C‘m ‘S)S(s)yds forallt >0
The assumption that S(-) is nondegenerate implies that C is injective and

the operator A is well defined. It is also clear that A is linear and closed.
In what follows, we use the notations

8
J-1(®) =0 ja(t) = TB+1)

We shall need the following lemma which is originally proved in [13,

Proposition 2.6] for the case C = I. Since C is injective, the same proof
works for the general case.

378 forall ¢ > 2.

for 8> —1

LeMMA 1.2. Let A be the generator of an a-times integrated C-semigroup
S() andlet T > 0. If uwe C([0,T]; X) satisfies
t

(1.6) u(t) = ASu(s) ds forall 0<£<T,
9
then u =0 on [0, 7).

PROPOSITION 1.3. Let o > 0. The generator A of an a-times integrated
C-semigroup S(-) satisfies
(L7)  S(t)z € D(A) and AS(t)x = S(t)Ax for all 2 € D(A) and t > 0;

(1.8) i S(r)zdr € D(A) and ASO S(r)zdr = 9(t)z ~ jo(t)Cz for all
€ X and i >0

(1.9) S(-) is uniquely determined by A,
(1.10) C~rAC = A.

Proof. (1.7) follows from the commutativity of the family S{-) and the
definition of A. To pr0ve (1.8), it suffices to show that

(1.11) ES(s) S S(r)zdr = S(s)(S(t)x ~ ju(t)Cx)
. Q ‘

+ Ja1(8)C | S(r)x dr.
0

icm
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—

7)dr. Then §(-) is an o+ 1-times integrated

For this, we define 5(£) := Sg s
t 5()8(t)z € C([0,00); X) for each ¢ > 0 and

C-semigroup. It follows tha s

-

St)5(s)z + ju(8)5(8)Cx = —5(£)S(8)T + Ful5)S(E)Cx

1 t+s 8

Since this function is symmetric in s and £, it follows that
(S)S(t):n + Jq(t)S(s)C’:c = t)S’( )2+ ja(8)S(t)Cz.

&=

Hence

%S(s)g(t):c = S(1)S(5)2 + ja—1(8)8(£)Cx — ja(t)S(s)Cx.

(1.9) is a direct consequence of Lemma. 1.2. To prove (1.10), we first show

A C C1AC. Let = € D(A). Then by (1.2) and the definition of A, we have

S(t)Cx— o (t)C?z = C(S(t)z—jalt)Cx) = S S(r)Azdr = § S(r)C Azdr,

or equivalently Cz € D(A) and ACz = CAz € R(C’) That is, A C C~*AC.

To show the inclusion C~1AC < 4, let € D(C~LAC). We have Cz € D(A)

and ACz € R(C). By the commutativity of C and S(-) and by the definition
of generator, we have

ClS(®)z — ju(t)Ca] = S(£)0z — ja(t)C?x = | S(r)ACE dr
0

¢ t
= {s(ryccACz dr = C{S(r)C T AC dr.
0 0
Since C' is injective, this implies z € D(A) and Az = C~'ACw. Conse-
quently, A = C*AC.

REMARK. (1.8) shows that a nondegenerate c-times integrated C-semi-
group is an example of a K (t)-evolution operator with K (t) = ja—1(t)C (see
[2] for results on this class).

PROPOSITION 1.4, Let A be the generator of an a-times integrated C-
semigroup S{-) with o > 0 {resp. o =0), and let

C' = {z € X : §(")z is continvously differentiable on [0,00)}.
Then

1) s()Cr*c D )forallt>0
EQg fo('r'):c e C, (( ) = 8(-)= is the unique solution of ACP(ja-1(-)Cz,0)
(resp. ACP(0, C)).

In particular, (2) holds for all z € D(A).
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Proof. Let z € C* and ¢ > 0. Differentiating the equation in (1.8), we
have S(t)z € D(A) and

AS(H)z = %S(t)m = Gaa(t)C.

The uniqueness of solution of ACP(jo—1(-)Cx, 0} (resp. ACP(0,Cz) for the
case o = () is obvious from Lemma 1.2. Finally, the definition of 4 implies
that D{A) C C! so that (2) holds for all z € D(A).

