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Abstract. We review the main results concerning the global existence and the stability of
solutions for some models of viscous compressible self-gravitating fluids used in classical astro-
physics.

1. Introduction. Hydrodynamics is a very convenient tool to investigate the stabil-
ity properties of stellar structures [1] [7]. In fact, in various circumstances, a star can be
considered as a continuous medium, with some additional particularities, due to gravita-
tion, radiation and thermonuclear reactions.

The physical framework we consider here is that of a self-gravitating perfect fluid,
compressible, viscous and heat-conducting, in local equilibrium with the radiation, which
is considered by the astrophysicists as a reasonable model for protostars [1] [7].

To take into account thermonuclear processes, we consider a self-consistent production
of energy inside the fluid, modelling the “burning” of the constitutive elements of the star.

In fact, these thermonuclear reactions are described by a lot of coupled equations of
reaction-diffusion type (hundred of reactions are currently taken into account in realistic
numerical simulations).

In order to get a tractable problem, we introduce a simple reacting process with a
first order kinetic [8].

As the boundary of the structure is not a priori known, we consider the free-boundary
case: the star is situated in a connected region ; C R? and its (unknown) boundary
S = 0€); is allowed to fluctuate.

So the equations describing the model are those of self-gravitating hydrodynamics,
with radiation and first-order Arrhenius kinetics.

So, for each y € €, and each t > 0, the problem to be solved is the following
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Navier-Stokes-Poisson system:

pe+ V- (pv) =0,
Dv
pﬁ =V ’sfpVCP,
(&
P =5:d= Y Qu+20(0,2) 1)
DZ
pﬁ =-V- Qch - ¢(97 Z>7
AdD = 47Gp,

where d is the linearized strain tensor, with entries: d;; = 1/2(d;v; + 0;v;). denote also
by We denote by ”:” the contraction for two tensors a and b, so that a: b = Zij a;;ib;;.
We denote also by % = % + v -V, the “material derivative”.
If one solves the Poisson equation giving the gravitational potential ®, we get the
formula:

oy t) = —c [ 2204, @)
Q, ly — 2|
where G is the Newton constant. So, the unknown quantities are finally the density
p(y,t), the velocity v(y,t) = (v1,v9,v3), the temperature 6(y,t), and the fraction of
reactant Z(y,t).
The thermodynamical and mechanical properties of the fluid are determined by the
expressions of:

1. The stress tensor:
s=—-pl+2vd+pu Tr(d) I,
where:
@ ha
pp,0) = Rpb + 307,
is the pressure of the gas (gaseous and radiative), R is the perfect gas constant, a is the

Stefan-Boltzmann constant, I is the unit tensor, Tr(d) denotes the trace of d: Tr(d) =
>;dii, , and v and p are two (positive) viscosity coefficients.

2. The energy density:
4

0
e(p,0) = Cp +a—,
p
where C), is the gaseous conductivity.
3. The thermal flux:
Qin = —x(p,0) V0,

where:
q

x(p,0) = k1 + K2%7
is the thermal conductivity (gaseous and radiative), with k1, k2, ¢ some positive constant.
4. The chemical flux:
Qcn = —dpV Z,

where d is a diffusion constant.
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5. The rate function ¢(0, Z) is determined by the Arrhenius law:
$(0,7) = KZ0%e™ 7,

where E is the activation energy, 0 a non-negative number, and K the coefficient of rate
of reactant. The coefficient ) is the difference in the heat of formation of the reactants.

We consider, for a given initial configuration €y, and for each y in €y, the initial

conditions:
(P 0,0, Z)(y,0) = (po, vo, 00, Zo)(y) (3)
We take, for each t > 0, the following dynamical boundary conditions:
(s+PI)-n=0
Dy _ (4)
Dt ’

where P is a pressure, modelling the external medium (P = 0 corresponds to the vacuum),

and ¥ (x,t) = 0 is the equation of the boundary S;. The second equation in (4) tells us

that S; is a material boundary: at each time ¢ it follows the motion of the same particles.
We consider also Neumann thermal and chemical boundary conditions:

{Zthiga (5)
ch — Y.

We suppose also that the data (pg, vo, 6o, Zo)(y) have sufficient regularity (see below),
and that pg, 6y and Zj, are non-negative everywhere.

The natural question is then to show that the problem (1)-(5) has a unique global
solution, and study its behaviour at large times, under various conditions on the physical
parameters.

The plan of the paper is as follows. In section 2, we give some ideas concerning the
“state of the art” and difficulties of the 3d problem. Then (section 3), we consider the
spherical case with a hard core, for the non-radiative case. Then we briefly analyze, in
the monodimensional case, the competition between the radiative parts of p and e, and
the conductivity x.

2. The 3d problem

2.1. Local and global existence in the general case. The local-in-time existence of a
solution can be proved [12] by using the Schauder fixed point method after Secchi [9], the
only differences being the different dynamical boundary condition, and the coupling of
the chemical process by the diffusion equation for Z, and uniqueness is proved by using
a simple “Gronwall” argument.

Concerning the global existence, the problem is largely open.

In the non-gravitational case and non-reactive case, when radiation is absent,
W. M. Zajaczkowski and E. Zadrzyriska [5] have recently proved the global existence
and stability for small perturbations of a spherical equilibrium.

Even more recently, G. Stréhmer and W. M. Zajaczkowski [6] have extended this
result to the barotropic gravitational case.
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It is easy to realize that, in the gravitational case, a serious difficulty comes from the
non-definite-positiveness of the energy.

In fact, by using the equations of motion, a simple computation gives the conservation
of the total energy:

¥t >0, E(t) = E(t) + Eu(t) + Ean(t) + Ep(t) — E,(t) = E(0),

where: E. = fQ épv2 dx is the kinetic contribution, Ey, = fQ pe dx is the thermal
and radiating contrlbutlon E.g = fﬂ ApZ dx is the Chemlcal contribution, Ep =

P |€|, is the contribution of the external pressure (positive if P > 0), and E;, =
¢ fo fo (ﬁ;)pﬁ ) gz dy, is the gravitational energy.

It appears that the gravitational contribution has the wrong sign, so, a bound on E(t)
is not helpful to get individual ones: in particular, singularities can appear by some local
“pinching” of the free boundary.

Let us mention that one has a (partial) global result due to Solonnikov [16], with a
“reduced gravitation” (G small), which can be applied in a model interesting for astro-
physicists (barotropic Eddington model). Initially, it requires a surface tension on the
boundary, but it can be adapted to our situation [13].

In the radiating case, an extra difficulty comes from the high powers in @ for the state
functions p, e, x.

2.2. Some blow-up results for a confined star with positive energy. Let us suppose for
a moment that the system (1) has a unique classical solution when the external pressure
is zero (external vacuum), and that the fluid remains in a bounded region of R?, for any
t > 0, then one has the simple blow-up result, in the spirit of Makino-Perthame [11]:

THEOREM 1. Let T > 0, and (p,v,0,Z) the solution of (1)(3)(4)(5) for P =0, and
let:

R(t) = maxyz,yeq, lz —yl,

be the mazximal spatial extension of . Suppose that there exists a positive radius R,
such that:

Vt>0: R(t) < R,.
Then, if:
1. the energy E is positive, large enough,

2. the polytropic index satisfies v > %,
3. the Stokes hypothesis 3 + 2v = 0 is satisfied,

the solution of (1) has to blow-up in a finite time T, such that:

1
T. < 5 <_1(', + \/1/3 +2E(MR2, — 210)) ; (6)

where & is the reduced energy:

1
&= < povo + poeo) dz — / / u dx dy,
Qo \2 a0 Jo, Tyl
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and Iy and I} are the following constants:

1
Iy = 5/ |z|?po(z) dz, I} :/ po(x) (z-vo(x)) dx.
o Q0
PROOF. If we define the inertia I(t) by:

1
I(t) = = lz|?p(z, t) da,
2 Ja,

then, by using integrations by parts, and, for any regular function f, the formula:

jt f(x t)dx—/ (g{—l—v (v f)) dx

we compute the derlvatlves:

by using the equations of motion.
By a direct computation, one gets:

/x~Vsdm:/ P(xon)dSt+/ 3pd:cf(3p+21/)/(n~v)d5t.
o S N

St
As P =0, and by using the Stokes hypothesis, we get:

/x-Vsdx:/ 3p dzx.
Qy Q
The symmetry of ¢ gives also:

/ - (pV®) d —/ / d dy=F
Qe Q, JQ |~’U—y\

We obtain finally (“Virial theorem”):

L& o= /( 2 | 3p) d
2 dt? R

Then, as p = Rpf + %94, and:

1
E = <2pv2—|—pe—|—/\pZ) der — F
Q

we find:

1
——1I(t —E:/ (pv2—|— 3R —-C, ,09) dx — A\pZ dz,
5 71 (0) o \2 ( ) o
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so, if 3R—C), > 0, which is equivalent, with the thermodynamical definitions R = C,—C,,
and v = %, to the condition v > %, we have:

1d?

