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The Conley index for decompositions
of isolated invariant sets

by

Andrzej Szymczak (Gdansk)

Abstract. Let f be a continuous map of a locally compact metric space X into itself.
Suppose that S is an isolated invariant set for f and a disjoint union of a fixed finite
number of compact sets. We define an index of Conley type for isolated invariant sets
admitting such a decomposition and prove some of its properties, which appear to be
similar to that of the ordinary Conley index for maps. Our index takes into account the
existence of the decomposition of S and therefore carries more information about the
structure of the invariant set. In particular, it seems to be a more accurate tool for the
detection of periodic trajectories and chaos of the Smale horseshoe type than the ordinary
Conley index.

0. Introduction. The Conley index has become an important tool in the
study of the qualitative behavior of dynamical systems, with both discrete
and continuous time. The results concerning attractor-repeller decomposi-
tions ([1], [15], [18]), the connection matrix theory ([3], [4], [5]) as well as
recent papers by Ch. McCord, K. Mischaikow and M. Mrozek [7] and the
last two authors [9] (see also [20]) show that the Conley index reflects the
structure of an isolated invariant set. In this paper we are mainly interested
in the Conley index as a tool for the detection of chaos and periodic orbits.
Comparing the results of [9] and [20] with the criterions for chaos based on
the fixed point index in [19] or [23] shows that the ones based on the Conley
index are, in some sense, weak. They only guarantee that some iteration of
the map restricted to the isolated invariant set is semiconjugate to the shift
map. Thus, they provide information about the dynamics of some iteration
of the map rather than the map itself. The information about the number
of periodic orbits is also not as accurate as that provided by the methods
based on the fixed point index. The aim of this paper is to define an index
of Conley type which fills this gap. Our index is defined for a decomposition
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of an isolated invariant set into a fixed number of disjoint compact sets.
The knowledge of the decomposition allows us to equip the index with an
additional structure, which carries more information than the ordinary Con-
ley index. The main potential application of our index is for the detection
of chaos. The Conley index for decompositions can also be used to state
topological analogues of some results in the theory of smooth dynamical
systems (e. g. the Poincaré—Birkhoff theorem). This topic will be discussed
in a separate paper.

1. Preliminaries. We denote by Z™ and R the sets of nonnegative
integer and real numbers (respectively). If X is a metric space and @ =
(Q1,Q0) is a pair of its compact subsets then by Q1/Qo we denote the
pointed space resulting from (J; when the points of (g are identified to
a single distinguished point, denoted by [Qo]. Htop, M and Mg stand
for the homotopy category of pointed topological spaces, the category of
modules and the category of graded modules over a fixed ring = with unity.
For a basepoint preserving map g its homotopy class is also denoted by g.
This should not cause misunderstanding. For an object O in a category K
we denote by [O] the class of all objects in K isomorphic to O. A functor
F : K — L induces the map sending an isomorphism class [O] into [F(O)]
for each object O € Ob(K). We denote this map by the same letter F'.

Let us now recall the basic concepts of the Conley index theory. Our
presentation is based mainly on [21] and [20] (see also [11], [13], [16], [17]).
We begin with the definition of the category of objects equipped with a
morphism over a given category K, denoted by Ky,. Put

Ob(Km) = {(X,a) : X € Ob(K) and a € Mork (X, X)}
and
Morg,, (X, @), (X', 0')) = M((X,a), (X', a"))/=,
where
M((X,a), (X', ) ={B €Morx(X,X'): Boa=a" o8} xZ*

and = is the equivalence relation in the above set defined by

(B,n) = (B,71) & Jyez+ BoaF =Foah,
The morphism represented by (5,n) € M((X, ), (X’,’)) will be denoted
by [3,n]. The composition of morphisms in Ky, is defined by

18", '] o [B,n] = [B" 0 B,n" +n].

Given a functor F : X — £ one can define the induced functor Fy, : K, —

Ly, in the following way. For an object (X, «) and a morphism [3,n] in Iy,
we put

Fu(X, ) = (F(X), F(o)),  Fu([8,n]) = [F(8),n].
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We write [X, o] for the class of all objects in K, isomorphic to an object
(X, a).

In each of the categories Htop, M, Mg for each object X there exists
the zero morphism of X into itself (i.e. the homotopy class of the constant
map or the zero homomorphism, according to the case). We denote this
morphism by 0. In the same way we denote the trivial isomorphism classes
in the categories of objects equipped with a morphism over each of the three
categories, i.e. we put 0 = [C, 0] where C' is any pointed space or (graded)
Z-module. This class is independent of the choice of C. This notation is
ambiguous, but it will always be clear from the context what is meant by 0.
We note that [X, a] = 0 if and only if ™ = 0 for some n € Z*.