ProposiTioN 1.5. Let S(-) be an a-times integrated C-semigroup with
a >0 (resp. a =0). If S(-)z € R(C) and C~15()z is continuously differen-
tiable on [0, 00), then C~1S()z € D(A), and u(-) = C~18( )z is the unique
solution of ACP(ju—1(-)z,0) (resp. ACP(0,x)). This holds in particular for
z € C(D(A)).

Proof. The uniqueness is obvious and hence we only need to show
that u(-) = C718()z is a solution of ACP(ja—1(")x,0). Clearly, S(-)z =
CC-'8( )z is continuously differentiable on [0,00). By Proposition 1.4
we have

cl dtc 19(8)s = %S(t)m — AS(t)o + s (£)C3
= ACCT'S(t)x + ja—1(t)Cx.
Hence C~18(t)z € D(C~1AC) = D(A) and

d%O"lS(t):c = (CT'AC)CT18(t)z + Fa—i(t)z
= ACT'S()x + ju-1(t)z.

2. Exponentially bounded a-times integrated C-semigroups

LEMMA 2.1. Let A be the generator of an a-times integrated C-semigroup
S(-). For X > 0, let Dy denote the set of all those x € X for which Lz =

§o e S(t)m dt exists and {77 e~ || SE S(s)xdsi|dt < co. Then

(i) LDy C D(A) and (A — A)X* Lz = Cx for x € Dy;

(i) SE)LaDx C R(C), and C~18(-) Lz is continuously differentiable
on [0,00) for xz € D,.

Proof. (i) Integration by parts yields

T 5

e—}‘*ES(s)a: ds = Se““S’(t)m dt — Age At S (s)zdsdt,
fo

0 0

which converges as T — oo if x € Dx. This and {5° e™*|| {7 S(s)z ds|| dt < 0o

icm
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— AT S

imply that e S(s)zds — 0 as T — oo. Therefore we have

oo
La=Xe ”SS(T)mdrdt.
0 0
From (1.8) and the closedness of A we deduce that A¥t? {7 e~ SB S(r)x drdt
€ D(A) and
T i T
x4l e M S(radrdt = A2 | e7*(S(t)z — jalt)Cx) dt
0 0 0
— /\“+1Lxm —Cx

as 7 — oo. Hence the closedness of A implies that Lyz € D(A) and
A ALyz = N1 Lyz — Cx for € D). Consequently, (A — A)A*Lyz = Cx
for x € Da.
(i) By (1.2) we have, for z € D,,
S(t)Lyz = S e~ 5(t)S(s)z ds
0

=C : Te_As[sgt_§"§](t+3—T)a'1S(T)C'Ccdrds,
T 5 o 0 0

from which it is clear that S(t)Laz € R(C) and C~'5(-) Lz is continuously
differentiable.

The next proposition generalizes Theorem 3.1 of [1], where the case
a £ N, ¢ =TI was proven.

PROPOSITION 2.2. Let o > 0, and let {S(t) : t = 0} C B(X) be a
strongly continuous funetion such that ||S(E)| < M e for some M > 0,
w >0 ond all t > 0. For A > w define

o0
Raw = ALy =X* | e XS(t)wdt for e X.
0
Then {Ry : A > w} is a C-pseudo-resolvent, i.e.
(A — p)RuRx = R,.C —~ RxC  for \p>w,

if and only if S(-) setisfies

s+t 8 &
S(t)S(s)e = ﬁl?&"j( g —g—p(t—}-s—r)"‘"lS(r)Om dr

forze X and 1,8 2 0.
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Proof. Interchanging the order of integrations we obtain the following

equalities:

oo

8

C.-C. Kuo and S.-Y. Shaw

S e S (t+5—r)*18(r)Cxdrds

0

o0

0

[a o]

a

oQ

=M S e~ L ds \T* R, Ch,

&

fe Ve {(t+s—r)*'S(r)Cdrdsdt

0

;

[ee]

o

t4-8

0

=\~

)\C\:

|
!