——1I(t szf/ ApZ dx.
2 dt? ®) Q

As ¢ > 0, and by using the fourth equation (1), and the boudary condition (2), one gets:
d

— Z dx <0
dt Qt'g T=5

so we obtain:
161—21'(t)>E— ApoZo d
2ai2’\ = o PO

So, if F is large enough:
SZEf/ )\p()ZQdJC>0, I(t)25t2+16t+10,
Qo

where I} = fQo po(z-vp) dx and Iy = %fQo |2|2po dx. But, by using the mass constraint,
I(t) < %MR?,L So, for any t > 0, we have the inequality F ¢+ I} t+ I < %MR?n, which
implies the bound (6). =

The physical interpretation of the theorem is the following: if the energy is positive
(“tendancy to explosion”) then either the solution becomes singular in finite time, or the
domain expands without bounds into the space.

Now, we are interested in the energy repartition (between kinetic, thermal and grav-
itational), for a compressible fluid of positive energy, in the simplified situation of the
perfect fluid: A =0 and a = 0.

We have the following partial result:

THEOREM 2. Let (p,v,0) the solution of (1)(3)(4)(5), with P =0, for a perfect com-

pressible fluid such that the polytropic index v satisfies v < %, and the Stokes hypothesis

3+ 2v = 0 holds. Suppose also that the (conserved) energy E = th (%vz +e+ %@) dx
is positive, and that the kinetic energy E, = fo %’UZdJJ is small enough, i.e.

T >0, I €(0,1): Vit>Ty, E. <EE.
Then the solution of (1) has to blow-up in a finite time T, such that:

T. < \/(1—1§)E(/QO x2po(x) dx?/ﬂo(zwo) po(z) d:17+2E). (7)

PROOF. Following Zhoupin Xin'! [17], we consider the modified functional:

I(t) :/Q (. — (t+ 1)v)?p(x,t) d:c+2(t+1)2/ p(x,t) <e+;¢>> dz. (8)

Q¢

We have:
I(t):/ﬂ 22p(, 1) dx—2(t+1)/

(-v) pla, 1) do+2(t + 1)2/ oz, e, ) dz, (9)
Q¢

Q¢

'T thank Prof. Song Jiang for communicating me the reference [17)].
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where € = %UQ +e+ %@, is the total energy density. From (9), we compute:

d 2 d
10 = ; pradQ

We have'
4 / z2p dx 2/ (x-v) pdx
- dt o p - o, v p I
d
—Ig = ( 2(t (z-v)p dx)

2/9155 v) pda +2(t + )(—3/Qtpd$+(2y+3u)/st(v-n)dS

—|—/ p (x- V) dx—/ pv? da:).
Q Q

By using the Stokes hypothesis together with the following symmetry property of ®:

/p(:vV(I))dx:—l/p(I)dx,
Q4 2 Q

we get:
i[g(t) = —2/ (z-v) pdx—ﬁ(t—i—l)/ pdm—(t+1)/ p® dm—Q(t—i—l)/ pv? de.
dt Q4 Q Qy Q4

One has also:

%13() jt (2(t+1)2/gtpe da:> :4(1:+1)/Qtp6 .

So we get finally:

jtl() (Hl)/nt <2pe—3p+;<b> dx:2(t+1)/9t ((5—37)e+;<1>) dz. (10)

If 5 — 3y < 0, we have £1(t) < 0. So: I(t) < I(0), where I(0) > 0 if E, is small enough.
But we have also:
I(t) > 2(t+1)*(E - E,).
Finally, if F, is small enough, say F. < £F, we get finally:
(1-&E* <1(0),

which gives the rough bound (7), for the blow-up time T.. m

If the analysis is restricted to the spherical or monodimensional geometry, one can
get global results and describe, modulo some extra hypothesis, the asymptotic states of

the system for large time, covering the possibilities of the physical stellar evolution [1]:
asymptotically stable stationary state, expansion, and gravitational collapse.

3. The spherical symmetry. A favorite model for astrophysicists studying (classi-
cal) compact stellar objects is the spherical symmetry, which shares some physical prop-
erties with the 3d case, and which is extensively considered in the physical (a standard
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reference is Chandrasekhar [2]) and mathematical literature (Fujita-Yashima, Benabidalla
[18], Hoff [19]).

For technical reasons, let us suppose that, if r is the radial variable, we have Ry <
r < R(t), where Ry > 0 is a “hard core cut-off” for the star, and we restrict the analysis
to the non-radiative situation:

e(0) =Cu, plp,0) = Rpf x = Cst.

To take into account the free-boundary in a simple manner, we consider the spherical
version of (1) in the lagrangian version, by using a mass variable defined by:

x z/ p(s,t) s* ds,
Ro

with M = féz(t) p(s,t) s? ds. So, the inverse transformation is given by:

r(z,t) = [R§+3/OI péi)]l/g.

The problem is then posed in the fixed domain [0, M].
If we denote by u = 1 the specific volume, the system we have to solve, for (u,v, 8, Z),
for each x € [0, M], is the following:

Ut — (T2U)$ = 07

720),
v+ 1%pe = pr® <()> -G,

u

1"211( 20 V)g 40, r*Z, (11)
u u? )

r
u
1

Ey+(r Up)x—<

Zi+ (0, 2) —d(

where F is the total energy: F = fv + Cy0 + \Z — =2 1 and n are two viscosity
coefficients, satisfying the stability CODdlthn

3 —4n >0, (12)
and o is the stress: o = —% + NWTv)z —dn7.

The initial data are:

(u,0,0, Z) (,0) = <pie Zo)(x), (13)

together with the boundary conditions on the sphere {|z| = M}:
o(M,t) + P =0,

(0, +k0)(M,t) =0, (14)
Zs(M,t) =0,
and at the core x = 0:
v(0,t) =0,
(0, —k0)(0,t) =0, (15)
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where k is a non-negative coefficient (if k = 0, we recover the above Neumann boundary
condition).
We assume finally the compatibility conditions:

Uo(O) = 0,
oo(M)+ P =0,
o(M) (16)
(00m - kg()x (0) == (001 + ka()z (M) = 0,
Z02(0) = Zo(M) = 0.
3.1. Global existence and stationary solution. If Qr = [0, M] x [0,T], we consider
classical Holder functional space: If:
t) — t t) —
B —swll 4 sp RO et =)
Qr zZy ; t€[0,T] |.’L' - y| z€[0,M] ; t#s |t - S|
we set:
B2(Qr) = {ue C%Qr): H,(u) < oo},
with the norm ||ul|, = H,(u), together with:
B = {u e BQr) s w, o € B(@n)):
B = {ue B2(Qr) : w, Uz, uae € BY(Qr)},
with natural norms [lufl1y = l[ully +l[uelly +lull, and ffulla4, = flull, 4 [l + vl +
|ttgs |y, where 0 < v < 1.
We finally denote by || - || the L? norm.
We make the following hypothesis on the data:
0<cyt <uple) < cp < o0,
0<cyt < () < cp < o0, (17)

0< Zo(z) <1,

where ¢ is a positive constant.
By using an iterative scheme and the Banach fixed point theorem, one can show that
a unique solution of the problem (11)-(16) exists, at least on a finite interval [0, T.
Moreover, taking benefit of the presence of the hard core, one proves the global-in-time
existence of the solution for the initial boundary value problem (11)-(16).