For the rest of this section, fix a locally compact metric space X and a
continuous map f of X into itself. Let S be an isolated invariant set with
respect to f. A pair Q = (Q1, Qo) of compact subsets of X is called an index
pair for S with respect to f if and only if S = Invcl(Q1\ Qo) C int(Q1\Qo),
Qo is positively invariant in Q1 (i.e. f(Qo) N Q1 C Qo) and Qo is an exit
set for Q1 (which means that f(Q1 \ Qo) C @1). For such Q, f induces
a continuous map fo : Q1/Qo — @1/Qo which will be called the index
map. The (homotopy) Conley index of S, denoted by h(S, f, X), is defined
as the class of all objects in Htopy, isomorphic to (Q1/Qo, fo). We define
the cohomological and the g-dimensional cohomological Conley indices by
and

h‘q(57 f?X) = (Hq)m(h(57 f,X)),
where H* : Htop — Mg is a fixed cohomology functor with coefficients
in =.

Until the end of this section, let = be the field of rational numbers. Then
M and M are the categories of vector spaces and graded vector spaces
over =. An object (V,¢) in M,, is called of finite asymptotic dimension
(cf. [20], Definition 2.1 and Proposition 2.2) if there exists an object (W, )
isomorphic to (V,¢) with W finite-dimensional. In this case, we define the
trace of (V, ), denoted by tr(V,¢) as the ordinary trace of ¢. Using the
methods of [20] (see Theorem 1.1, Definition 4.1 and Remark 4.1) one proves
easily that it is independent of the choice of (W, ).

Now, let (V*,¢*) be an object in (Mg )m. It is said to be of finite type
if there exists an object (W*,*) isomorphic to (V*, ¢*) with W* of finite
type. In this case, we define the Lefschetz number of (V*,¢*), denoted by
A(V*,¢*), as the ordinary Lefschetz number of 1*. Clearly,

AV ") = Y ()T a(V9, 7).

g=—00
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An isomorphism class I of objects in (Mg ), is said to be of finite type if it
admits a representative of finite type. In this case, all its representatives are
of finite type and they have the same Lefschetz number, which we call the
Lefschetz number of I, and denote by A(I). The following theorem is taken
from [20] (see Lemma 5.2). For related results, see [10], [12], [14].

THEOREM 1.1. If X is a Euclidean neighborhood retract (ENR), then
the cohomological Conley index of any isolated invariant set for f is of finite
type. If the Lefschetz number of the Conley index of an isolated invariant
set S is nonzero then f has a fized point in S.

2. Categorical constructions. There are many Conley-type indices
for isolated invariant sets (see [1], [11], [13], [17], [18], [21]), but all of them
take the form of an isomorphism class of objects in a certain category. In the
classical, continuous-time case, the homotopy category of pointed topolog-
ical spaces is used and therefore the Conley index is simply the homotopy
class of a pointed space. In the discrete-time case the situation is much more
complicated: in order to give a good definition one has to use more sophis-
ticated categorical constructions. The shape category ([13], [17]), the Leray
functor ([11], [13]), the direct and inverse limit functors ([13]) and the cate-
gory of objects equipped with a morphism ([21]) can serve as examples here.
Below we define a generalization of the latter concept, which is suitable for
the definition of the Conley index for decompositions of isolated invariant
sets.

Let IC be a category and A a finite set. In the sequel, we often deal with
finite sequences of elements of A. We denote by * the concatenation of such
sequences, defined by

(Zoseo Za) % (2L 2L ) = (Zh, .. T 2L, ZL) € ANHT
for all (Z1,...,Z,) € A" and (Z],...,2],) € A™. For Z being a sequence

of members of A we denote by ZF the concatenation of k copies of Z. By
1(Z) we denote the sequence Z with entries in reverse order.

Let us now define the category K(4). For n € Z* and X, X’ € Ob(K)
put

Ob(KC(4)) = Ob(K),
Morf, , (X, X') = (Morx (X, X')*",
Morg, (X, X") = ] Morg , (X, X').
nezZ+

The composition of morphisms

a={a?Y eun € MOI%(A)(X,X’)
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and )
o = {o/Z}ZeAm € Mor%(A)(X’,X”)
is defined as follows:

o/ o ={(a' 0 )7} ze pmin € Morh"(X, X",

where

= _

- v
)Y*Y:a/ OQY

(o o
for all Y € A" and Y’ € A™. Since A° consists of exactly one element, we
identify MorO,C(A) (X, X’") with Mork (X, X’) in the obvious way. Similarly,

there is an obvious bijection of Morx-(X, X’) onto (Morx (X, X’))*. There-
fore, we treat morphisms in the former set as families of morphisms of X
into X’ in K, indexed by members of A. It is straightforward to verify that
K(a) is indeed a category. Notice that its identity morphism over an object
X is idx € Morg, (X, X).