_ I{a)r=
=

g™ S (t+ s —7)*"18(r)Czdrds

i

o0

143

Pt

I
o+ e— R

oQ

=I'(a)A™® S e M0 5(r)Ca dr,

t

0

00

i

S et + 5 —r)* s S(r)Ca dr

[aa]
e S e~ (t+ 5')* "L ds' §(r)Cr dr
0

e~ (Bt S e~ M5 Tdsdt RyCx
5

(Jem et dt)e45% ds Ry Ca
0

(1™ = X")RxCr,

S e o (t+ 5~ r)* L ds S(r)Cz dr

eMt-r) ( OSO g gL ds’) S(r)Cz dr

S e Ht S e S (t+ s —r}*"18(r)Cx dr ds dt

0

1]

t

[=n)

=A™ { e | e =5(r)Ca dr dt

0

o0

t
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= D(ap § &7 ([t dt) S(r)Cxdr
0 0
Dle)™ o —a
Combining these equalities we obtain
o0 Q0
S g H S e~ {S(t)S(s)m

0 0 1 t+-a

__F_{aj( § _S)(t+s—r)“_lS(r)Cmdr:Idsdt

= AU ¥[RuRax — (A — 1) "H{Ru,Cz — RyCz)

for all x € X and g,¢ > 0. The conclusion now follows from the uniqueness
theorem for Laplace transforms.

Proposition 2.2 can be applied to prove the following characterization of
an exponentially bounded a-times integrated C-semigroup, in terms of its
Laplace transform. The case of n-times integrated C-semigroup was proved
in [8, 9].

THEOREM 2.3. Let C' € B(X) be an injection. A strongly continuous
function S(-) satisfying (1.4) is an a-times integrated C-semigroup with gen-
erator A if and only if CS(-) = S(-)C, C"YAC = A, and A — A is injective,
R(C) C R(» — A), and

(2.1} MNLyA=A) CA*A—A)Ly=C
for each A > w.

Proof. When §(-) is an exponentially bounded a-times integrated -
semigroup, for large A the set D as defined in Lemma 2.1 is clearly equal
to X. Then Lemma 2.1 together with (1.7) yields that for each A > w, A— A
is injective, R(C) C R(A— 4), Lx € B(X), R(L») C D(A), and (2.1) holds.

Conversely, (2.1) implies

R.C - R\C = R,C — CRy = Ru(A— A)Rx - R.(p ~ A)BR)
= (A= W) RuB

50 that, by Proposition 2.2, §(-} is an o-times integrated C-semigroup. Since
A — A and C are injective, it is seen from (2.1) that S(-) is nondegenerate.
Let B be its generator. Then the “only if” part of the theorem asserts that
O-1BC = B, and for each A > w, A— B is injective, R(C) C R(A— B), and
Ra(A—B) C (A= B)Ry = C.If z € D(A), then Cxz = Ra(A— A)z € D(B)
and (A—~B)Cz = (A—B)R\{(A~A)z = C(A—A)z, so that z € D(C™'BC) =
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D(B) and Az = C~'BCz = Bx. Hence A C B. By symmetry we also have
B ¢ A. This completes the proof.

We obtain the following theorem by applying Proposition 1.5, Lemma
2.1(ii), and Theorem 2.3.

THEOREM 2.4. Let a > 0 (resp. o = 0) and A be the generator of an
exponentially bounded a-times integrated C-semigroup S(-) with |S(¢)| <
Me™t for some M,w > 0 and all t > 0, and let A > w. Then for each
z € (h— A)TI0X = AL X, u(-) = C'5(-)z is the unique solution of
ACP(ju--1()z,0) (resp. ACP(0,z) for the case a = G). Moreover, ||u(t)| =
O(e™?) and |ju'(t)|| = O(e®?) as t — oo. :

Note that this theorem extends the particular case x € C(D(A4)) of
Proposition 1.5 to exponentially bounded a-times integrated C-semigroups
because it is shown in the following lemma of Tanaka and Miyadera [16,
Proposition 1.4] that C{D(A4)) C (A— A)"1CX in general. This lemma will
also be needed in Section 3.

LeMMA 2.5. Let A € R and let A be a closed linear operator satisfying
(a) Cz € D(A) and ACz = CAx for x € D(4);
(b} A — A is injective and D((A — A)~1) D R(C).
Then
(i) C(D(A)) C C(D{C~AC)) C (A — A)TICX;
(iiy C(D(A)) = (A — A)"1CX if and only if X € p(A);
(iii) C~TAC = A if o(4) # 0.

3. The abstract Cauchy problem. In this section we try to charac-
terize the generator of an c-times integrated C-semigroup in terms of the
unique existence of a strong solution of ACP(ja—1(-)x, 0).

LemMa 3.1. For all o > 0 and s,t > 0 we have

s+t t

(3.1) ( (S) - S)(t +s—r)* "2 lgp = Q.