THEOREM 3. Let the initial data satisfy the conditions (16), (17), and:

up € C1V[0, M], o, 60, Zo € C*F¥[0, M],
lva, 8o, Zo|| gt < Co, for 0 <v < 1.

The problem (11)-(16) has a classical solution (u,v,0,7) € B (Qr) x (B**V)3 such
that for any T > 0 the following estimates hold:
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Cit<u<C, C7'<0<Cy, —Co<v<Cy 0<Z<1,
t
JurewslP®) + [ sl *(5)ds < G,
0
t

AL +/ 1020y Ous Zaas e Oy Za v, 00, Zal|(s)ds < Ci,

0
||u||1+l/7 ||'U»97Z||2+1/ < CQ,

where C1(Cy) (independent of T) and Co(Co,T) are two positive constants.

A sketch of the proof (see [15] for the details) is as follows.

By using the philosophy of Kazhikhov-Shelukhin (see [10] [18] [20]), one has to prove
upper and lower bounds for the density w.

One gets first an explicit representation for w:

LEMMA 1. The following formula holds:

r 163
u(e,t) = uola) (%j;) B (e, 1) exp{ W (z. 1)}, (19)
where:
54
M b
P 1 [t M 202(y, s) Gy 1 M v(y,t)  wo(y)
‘W’t)‘ﬁ”ﬁ/o/x <r3<y,s> +r4<y,s>)dy ds*ﬁé (r2<y,t> ‘ra(w)dy’

= i t xT,S T.O(M) ﬁeX x,S S
bt) =1+ o) (D) expuie ) ds

Now, by using the boundary conditions, one checks the following estimates:

LEMMA 2.
M
/ w(z,t) de = |, (20)
0
where |Q] is the renormalized volume of the gaseous domain: |Q| = 1/3(r3(M,t) — R});
/ (2v2+e+)\Z> dx + || P < E, (21)
0
where:
M1 M 11
Ey :/ <v§+eo+)\Z0) dm—i—/ G~x<—> dz + |Q0| P;
0o \2 0 Ro 1o
¢
U(t) —|—/ (V(s)+W(s)) ds < Ex, (22)
0
where:

M
U(t):/ <;v2+C’U(0—log0—1)+R(u—logu—1)+)\Z> dx,
0

V(t)/OM (MX@g 2 ((r?v),)? +6y§(3—4§)v2u> de,

ub? + gﬂ( Ou 3-2¢ 6r?
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with ¢ = 2420 > 0,
M
(6, Z
W(t) = / 200.2) 4.
0 6

M
1
El = / <U8 + CU(GO — 10g 90 — 1) + R(UO — 10gU0 — 1) + /\ZQ) dx + (1 + 2ﬁ>Eo;
0

2
M t oM M
/0 Z(z,t) dx—!—/o /0 $(0,2) dx ds :/0 Zo(x) dux; (23)
0< Z(a,t) < 1. (24)

Then, by using convexity arguments, one can prove uniform-in-time upper and lower
bounds for u: 0 < Cfl < u(z,t) < C4, and, applying the maximum principle to the
thermal equation, one gets also a lower bound for 6: 0(x,t) > Cy *(T).

If we consider the following global quantities:

X(t):/oMr‘*ag da, Y(t):/OMWQZ)’”)2 de, E(t):/OM ros dz,

u
M M M 1 2
I'(t) =/ uo? dz, J(t) = / W? dx z/ (2112 +e+ AZ) dz,
0 0 0
M 422 M M 7“4
H(t) :/ “" ot) = $(0,2) Z dv, Alt) = / —v*0? da,
0 U 0 0 u

one gets first a uniform bound for the chemical part:

LEMMA 3. The following estimate holds:

1 M
5/ Z2dx+/H ds+K/ s) ds < Ej. (25)
0

In fact, if we multiply the last equation in (11) by Z, integrate on [0, M] and use
boundary conditions, we get:

1d

22 H K =
o dz + H(t) + KO(t)

which implies (25).
By using similar techniques with suitable multiplicators, one gets:

LEMMA 4.

/ Y (s) ds < C(T). (26)

D)+ J(t) + / =(s) ds + A ) ds < C(T),

0

// u? dx ds < C(T), (27)
// v? dx ds < C(T),

where C(T') is a positive constant.
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We have seen that there exists a positive T' such that the problem (11) has a unique
solution (u,v,0,Z), for t € [0,T]. It is clear that we can choose this T arbitrarily large,
provided that the norm of (u,v,6,7) is finite in the prescribed space, i.e. (u,v,0,72) €
B (Qr) x (B*t7)3. This property is easily checked by inspection.

3.2. Asymptotic behaviour. Let us consider the solutions (v(z) = 0, u(x),0(x), Z(z))
of the stationary version of (11), which reads:

X
Pz = 7G7“747
rt Oz +X0(0,2) =0
Xu N ) =Y, (28)

<r4d§;> —¢(0,Z) = 0.

If k = 0, the first equation tells us that 6(z) cannot be identically zero.

Now, if we integrate the second equation, we find Z(x) = 0, for each = € [0, M], which
implies in turn that §(x) = §, where 6 is a positive constant: any stationary solution is
isothermal and chemically inactive.

Now, if k > 0, one gets easily that 6(z) is identically zero.

For the stationary density, we have:

PROPOSITION 1. Let:

T

iz 7

d; er (29)
dr 7

be the stationary problem for the density u and the lagrangian radius 7, for x € [0, M],
together with the boundary conditions:

f(O) = Ry,
{p(M) ~p. (30)

Then:

(i) ifk = 0, this system has a unique solution w(x) > 0, 7 > Ry, for any§ >0, P > 0,
provided that Ry is large enough,
(i) if k > 0, the system has the unique trivial solution u(z) =0, ¥ = Ry, 0 = 0.

The role of the hypothesis on the radius is to avoid possible multiple stationary
solutions, and the trivial solution corresponds to the “gravitationally collapsed” solution.

As one expects, for thermally insulated boundaries (k = 0), the solution converges to-
ward the associated stationary solution given in proposition 12, and for Fourier conditions
(k > 0), the solution converges toward the trivial stationary solution.

For the dissipative case (k > 0), the fluid looses its energy across the exterior bound-
ary, and the gravitation forces the solution to concentrate on the surface of the core.

2In the literature [1], this corresponds to radial stellar pulsations, the only vibrational modes
allowed by the symmetry.
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To prove this, one needs stronger estimates than those given in the above section
(especially lemma 7), to obtain bounds independent of time [15], and we obtain:

THEOREM 4. (i) Ifk =0, and if Ry is large enough, the solution (u,v,0,Z) converges
uniformly to the stationary solution (u,7,v = 0,0, 7 = 0) as t — +oo, where u is the
solution of the stationary problem (29)-(30), and 0 is a positive constant given by the
implicit algebraic equation:

M - M /q
/ (C,,e — @ + Pu) dzx = / (v% + C00+ N2y — Gr + Pu0> dz, (31)
0 T 0 2 T'O

i) If k > 0, the solution (u,v,0,Z) converges toward the trivial stationary solution
(@=0,7=Ry,0=0,0=0,Z =0) as t — +oo.

In fact, when k = 0, one can check easily that, if Ry large enough, equation (31) has
a unique solution, by using a regular perturbative expansion with respect to Ry. =

4. The monodimensional model. We said in the introduction that a difficulty of
our problem was the strong non-linearities into the state functions. A good “toy model”
for this is the one-dimensional situation, in the spirit of Dafermos, Hsiao, Kawohl, Jiang
[27] [21] [20] [22] .

Although rather degenerate, this geometrical situation is physically interresting. In
fact, it can be considered as a simplified model for some large-scale structures described
in the astrophysical litterature [3] under the name of ”Zeldovitch’s pancakes”.

If z is the mass variable, u(z,t) the specific volume, v(z,t) the velocity, 0(x,t) the
temperature, and Z(z,t) the fraction of reactant, the (lagrangian) system to be solved is
now:

up — vy =0,

vtoerG(x;M) =0,
et —ovg + Qr — Ap(0,2) =0,

for ¢ > 0 and = € [0, M], where M is the mass of the slab.

Recall that p(u,0) = RZ + 26* is the pressure, e(u,0) = C,0 + auf* is the internal
energy, o(u,v,0) = —p+v2= is the stress, and Q(u, ) is the thermo-radiative flux, to be
specified below.

The last term in the second equation (32) is the gravitational contribution if G > 0
or the Coulomb contribution if G < 0. Its specific expression has been chosen in such a
way that z = 2 M is a symmetry center for the slab.

We consider, for each z in [0, M], the initial conditions:

(u,v,6,72)(x,0) = (ug, vo, 6o, Zo)(x). (33)

(32)

We take, for each t > 0, the dynamical boundary conditions:
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o(0,t) = —P,
{0(]\47 t)=—P, (34)

where P is an exterior pressure, modelling the external medium (P = 0 corresponds to
the vacuum).
We consider also Neumann thermal boundary conditions:

0,t) =0,
Q(M,t) =0.
Then, we consider also the chemical boundary conditions:
Z4(0,t) =0,
(0,2) (36)
Zy(M,t) =0.

We suppose also that the data (ug,vo, 80, Zo)(z) have sufficient regularity (see below),
and that wug, 69 and Z, are positive on [0, M].

Moreover, we impose the following symmetry conditions, for 0 < z < %

M:
1
(uau0505007Z7 Z0)<2M+.I,t) (U u079 90aZ ZO ( )
(37)

(v, v0) (;M + x,t) = —(v,v) (;M - x,t).

Let us describe now the remaining terms in (32).
The flux Q(u,0) is given by Q = —@9,0, where the conductivity x is:

X = K1 + koub?, (38)

where the coefficients k1, k2 and ¢ are positive3.

We call v the (constant) viscosity coefficient?, and A > 0 and d > 0 two “chemical”
constants.

Finally, the function ¢ mimics the simplest one-order Arrhenius kinetics (see [4]):

$(0,7) = AZ6e v (39)

where A, 3, B, E are given positive constants.

Our task is now to show that the problem (32)-(37) has a unique global solution, and
study its behaviour at large times, under various conditions on the physical parameters.

At this point, we suspect that the exponent ¢ in (38), plays a major role in the a
priori estimates.

In fact, several authors [31] [27] [21] [22] [25] [26] considered recently analogous prob-
lems for general fluids or solids, under various growth constraints.

Among these conditions the more general are (see [22] [23] [24]):

a(14+60)"" <e(u,0) <a'(1+6)",
b(1+6)" T u™ < p(u,d) <V (1+6)"ut,
c(1+0)? < x(u,0) < (1+6)7,

3The values (k2 = 0, a = 0) correspond to the perfect gas.
4To clarify the exposition, we consider a unique viscosity coefficient.
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where r € [0,1] and ¢ > r + 1. Clearly, these constraints are not satisfied for radiating
fluids for which r = 3, but a result of our analysis will be that this value is allowed if ¢
is large enough.

We use the notations (C7[0, M], | - ||») and (C™"/2(Qr), ||| - |||»), with Q7 = [0, M] x
[0, T, for the usual Holder spaces (see [10]).

Our main result for the global existence is the following.

THEOREM 5. Assume that ug, ugy, Vo, Y0z, Vozz, 00, 0oz, 00zz, 205 2oz, L0gz aTE
in C"[0, M], for some 0 < r < 1. Suppose that ug, 0y, Zo are positive on [0, M|, that the
compatibility conditions hold between boundary conditions and initial data. Then, if ¢ > 4,
there exists a unique solution (u(z,t),v(x,t),0(z,t), Z(x,t)) to the problem (32)-(37) such
that u(z,t) > 0, 8(x,t) > 0, Z(z,t) >0, on [0, M] x [0,00), that:

(uvuwaut7uwt7v7vwavta le‘7970w70ta 91‘.’[;7 Za Zt) ZI? le) S (CT,T/Q(QT))lfj?

and that: 9 4
(Wit Vot Ont, Zot) € (L7(Q1))"

4.1. Global existence. As in [31], [27], [21] or [22], the proof of theorem 1 is based on
a priori estimates, and is completed by establishing the following result.

THEOREM 6. Suppose that the problem (32)-(37) have at least a classical solution:

(u(z,t),v(x,t),0(x,t), Z(z,t)).

Then the functions (u,v,0, Z, vy, 04, Z,) can be bounded on C™"/?(Qr), with r = 1/3:

Walll1/z + Hvlllys + 1101z + 1121z + Hvelllys + 11015 + 11 Zalllys < C,
where C' depends only on T, the physical parameters of the problem, and the data.

As usual, we begin with some conservation laws, leading to a priori estimates.

LEMMA 5. The following relations hold, for any t > 0:

/OM Z(x,t) dr + /Ot /OM (0, 2)(x,s) ds de = /OM Zo(x) da; (40)

[ B
; {211 +e+ A2+ f(x)u] dz = Ey, (41)
where f(z) = P+ $Ga(M — ), and Ey = foM [3vE + €0 + AZo + f(x)uo] da;
0(z,t), Z(x,t) >0, on [0, M] x [0, 00); (42)
0 —&—/t\I/(t) it <C, (43)
0

where:

0 :/OM [R(u—Tlog uw— 1)+ Cy(0 —log 0—1)] da,

M2 62 #(0,2)
W(t) = Yo Ve 002)N
®) /0 <u9 X Ty ) ®

and C is a positive constant, independent of t provided P > 0; and
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M t M d t M
/ Z%(x,t) dm+/ / — Z2 dx ds +/ / Z¢(0,7)(x,s) ds dx
0 oJo U o Jo

1 M
== / Z3(x,t) dov.  (44)

2.Jo

PROOF. The relation (40) is obtained by integrating the fourth relation (32) on
[0, M] x (0,t), by using (36).

By multiplying by v the second relation in (32) we find the conservation law:

DO =

1 1 )\d
<2v2+e+/\Z+G(x—2M)r) = <JU—Q+ ) , (45)
t T
where r = r(z,t) is the Lagrangian position, defined by %r(a@7 t) = v(x,t).
By using (32), one sees that:

(/OM Gla — %M)r(:c,t) dx)t - (/OM (@) u(, ) dx){

Now, by integrating (45) on [0, M], and using (33)-(36), we obtain (41).
To get the positivity of 6 in (42), we apply the maximum principle to the third
equation (32), rewritten as:

eﬂet + 9p0vz - %UE = (%01) + )\QZS(U, 97 Z)ﬂ (46)

together with (35), and we use the positivity of 6.

To get the positivity of Z, we apply the same principle to the fourth equation (32),
together with (36), and we use the positivity of Zj.

To get (43), we multiply (46) by 6~

Gt (;S(’U,, 07 Z)
A standard thermodynamical computation gives S the entropy:
4
S(u,8) = Rlogu + C,log 6 + gau(ﬁ + Sp. (48)

€0

By using the thermodynamical formulae Sp = %, and S, = pg, and by integrating (46)

on [0, M] x [0,¢], we get:

/ / <u6 ”79 “W) deI/OMS(m) dz/OMso(z) dz

So we obtain the identity:

[ [ (s 2o 2 2500Y gy

/ (R(u—logu—1)+ C,(0 —logf — 1)) dx
0

M 4 M 4
- / <R(u -H)+C,(0-1)+ 3au03’> dx + / (Ruo + Cy0o + 3au903) dx.
0 0
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By using the estimate (41), we bound the two first terms in the first integral of the rhs,
when P > 0. For the last one, we use Cauchy-Schwarz:

M M 1/2 M 1/2 M 1/4 M 3/4
/ ud? dx < (/ ub? dx) </ uf* dw) < </ U da:) </ uf* dac) ,
0 0 0 0 0

and we obtain (43), by using once more (41).
The relation (44) is obtained by multiplying by Z the fourth relation (32) , integrating
the result on [0, M] x (0,t), by using (36) and (40). =

REMARKS. 1. When G > 0 (attractive case) and P > 0, (41) gives a bound on
llull £ (0,ar) Which does not depend on t.