&
0 0
Proof. Since S{t) = j(t) is an a-times integrated semigroup on R,
using (1.2) and integration by parts one has
s+t 8 i

Ja(tials) = 1-.—(1&—)( { “S—S)(t+s—'r)°‘_1ja(r) dr

0

s+t & i
='1“(a1+ 1) I'(al+1) 3t%5% + § “g“é)(ﬂrsw)“r““ldr],_
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so that
g4t s t
—t%g% = a( S - S MS),(t 45— )=l dr,

0 0 0
Differentiation with respect to ¢ yields

s+t 5t

—ot® e® = —as®t* 7l 4+ o? ( S - S - S ) (t+s—r)2 2t dr
¢ 0 0

and hence (3.1).

THEOREM 3.2. Let @ > 0 (resp. & =0) and A € R, and let A be a closed
linear operator satisfying

(a) Cx € D(A) and ACx = CAz for z € D(A);

(b) A — A is injective and D((A — A)~1) D R{C);

(¢} ACP(ju—1(-),0) (resp. ACP(0,z) for the case a = 0) has a unique
solution for each z € (A — A)7*C(X).

Then there exists an a-times integrated C-semigroup S(-) on X with
generator C~1AC.

We shall need the next lemma.
LEMMA 3.3. If (c) holds, then it also holds when c.— 1 is replaced by .

Proof For any z € (A — A)"*C(X), (c) implies there is a solution
w of ACP(ja_1()e,0) (vesp. ACP(0,z) for the case o = 0). Then v(t) :=
SB u(r) dr is a solution of ACP (ja(-}z,0). That the solution v is unique fol-
lows from the uniqueness of solution of ACP(0, 0) =ACP (ja—1(+)0,0), which
is guaranteed by (c).

Proof of Theorem 8.2. We denote the unique solution of ACP(ja-1()z,0)
by u(t;z) and define the operator S(t): X — X for t > 0 by

(3.2) Styz = (A= Au(t; (A = A)71Cz) forzeX.
Then S(0) = 0 and S(-)z : {0,00) — X is continuous for z € X. Now,
the uniqueness of solution implies that S(-) is linear, Cu(t; (A — A)"iCx) =
u(t; (A — A)='C%z) and so CS(:) = S(-)C.

Let C([0,00); [D(A)]) be the Fréchet space with the quasi-norm

o~ vl ,
= E M for v € C([0,00); [D{A)]),
H'UH pet 2’?(1 + ”'U”k)
where |[v]|x = maxsen,z,] [V(E)|a, k €N, {tx} being an increasing sequence in

(0, 00) with lim £, = co. Consider the linear map 7 : X — C{[0,00); [D(A)])
given by n(z) = u('; (A—A4)"'Cz). Weshow that nisa closed linear operator.
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In fact, let £, — % in X and n(z,) — v in C([0, oo0); [D(A)]). Then

t

u(t; (A= 4) " Cn) = | Au(r; (A = A)72Czn) dr + Galt) (A = 4) 7' Cn,
0

Letting n — oo we obtain v{t) = SB Av{r)dr+jo(t)(A—A)"1Cx for all £ > 0.
Thus v(-) is a solution of ACP(ja—1(-)(A ~ 4)~'Cz, 0). Therefore, from the
uniqueness of solution it follows that v(-) = u(; (A — A)71C=) = n(z). We
have shown that 7 is closed. By the closed graph theorem, 1 is continuous
from X into C{[0, 0c); [D(A4)]). This shows that S(-) is a strongly continuous
function into bounded linear operators on X.

To show that S(-) is an a-times integrated C-semigroup, we first consider
the case o = 1. For fixed £ € X and 5 > 0 we define

1 g+t 8

”"(t)=?”(&7( } _S—S)(HS“T)““W(T; (A=A %) dr, t20.
o 0 o
Then
Avs(t) = —1—(3§-t*§—§)(t+s-r)“_1A (r; (A — 4)"1C%x) d
TNy ) URTS z) dr
1 s+t & t o , i
=m(§—§‘§)(t+s—'r) 1[u(r;()\—A) C?%z)
- %()\ - A)_ICEIU] dr
____1_(5-“ Pr t a—1, ./ 0 A_l )
- (- fper i oo
by Lemma 3.1.