2. When G' < 0 (repulsive case), a bound on ||u||£1(o,as) is given again by (41), provided
that P> —$. u

Now, following [22], we need some estimates for the mean temperature.

LEMMA 6. If ¢ > 4, we have:

t
/ max 0%(x,s) ds < C, (49)
0

z€[0,M]
for1 < a <8.

ProOOF. We have, for any r» > 1:

M M
0" (xz,s) < / 0" (y, s) dy—|—r/ 0"10,| dx ds,
0 0

when we used the well known fact that:

M
Vfe %0, M), 3y(t) € [0,M]: fly(t),t) :/0 f(z,t) dz.

If we suppose that r < 4, we get, by using Cauchy-Schwarz:
M 1/2 w1207

X

M Y 1/2 M 1/2
0" (z,5) <C+C / 02 dx / 0~ dx ) .
o ub? 0

By using lemma 5, the last integral is bounded if 2r —q¢ =1 or 4, and for 1 < 2r —q < 4,
by interpolation. So we get finally:

0" (z,8) <C+C
0
So:

M 1/2
o Gr(sc,s)SCJrC( | e dx> , (50)
0

2€[0,M)] uf2 "
if5/2<r <4
But we have also:

M 1/2 M 1/2
0 (z,s) < C + c(/ 262 dm) (/ 62 da:) ,
o ub 0

where the last integral is bounded if 1 < 2r < 4. So (50) holds provided 1/2 <r < 2.
If 2 < r < 5/2, we see that §2"~¢ < C'max(1,6), so fGQT*q dz is also bounded in this
case.
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Finally, by taking the square in (50), putting 2r = «, and integrating on [0, t], we get
(49) as soon as q > 4.

LEMMA 7. (i) There is a pair (um,unr) of positive numbers, depending only on T and
the data, such that:

V(x,t) € [0, M] x [0,T]: wum <ulz,t) <up. (51)
(ii) One has:
V(z,t) € [0, M] x [0,T]): 0< Z(z,t) <1. (52)

PROOF. (i) We let generically C be a t-dependent constant. Let us consider first the
lower bound. From (32), we get:

M
vy + pr = v(logu)y, — G(z — ?) (53)

By integrating on [0, z] x [0, t], we find:
t T t
—vlogu(zx,t) +/ p(z,s) ds = —/ (v(z,t) —vo(z)) dz —|—/ p(0,s) ds — vlogu(0,t)
0 0 0

+vlogug(0) — vlogug(x) — t%x(m - M).

By integrating on [0, t] the boundary condition o(0,¢) = —P, we have:

t
/ p(0,) ds — vlogu(0,t) + vlogug(0) = Pt,
0

so we obtain the identity:

—vlogu(z,t) —I—/O p(x,s) ds = — /Ox (v(z,t) —vo(2)) dz +tf(x) —viegug(z). (54)

. _1(pr/2pl/2 1 (P4 CM2
So u(z,t) > up, with u, =e 5 ( o/ 4w maxio ) [log o (@) +(P+E45)) |

To find an upper bound, we integrate (54) on [0, M]:

M Mt
/ viogu(z,t) de < Cy +/ / p(z, s) ds dx,
0 o Jo

where Cy = M3/2E}/? 4+ vmax(g v | loguo ()| + tM?(P + 6%42) So:

M t M Re
/ viogu(x,t) de < Cy + / / ( + a94> ds dz,
0 0o Jo Um

which, by (41), gives:

M
/ logu(z,t) de < Cy,
0
where C5 depends only on ¢ and the data.
As above, we use that Jy(t) € [0, M] : log(y(¢),t) = fOM log u(x,t) dx, and we find:

1/2

M
max logu(z,t) < Cs + (/ (v(logu(z,t)), —v)° dx)
z€[0,M] 0

So, we just need an upper bound for the rhs.
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For that purpose, we multiply (53) by v(log u(z, s)), —v, and integrate on [0, M] X0, t]:

M M
/ (v(logu(z, 1)), —v)* da — / (v(log ug(z))e — vo)* da
0 0

/ / K —ug + (f + gaei”)eggﬂ (v(logu(z, 8))s — v) dz ds
/ / (m - ) (v(logu(z, s)), —v) dx ds,

| Gtorute.0). =0 o= [ (o uo(e))s — w)? da

or:

+1/R/ / (log u(z, 5)).)? dx ds

= /O /0 %(logu(l‘ﬁ))x dx ds
—|-/Ot /OM <Ij + §a93> 0, (v(logu(z,s)), —v) dx ds
_|_/Ot /OM G (x - ]\2/1) (v(logu(z,s))y —v) dz ds, (55)

We first bound the first contribution in the rhs:

/ / R9|”|| (log u(z, 5))s| dz ds

i R t M
< 56/(; /0 u((logu(x 5))e)? dzx d8+2— ; T.Ier[loaﬁ]Q(x s)(/o 02 dgc) ds,

with € > 0.
By using lemma 5 and 7, we have:

// Rbv (logu(zx, s)), dz ds

The second contribution gives:

<C+—€// (log u(z, 5)))? dz ds.

MR 4
( + 3a03> 0 (v(logu(z,s))y —v) dz ds
u

/ /M 3R + 4aub?® Ou'/? X210,

1/2' (logu(x,s))w—ﬂ w20 dx ds,

and by using (43) and Cauchy—Schvvarz the rhs is bounded by:

M 4
C + J— / / 3R9 + 4GU9 ) ( (logu(x, S))g; _ 'U)2 d(]}' ds’

which is dominated by:

t M
C+ C/ / (1 + 05 4 HS—q) (v(logu(z, s))s — ’U)2 de ds.
0 JO
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Finally, the last contribution gives:

[ e () ttomute . o) ara

<ot // v(log u(x, s))s — v)? d ds.

By collecting all of these estimates, taking € small enough, and putting:

M
P = [ (ogule.t). o) do

and:
K(s) = 14657946579 (2,5),
(s) xgﬁf)z@]( + + ) (z,5)
we get:

F(t) < C’—i—C/Ot K(s)F(s) ds.

Now, by using lemma 6, and applying Gronwall’s lemma, we obtain finally:

o< o ([ 00 a5) 1+ [ o (- [ 7).

As the rhs is bounded, by (49), this gives an upper bound for fo v(logu(z,t)), — v)* dr,
and consequently for u.
2. The proof of (52) is analogous to that of [4], and we omit it. m

T M
/ / vide dt < C. (56)
o Jo

PROOF. By multiplying the second equation (32) by v, and integrating on [0, M] x
[0,T7], we have:

1 M T M 02
7/ v(x,T)2d:c+// v—=dx dt
2 Jo o Jo u
1 M
:i/ ()de-FP/((Mt)—U(Ot dt+/ / P, dx dt
// Ga:——vda:dt

By using lemma 5 and 6, the rhs is bounded by:

C’+C/ / p? do dt + = / / xdacdt
T M T M
//de:rdt§C//(92+95+98)d:1:dt,
0 0 0 0

where each term is bounded by using lemma 6. =

LEMMA 8.

and:
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LEMMA 9.

M
max / ulde < C. (57)

tE[O,T] 0

PROOF. As the proof of lemma 7 tells us that:

M
/0 (v(logu(z,t))s —v)° dz < C,

2 Mo M 2 |ua|
v — dx + v° dx < 2v |v| dx.
o u? 0 0 u

The result follows by using Young’s inequality together with lemma 10. m

T M
/ / v, [2dx dt < C. (58)
0 0

PROOF. By using an argument of Dafermos and Hsiao [27], we set w(z,t) =
fow v(y,t) dy, and we check that w satisfies the following parabolic problem:

this implies:

LEMMA 10.

Wy — %wmm = 7p(xat) + f(x)v
(0 t) =0,
fo dy =0,
= fO ’UO
Then linear parabolic LP estimates give in particular
lweellL1 (0,13;230,00)) < C + 1Pl L1 ((0,73:L3 0, 00)) 5

and we have just to verify that the rhs is finite. We have:

// 3(x,t) d:cdt<C// (6 + 305 + 36° + 6'%) du dt.

By lemma 6, the first two terms in the rhs are bounded, and, by using lemma 5, we get:
T M T
/ / (0°+6') dxdt < C max (6° + 6°) (z,t) dt,
0o Jo 0 =€[0,M]

which is also bounded by lemma 6. =

Following [21] [22], we consider the three quantities:

t oM M M
X:// (1460702 de, Y = max/ (1+6%)0% de, Z= max/ v2, de,
t€[0,T] 0 t€(0,T] 0
We have:
max 0'%(x,t) <C max 6°(z,t) +C/ 0°10,,| da

z€[0,M] x€[0,M)]

1 1/2 M 1/2
<C+ - max 91 (z,t) +C</ 9802 dm) (/ 610 dx)
2 ze[0,M)] 0
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So:

max 01z, t) < C+CYY? max 63
z€[0,M] z€[0,M]

and we obtain:
max 6 < C(1+ Y1),
Qr
By using the interpolation inequality [32]:
1021172 0,80y < I10llz2 0,20 [0l 52 (0,0)

we have:

M
max/ v2 de < C(1+ Z%).
0,7 Jo
The Sobolev theorem gives:

lvall Lo 0,00) < vzl L2(0,01) + 2/|Vze | L2(0,01)-
By combining the last two estimates:

max |v,| < C(1 + Z¥),
Qr
where Qr = [0,T] x [0, M].
LEMMA 11. One has the following inequalities:
Y < C(1+Z%), (60)
X < C(1+ Z%). (61)

PrRoOOF. We consider the function:

6
Koy = [ M ge =% Lo
0 u u

which satisfies |K,|, |Kuu| < C(1+ 6). We multiply (46) by K;, and integrate on Qy,
with ¢t < T

t oM y t oM X
/ / (egﬁt + Opov, — fvi) K; dx ds —|—/ / 20,.K, dx ds
o Jo u o Jo U

t oM
= / / Ap(u, 0, Z)K, dx ds.  (62)
0o Jo
We compute:
Kt = Kuva: + Kety
U

U t U

We have to bound each term in (62).
We have first:

t M %
/ / eo~07 dx ds > C1X, (63)
o Jo u

where C1 is a positive constant.
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Now:
t oM t oM
// el Kyv, dx ds §/ / (1+04)\9t||vz| dx ds
0 Jo 0o Jo
1 t oM
< 701X+C/ / (1+0)v? dx ds.
4 0 Jo
So:
90 K vy dz ds| < iclx +C +CZ3*, (64)
Next:

t M
gc/ / (1 + 0N [va] + v2)0]vs| dz ds

t M
/ / (Gp.gvx — K’Ui) K,v, dx ds
o Jo u
M

<C’maxv// (1+6%) dxds+Cmax|vx| max 0 v? dx ds.
o z€l0,M] Jo

So:

(ngvm - Kvg) Kyv, do ds| < C + CZ7/3. (65)
u

(ngvz - KU%) Ket dx ds
U U

é X+C// 1+98v dmds—l—C’// v dx ds.

So, finally, by using lemma 7 and 10:

t oM
/ / (Hpgvm — Kvi) Kﬂt dr ds
0 0 u u

Let us consider now the various contributions in the second integral of (62). We have:

M M /. 2 M ;. 2
X 2 L (X - 1/ X g2
/ / =0, ( 0 ) dx ds = 2/0 (u2 91) (z,t) dz 3/, <u2 Hm) (2,0) dx

1 M2

/ / Xy, ( 92> dz ds > CyY — C. (67)
Now:

t oM
// KHIKuukuw dx ds
oJo U
t M 1/2 t oM 1/2
SC—l—CZ?’/S(// 929§dscds> (// (1+98)uidxds> :
0o Jo 0o Jo

< C+CZ38Y'/2,

1
< gClx+c+oz3/4. (66)

SO:

t M
ngaX|vm|/ / (1+ 040,10l do ds
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So:

1
X K uuvpiy do ds| < C + 02 4z, (68)
u

M % t M
Xg, < c/ / 10,1(1 4+ 0910, ||| dav ds,

1 1
g // 1+9792dxds+0// X+9)u dz ds,

< C’1X—|—C maX(Xﬁx) ds,
o [0,M)]

X) u,0: dx ds

by using lemma 9.
Now, we have:

(X0.)" S/OM (X0.)" dx+/0M 0./ |(26.) | do,
so:
[1517% (%033)2 < CnéaTx(XQQ) /OM e Z—0% dx + /M A (%@)w dx.
” ' X, \2 6 M X, 2 1z
/0 [%}% (;995) dsgCrréa;x(l—i—H )+C(/o /0 x0 ’(EG;E)QE dx ds) )

and, by using the third equation (32):

t oM 1/2
<CoY¥T 4 </ / (14 6°) [e567 + 0°pgus + vl + Ap(u,0,2)] da ds) .
0 Jo

The integral is bounded by:
M
(C( +max9 )X+maxv / / (1+6™) dx ds
1/2
—|—max|v$|(1 +max96 / / v, | da ds) ;

< C(14 max0>H)XY2 £ C(1 + maXQ)ZB/S + C(1 + max §%)Z3/16,
Qr Qr Qr

and finally, by using once more Young’s inegality, we obtain:

t M
// Xg, (5) un0, d ds
0 0 u U/ u

The last contribution is:

1 1
<C+ O X+ Z02Y+Cz3/4. (69)

Ao(u, 0, Z) [Kuvz n %04 dz ds

t oM Y
gc// (1+92)|vm\dasds+0// (1+ 040, da ds,
0 0 0 0
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which, by using the definition of ¢, and lemma 5, is less than:
. 1
1 0%)(1 + Z3/8 — 01X
C(( +max )(1+ )+C+8001 ;

which gives:

t M X
/ / )‘(b(uv 9, Z) |:Kuvm + *et} dx ds
0 0 u

By collecting the estimates (63)-(70), we obtain:

O1X +CY <C(1+Z7/%),
which ends the proof. =

LEMMA 12. One has the following inequality:

M T M .
max/ v? d:z:—i—/ / v2, do dt < C(1+Z3).
0 o Jo

(0,7]

1
gc+§qx+0#%

107

(71)

PrOOF. We sketch a formal proof, which can be made rigorous by using adapted

mollifiers (see [21] [22]).

If we derivate with respect to ¢ the second equation (32), multiply it by v;, and

integrate on Qr, we get:

1 M 1 M T M
7/ vi(x,t) dov — f/ v (x,0) dx :/ / Vo5 dx dt.
2Jo 2.Jo o Jo

By integrating by parts on [0, M], the rhs is:

v2
/ / Vta [pt e + 1/";] dzx dt,
u u

and we get the majorization:

1 M T M 02 T M
*/ vf(ffvt)dﬁ/ / Vﬂdxdt§C+C/ / (p} +v3) dz dt.
2 Jo o Jo u o Jo

The integral in the rhs is bounded by:

M 3 7
// ((1+6%67 + 60202 +v3) do dt <C+CX+ CZ3 + CZ*,

which ends the proof, by using lemma 11. =

LEMMA 13. There exists a constant C(T) such that:

M M T M
(Z, X, 0, Y, max/ v? dx, max |v,), max/ v? de, / / v2, da dt)
0,77 Jo Qr [0,7] Jo o Jo

< (7).

PrROOF. By the second equation

2):

(3
u 14

Vg = — ('Ut + Pz + Umvz) .
14 u
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So:

M M
/ Vg dz < C’/ (vf 4+ (14 6°)02 + 6*u2 + uZv?) dr,
0

< C’/ (vf + (14602 + uZv?) da.
By using lemma 12:
<C+C(1+Z%)+CY +CZ1,
so, by lemma 11:
Z < C(1+Z5).
This implies that Z is bounded, so is Y, and all the other quantities.