For « = 1 we have
Av,(t) = u(t + 5 (A= A)10%) — u(t; (A~ A)71C%) — u(s; (\ — A) "1 C%)
and .
du, (1)
dt

For the case o > 1, using integration by parts we have

Avg(t) = — Ja—1(Buls; (A~ A)1C%7) — fa—1(s)u(t; (A — A)7FC%2)
1 s+t 8 i

+_F(O£—1)(§ _§_§))(t+$—-r)a"2u(T;(A_A)-—lc2m)dT

=u(t+ 8 (A — A)71C%) — u(t; (A — 4) 7 C%).

icm
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and
dus(t )
D) o faa(oults (- 4)0%)
1 a1 3 1
e —_—t _ ya—2 . _ —12
t s 1)( 5} é (S’)(t+s M 2u(r; (A — 4)"1C%z) dr.

It follows that forall @ > 1 and ¢t > 0,

dug(t)

o Avg () + oot (Buls; (= A)71C%a)
Ao )+ faa(0u(s (3 - 4)720%),

The uniqueness of solution implies that v,(t) = u(t; Cu(s; (A— A) 7+ Cx))
and hence

L (Tt - § —E)(t 45— ) 18(r)Cadr

Fad\g o %
1 g+t 8 % o | .
=m_)-(§ “§“§)(i+s-—7') A~ Aulr; (A — A) 102z} dr

= (A = Ay (t) = (A — Ault; Cu(s; (A — 4)7'Ox))
= (A — Au(t; (A — A)TC(A - A)u(s; (A - A)"1Cx))
= (A — Aulty (A — A)71CS(s)z)

= S(t)S{s)z forallt,s>0.

Now we turn to the case 0 < a < 1. The hypothesis (c) and Lemma 3.3
imply that vy(t) = SB u(r; (A — A)"*Cz)dr is the unique solution of
ACP(ja()(\ — A)~*Cx,0). Let 5() be defined by S(t)z = (A — A)valt)
for z € X and t > 0. The previous argument has shownﬁjchat S() is an
(a -+ 1)-times integrated C-semigroup on X. In particular, S()z is continu-

ous for all z € X. Since S(B)z = (A — Ayu(t; (A — A)~1Cx) is continuous for
all z € X, the closedness of A implies that

t ¢
F(t)e = (A — 4) {u(r; A = A)7*Cx)dr = | S(r)zdr € C7((0, 00); X).
0 0
Then an easy computation shows that S(-) is an o-times integrated C-

semigroup.

Tn order to show that S(-) is nondegenerate, suppose S(#)z = 0 for ¢t > 0.
Then by the injectivity of A — A we have u(t; (A — A)"1Cz) = 0 for t > 0,
so that
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0= %u(t; (A — 4)"'Cx)
 Ault; (A= A1) + jar(B)(A - A" Ca
= ja s ()0 — A)ICa

and hence z = 0, because (A — A}~* and C are injective.

Having shown that S{-) is a nondegenerate a-times integrated C-semi-
group on X, we next show that C~*AC is the generator of S(-). Let B be the
generator of §(-) and let x € D(C~'AC). Easy computations show that both
u(t; (A= A)"10x) —jo(£) (A — 4) 10z and §y u(s; (A — A)"1C(C~1AC)z) ds
are solutions of the Cauchy problem ACP(7,()(} — A)"1C(C~1AC)z,0).
Then the uniqueness of solution of ACP(0,0) = ACP{ja—1(:)0,0) implies

t
u(t; (A= A)7102) — Ja(t)(A — A7 Cz = [uls; (A — 47 C(CHAC)z) ds.

Hence
S(t)r — Jult)Cz = (X — A)[u(t; (A — A)‘ICm) — Ja{t)(A — A)”ICx}
¢

= (A= D u(s; (A~ )10 ACR)) ds
0

(A — Au(s; (A — A) " C(CACT)) ds

O L o (D ey T

S(s)C"1ACzds forallt > 0.