LEMMA 14. There exists a constant C(T') such that:

T M
(max 0? dx, / / 62, dx dt, / / 02, dx)<C(T). (73)
[0,7] o Jo

PRrROOF. By differentiating equation (46) with respect to ¢, multiplying by ep6;, and
integrating on [0, M], we get:

1 (M 1 (M t oM
,/ (eo0,)” (,t) dx — 5/ (ea6,)” (x,0) dx—i—/ / Povseal? dr ds
0 0

2

/ / 999%699 dx ds—l—/ / Hpguv egl; dx ds—l—/ / Opovzieqly dx ds

/ / < —va + QV’Ur’Um>€99t dzx ds

U U
/ / 699xt dx ds 7/ / ( UTO + 4K5030,0, > (eqby), dx ds
M M
—/ / (eputiz + €990:)0, dx ds+/ / Ap(u, 0, Z)egly dx ds.
o Jo o Jo

So we can write:

1

M bopM
f/ (699,5)2 (z,t) dx —|—/ / Z el dx ds = other terms.
2 Jo o Jo U

Using the same techniques as above, one can bound the rhs (see [27]), then we get:

M T M
max/ 07 du, / / 02, dx dt < O(T).
0,77 Jo 0 Jo

Now, by using equation (46), we see that:
I (eget + Oppvy — —v? — (1) 6, — /\qS(u,G,Z)) :
X u U/ z
As all the coefficients in the rhs are L2, the last estimate in (73) follows. =

The Hoélder regularity of the solution is now proved in the same manner as in [22],
which ends the proof of theorems 1 and 6.
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4.2. Asymptotic behaviour. As the physics taking place in our model is rather complex
(radiation, gravity, chemistry, free boundary), so is the problem of the precise asymptotic
behaviour, and we get only partial results.

In fact, for technical reasons, we have to limit the analysis to three simplified situations
of physical interest:

1. The non-gravitating Dirichlet problem.
2. The free-boundary chemical problem, in which one discards gravity and radiation.
3. The gravitating Eddington’s model.

Before considering these simplified models, let us begin with some results valid in the
general case.

As usual the first thing to do is to identify all the possible asymptotic states.

Let us consider the regular static solutions (a(xz), v(x) = 0,6(z), Z(z)) of (32), satis-
fying the system:

Qz - )‘¢(0_a Z) =Y (74)

The corresponding energy of this solution is given by:

M
B(0) = / (e(@,0) + f(2)a) de. (75)
0
We obtain easily the following result:

LEMMA 15. Any admissible static solution of (74) is defined by:

o RO
o) =5 w9t 1 1Ga(M —x)’
Z(z) =0,

where 6 is a positive constant. Such a solution exists if and only if the temperature sat-
isfies:

P> gé‘*. (77)

PROOF. By integrating the third equation (74) on [0, M], we see that:

M — —
/ 6(0,2) dz = 0.
0

As ¢ > 0, we find that in fact ¢(f,Z) = 0, and so Z must be zero, at least in the
gravitational case (by the first equation (74), § = 0 cannot be a solution if G # 0).

By putting into the second equation (74), we see that Q(z) = Q, where Q is a constant,
which is zero, by symmetry properties. This implies that 6(z) = 6, another constant.
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By integrating the first equation (74), we get finally:

RO
P— 20+ 1Gx(M — )
One sees that this solution is admissible (@(z) finite) only if (77) is satisfied, i.e. if the
exterior pressure P “dominates” the radiation. m

u(r) =

(78)

If the condition (77) is not satisfied, no static solution can exist, and one cannot
expect the system to converge toward an equilibrium.
If (77) holds, the energy of the solution is then:

M M
B(f) = /O (c(@,B) + f(2)7) do = M(C + R) +§a§4 /O i da.

We get finally:

- ~  8aR®®
E@)=M(C+ R)0+ e log

+7

; (79)

M
2

M
2

where 7(6) = \/% (P+ ng? — 26%). Clearly, § — E(f) is increasing from [0,0*[ to

[0, +-00], so given E, one gets a unique corresponding 6. m
Now, we have first a useful representation lemma for the specific volume (see [10]):

LEMMA 16. One has the formula:

1 [uo(m)+lj /O 'Y (2.8) Bl )D(x. $)8(x. ) ds], (80)

u(z,t) = Y (z,0)B(z,t)D(z,t)

where:

Bat) e (5 [ o) = o) ay )
D(@,4) = exp (- o /Ot 0'(z, 5) ds), Y (2,1) = exp <itf(x)>.

LEMMA 17. (i) Let 0; and 05 be the two positive roots, with 0 < 6; < O, of the
equation:
C
0—logd—1=—
0og c,’
where C is a constant (independent of t) (see lemma 15). For each t > 0, there is a
y(t) € [0, M] such that:

0<8; <0(y(t),t) < 0s. (81)

Moreover:
M

1
0<0;, <— O(x,t) de < 65, Vt>0. (82)
M Jo

(i1) Let u; and us be the two positive roots, with 0 < u; < us, of the equation:

C
—1 —1=—=
u—logu
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For each t > 0, there is a z(t) € [0, M] such that:
0 < u; <u(z(t),t) <us. (83)
Moreover:
1 M
0<ui§—/ u(z,t) de < wug, Vt>0. (84)
M Jo
PROOF. It is sufficient to prove the first part of the lemma. By lemma 15, we have:
M
/ Cy (0(x,t) —logf(x,t) — 1) dx < C,
0
and by applying the mean value theorem, there is a y(t) € [0, M] such that:

C
O(x,t) —logf(x,t) — 1 < —,
Cy
which gives (81).
Using Jensen’s inequality for the convex function x — = —logxz — 1, we get:
C
O(t) —logO(t) —1 < o

where O(t) = +; fOM 6(z,t) dz, which gives (82). m
By using the representation of u, one has:
LEMMA 18. If P > 0, there exist two positive constants u™ and u™, independent of t,
such that:
u” < wu(x,t) <ut, (85)
for any t >0, and x € [0, M].

PROOF. From now on, we denote by C' and C; various time-independent constants.
By lemma 15, it is clear that:

1
0 < — < B(z,t) < Cy, (86)
Cy
where C; = exp(2M Ej) is independent of ¢.
Now, we have, as usual:

0 (x,t) = 0% (y(t), t) + 2 0(z,t)0.(z,t) du,
y(t)

where y(t) is defined in lemma 21. Then:
162 (z,1) — 6°(y (1), 1)] < CV/2(8),
with V(t) = fOM X502 dz. By using lemma 16, we get:
1
50;‘ —CV(t) < 0*(x,t) <20 +CV (1),

so, by lemma 15:

1 t
ief(t—S)—CS/ 04 (x,7) dr < 20%(t —s) + C,
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for any 0 < s < t. So:

Ce 5%t < D(x,t) < Ce o0t (87)
and, for 0 < s < t:
Cetrott=s < D@3 ooty (88)
~ D(z,t) —
Now, by using lemma 16, we decompose u(x,t) = ui(x,t) + uz(z,t), with:
ug(x
t) =
W) = B D@D
R ['Y(x,s)B(x,s)D(z,s)
t _ ) ) ) 9 d
w@t) =7 | e B D) )

By using (86) and (87):
Cet (§91-1®) <y (,1) < Cer (F0-T@) (89)
where the two bounds are exponentially decreasing, provided that P > %aﬁﬁ.
By using the same methods, we have also, for any € > 0:

1 1
P R < < —
6; — eCy = V(t) <0(x,t) <05+ eCqo + 1 V(t),

where Co = W. By taking € = ;Tiz, we get:

%gi — C5V(t) < (x,1) < Ca(1+ V (1),

where C3 = % and C,4 are time independent.

So we find first, for the upper bound:

t t

s, 1) < 05/ EU@=F0D6-0(1 1 V(s)) ds < 05<1 +/ V(s) ds) < Cs.
0 0

The lower bound is obtained as follows, following [23]:

R " cosmty ]
ug(x,t) > —— [ e~°v (591 — C3V(s)) ds,
1.Jo

14

where Cg = L(P — 46}) > 0. So:

) . [t/2 t
ug(x,t) > Cy (22 (1 —e Cot) — Cze Coz / V(s) ds — Cg/ V(s) ds>7
0 ¢

6 /2

and the rhs is bounded, for ¢ large enough, by a positive constant. So we get:
C7 < U2($7t) < 067 (90)

and taking into account (89) and (90), we obtain C7 < u(x,t) < 1+ Cg, which ends the
proof. m

The large time properties of the solution of (32)-(37) are the following:
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THEOREM 7. Let (u,v,0,Z) be the solution of (32)-(37), and r(x,t) the associated
lagrangian position, solution of:
dr
%:v(:r,t), forz € [0, M], t >0, (1)
r(z,0) = ro(x).
(i) If P > 0, the specific volume u(x,t) and the chemical fraction Z(x,t) are bounded
uniformly on [0, M] x [0, 00):

{0<u <wu(z,t) <ut, forxe|0,M], t>0, (02)
0< Z(x,t) <1, forze[0,M], t>0.
Moreover, the solution admits a slab of finite extension ro as a spatial attractor:

r(z,t) < reo, (93)

where roo < 1o(M) + £2.
(if) If P =0 (“vacuum”), there exist two positive numbers T1 and Cy such that:

M
0

fort>1Ty.

PROOF. The estimate (92) for Z follows from the maximum principle applied to the
chemical equation.
By integrating the second equation (32), on [0, M], we have:

M B
r(z,t) <ro(M)+ u(z,t) de < ro(M) + —.

P
0
By integrating the second equation (32), on [0, z], we have:
r 1
</ u(y,t) dy) =0+ -Gz(zx — M).
0 t 2
By multiplying by wu:
U</ u(y,t) dy> +pu = vu, — f(), (95)
0 t

where f(z) = $Gx(z — M)u. Then, by integrating on [0,¢] x [0, M] the first term in the
lhs, we have:

/ot /OM u(/ox u(y; s) dy>sdx ds
[ [ [T a] e

As u; = v, we can integrate by parts in x the first term in the rhs, and we obtain:

t oM x t oM M
/ / u(/ u(y, s) dy) dx ds 2/ / v? dx ds — C’<1 +/ u(z,t) dx).
0 Jo 0 s 0 Jo 0
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By putting into (95):

/Ot/OM(v2+pu+f(x)u) dx ds§C(1+/0Mu(x,t) dx).

M t oM
(1 +/ u(x,t) dx) > C’_lR/ / u dx ds.
0 o Jo

But we find easily a lower bound for u by integrating the second equation (32) on [0, x] x

So:

[0, ¢].
We have:
x t t M
/0 (v(y,t) —vo(y)) dy :/0 o ds —/0 G<x— 2) dt.
So:
w@t) _ t z)) ds ’ v -
viog 25 = — [ j@) ds+ [ (000~ i) d,

and, by Cauchy-Schwarz:

viog S0 > [ ol ol dy = 22002},
ug(z) 0

with By = [0 [ (302 + Co + aub* + f(x)u + AZ) dz ds.
Then we get finally:
u(z,t) >u”,
where u™ = mingepo, ) uo () exp(—Q(QM)l/QEé/Z). This implies:

M
<1 —|—/ u(z,t) dx) > C 'RMut,
0

which ends the proof. =

Now, to obtain more precise asymptotics, we consider successively the three particular
situations described above.

4.2.1. The radiating Dirichlet problem. We simplify the system (32) as follows:
U — Vg = 0,
vy — o, =0,

er — ovg + Qu — Ap(6, Z) = 0, (96)
d
Z — (usz) +¢(0,Z) =0,

with Dirichlet conditions:

v(0,t) = v(M,t) =0, (97)
and we keep the other conditions (33) and (35)-(37). In this case, one checks easily, by
using the first equation (96), that the constant stationary state is given by:

M
= %/0 uo(x) de. (98)
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Then, the asymptotic behaviour of the solution of this problem is the following [14]:
THEOREM 8. Suppose that the initial conditions ug, v, 0o, Zo satisfy:
o, Uy, Vo,V Vg 00, Oy O » Zo, Z4, Zy € CPl0, M],
with B € [0,1], and that:
uo(x), 0o(x), Zo(x) >0,

forx € [0, M]. If q is large enough (q > 6), then the solution (u,v,0,Z) converges toward
the static solution (1, 0,0,0), in H'(0, M), when t — oo, where u is given by (98), and
is found by solving the quartic equation:

7 P
v\ _ Lo
aubd” + C,0 = i (99)

where Eg = fOM (%U(Q) +eg + )\Zo) dx. Moreover, there exist three positive numbers v, Ty,
and Cy such that:

llw =@l 0,0y + [0l 20,00y + 10 = Oll 1 0,00) + 1211 2.0,00) < Coe™ ™, (100)
fort > Ty.

Physically, the result tells us that the static equilibrium is stable provided that the
radiating part of the thermal dissipation is strong enough. m

The proof of the theorem relies on bounds for high Sobolev norms. The complication
with respect to [23] comes from the high powers in 0 of p(u,), e(u,0), and k(u,8),
together with the anisotropic behaviours of the gaseous and radiating contributions of e
and p.

4.2.2. The free-boundary chemical problem. We consider the problem (32)-(37), with
a = 0 (no radiation), and G = 0 (no gravitation).
The regular static solutions (#(x),v(x) = 0,6(x), Z(x)) is given by:

f(x) =0, (101)

where 6 is a positive constant. Then, we have the following result:
THEOREM 9. If P > 0, and if the initial conditions ug, vy, 0y, Zy satisfy:
g, uh, vo, U, vo 00, 04, 04 » Zo, 24, Zy € CP[0, M],
with B € [0,1], and:
ug(x),00(x), Zo(z) >0,

for x € [0, M], the solution (u,v,0,Z) converges toward the static solution (u,0,6,0), in
H' (0, M), when t — oo, where @ and 0 are given by:
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- RE,
MP(C,+ R)’ (102)
g Ho_
- M(C,+R)’

M

where Eo = [, (%’U% + eg + Pug + )\ZO) dx.

This result is proved in [30], by adapting to the reacting case the results of Naga-
sawa [29].

4.2.8. The Eddington’s model. This model is a barotropic approximation used in as-
trophysics to simulate radiation at low cost!

The idea is the following. If we write pyes = RTG and preq = %04, and if we set

Bz, t) = ﬁ, some observations show that (B(x,t) is slowly varying. The Edding-

ton’s model consists in supposing that § is a pure constant. This leads to the following
barotropic equation for the pressure:

A
p(u) = 57
with A = (%)1/3, and v = 4/3. The temperature is then: § = (afﬁ}i))l/g —L:. The
problem to solve is then:
U — Vg = 0,
1 103
vt—ax—i—G(x—QM):O, (103)
for t > 0 and x € [0, M], where M is the mass of the slab, and p(u) = 1%.
We consider the initial conditions:
(u,v)(z,0) = (ug,vo)(x), (104)
together with the boundary conditions (34), with P > 0, and the symmetry condi-

tions (37).
By using the technique of Okada [28], one can prove the following result:

THEOREM 10. (i) Suppose the problem ((103),(104),(34),(37)) has at least a classical
solution (u(x,t),v(x,t)). Then the functions (u,v,v,) can be bounded on C™"/%(Qr),
with r =1/3:

ullli/z + lolll/z + vl < C,

where C' depends only on T, the physical parameters of the problem, and the data.

(ii) If P > 0, and if the initial conditions ug, vy satisfy:

uo,ug,uo,v(’),vg e C?lo, M|,
with B € [0,1], and:
uo(z) > 0,

for x € [0, M], the solution (u,v) converges toward the static solution (1,0), in H'(0, M),
when t — 0o, where U is given by:

u(z) = (fé;)) " , (105)

where f(z) = P+ +Ga(M — ).
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