Consequently, z € D{B) and Bz = C~*ACz, or equivalently C~*AC C B.
To prove the converse, let z € D(B). We have

(A — Ault; (A — 4)710z) - ja () (A ~ A)"1Ca
= 8(t)z — ja(t)Caz = | S(r)Bx dr
0
= S (A = Au(r; (A — 4)'CBz) dr

0

= (A= A4){u(r; (\— 4)"*CBz) dr.

a

C-semigroups and the Cauchy problem 218

Since A — A is injective, it follows that
u(t; (A — A)710Z) — jo ()X — A) ' Cz = iu(r; (A — A)~*CBxz) dr,
0
so that Au(t; (A — A)"*Cx) = u(t; (A — A)~'CBz) € D(A). We also have
§Au('r; (A — A)"'CBz)dr
0

{%u(’r; (A = A)7LCB2) — ja—a(r)(A — A)_lC'Bm} dr

& b o

= u(t; (A — A)"*CBz) — ja(t)(A — A)"*CBx € D(A).

From these facts, it follows that
t

ja(t)Cz = S(t)x — | S(r)Bzdr
1}
= (A — Ault; (A — A)7Cx)
~ § (A = Ayu(r; (A — A)"'CBz)dr € D(A)
0

and

Aja(t)Cz = A[Au(t; (A — A)"*Cz) — u(t; (A — A)"*CBz)
~Aulr; (A~ 4 CBz) dr
0

+ult: (A — A)"2CBg) ~ jalt)(A - A)-chm}
= Mu(t; (A — A)"1Cx) — A S Aulr; (A — A)"chmj dr

— jo(DA(N — A)"ICBz
= Mu(t; (A — A) 7 Cz) — Nult; (A — A)"*CBz)
~ ja{t)(A\ = A)*CBz] — ja(t)A(X — A) " CBz
= jo(t)CBz forallt>0.

That shows B ¢ C~1AC.

COROLLARY 3.4. Let A be a closed linear operator with nonempty resol-
vent set. Then the following are equivalent:
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(i) A is the generator of an a-times integrated C-semigroup {S(t) : t >0}
with o > 0 (resp. o =0).
(il) A satisfies the conditions:
(a) Oz € D(A) and ACx = C Az for oll x € D(A);
(b) The ACP(ja—1(-)C=,0) (resp. ACP(0,Cx) for the case a = 0)
has a unique solution u(t; Cz) for every z € D(A).

In this case, u(t; Cz) = S(t)x fort 2 0.

Proof The implication (1)=>(ii) is a direct consequence of Proposi-
tions 1.3 and 1.4. We show (ii)=(i). Since C(D(4)) = (A - A)"1C(X) for
A€ p(A) and C~1AC = A (Lemma 2.5(ii), (iii)), it follows from Theorem 3.2
that A is the generator of an a-times integrated C-semigroup.

A characterization of exponentially bounded o-times integrated C-semi-
group in terms of the ACP is given by

THEOREM 3.5. Let A be a closed linear operator in X. Then the following
are eguivelent:

(i} A is the generator of an exponentially bounded a-times integrated
C-semigroup S(-) with ||S(¢)|] € Me** for t > 0, where M,w > 0 are fized.
(i) A satisfies the conditions:
(a) C1AC = 4;
(b) for some A € B, A — A is injective and D((A— A)~') D R(O);
(c) for every z € (A — A)"*C(X), ACP(jo—1(")}2,0) has a unigue
solution u(t; z) such that ||u(t; )| end ||v/ ()| are O(e™*). as
t — 00.

Proof. The implication (i)=-(ii) follows from Theorem 2.4 and Proposi-
tion 1.3, eq. (1.10). In order to show the converse, by Theorem 3.2, it suffices
to show that {S(¢) : ¢ > 0} defined by (3.2} is exponentially bounded. From
condition (c) we deduce that

et Au(t; (A=A) 1 Ca)l| = le™ " (t; (A~4) 7 C2) a1 () (A—4) " Ca|

and Je™*u(t; (A — A)~'Cz)|| are hounded for z € X as t — co. Thus, by
the uniform. boundedness principle, we have

sup [le™* S (8}
t>0

= ig}g ”st | Ae™* (s (N — A)_lCm) — 7Y Au(t; () — A)"lc'fﬁ)” < 00,
20 |jzll=1

Acknowledgements. The authors would like to thank the referees for
their constructive suggestions. Following a referee’s suggestion and using a
result in [7, Theorem 2.3], we have proved in [7, Corollary 2.6] that the
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assumption in Theorem 3.2 that A — A be injective is not necessary, and
when X — A is not injective, condition (b) in Theorem 3.2 can be replaced
by R(C) C R{X ~ 4).
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