The category K(4) is only an intermediate step in the definition of the
category K4}, which we are going to use in the definition of the Conley
index for decompositions of isolated invariant sets. Put

Ob(K4) = {(X,a) : X € Ob(K4)) = Ob(K), a € Mory o (X, X))
In order to define morphisms in K4, for objects (X, ) and (X', ) put
M((X,a), (X',a)) ={(B,n) : B € Morg,, (X, X'), n € Z*, foa = a’of}.
In this set we introduce an equivalence relation = in the following way.

(B,n) = (B,0) © Fpez+ BoaF =Foa™* (in Kay).
Now, define
Morg,, (X, a), (X', ")) = M((X,a),(X',a)) /=

The morphism represented by (8,n) will be denoted by [3,n]. The com-
position of morphisms [3,n] : (X,a) — (X',a') and [#/,n/] : (X',d) —
(X", ") is defined as follows:

[ﬁlvn/] o [ﬁ?n] - [ﬁ/ oﬁ,n' +n]'

One can easily verify that this definition is correct, i.e. independent of the
choice of the representatives for [3,n] and [3',n'] and that K4 is indeed a
category. Note that the identity morphism over (X, ) is [idx, 0].

PROPOSITION 2.1. For each [B,n] € Morg ,((X,«a), (X', a')) and
kezZt,

[B,n) = [o'" 0 B,n + K] = [Boak,n+kl.

Proof. This follows immediately from the definition of =. =
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The Conley index for decompositions of isolated invariant sets will “con-
tain” information about ordinary Conley indices of some sets which are
important for understanding the dynamics of the map. Below we give the
definition of functors which will enable us to extract this information.

Let k be a positive integer and Y = (Y1,...,Y%) € A*. The functor
Py : Kja) — Kn is defined as follows. For an object (X, a) in K4 with
a={a?}zea put

Py (X,a) = (X,a" o...0a™).

Now, let [3,n] be a morphism of (X, «) into (X', /). By Proposition 2.1,
without loss of generality we can assume that n = mk for some m € Z*.
Suppose that 8= {37} 7c4n. Put

Py ([8,n]) = (87", m].
A routine check that Py is a well-defined functor is left to the reader.

Remark 2.1. An important property of the construction given above is
the naturality with respect to functors. Let F': K — L be a functor. Then
we have the induced functors Fiay : K4y — La) and Fia) @ Kpa) — Lia
defined as follows:

7 F(a?)} zc ax if F' is covariant
F ZN _ N — { ) S ZeA )
(o} zear) { {F(a"?))}gcar if F is contravariant,

for all objects X and morphisms {az}zeAk in KC(4) and

Fiag(X,a) = (Fla(X), Fa(a)),  FaB:n]) = [Fa)(8),n]

for all objects (X, o) and morphisms [3,n] in Kp4j. Furthermore, the follow-
ing diagram of categories and functors commutes for each Y € A*:

where
(V) = {L(Y) %f F ?s contrfwariant,
Y if F'is covariant.
As in the case of categories equipped with a morphism, we denote by

0 the isomorphism classes of the trivial (zero) objects in Htopiaj, (Ma)(a]
and M), defined in the obvious way.
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3. The index. This section contains the basic definitions of the Conley
index theory for decompositions of isolated invariant sets. In what follows,
B, X and f will denote a fixed finite set, a locally compact metric space
and a continuous map of X into itself. We shall make use of the categories
of K(a) type with A = 28 If {\}} is a family of sets indexed by members
of B then for each set Z C B we denote by Nz the union of N, over b € Z.

DEFINITION 3.1. Let N be a compact subset of X. A family {N,} =
{Np}vep of pairwise disjoint compact sets is called a decomposition of N if

N = Upep No-

Until the end of this section, we denote by S a fixed isolated invariant
set for f and by {S,} its decomposition.

DEFINITION 3.2. An index pair @ = (Q1, Qo) for S is said to be compat-
ible with the decomposition {Sp} of S if there exists a decomposition {Dy}
of cl(@Q1 \ Qo) such that S, = SN D, for each b € B.

Let us emphasize that, in general, the decomposition { Dy} is not unique-
ly determined by @ and {S,}.

DEFINITION 3.3. Let Q@ = (Q1,Qp) be an index pair for S compatible
with the decomposition {Sp} of S and {Dy} be the corresponding decom-
position of cl(Q1 \ Qo). Then for any Z € A we can define a continuous
map

zZ_ . 7 )
T =TQDy}) ¢ Q1/Qo — Q1/Qo
by the formula

= x if x € Dy,
(=) = { BO} otherwise.

The inder object, denoted by I(Q,{Dy}, f), is the object in Htop 4 given
by

I(Q7 {Db}a f) = (Ql/QOa {fZ}ZEA)7
where fZ = f(ZQ7{Db}) = fg or?Z (recall that fq is the index map).

In order to simplify the notation, we often write briefly I(Q, {Ds}) in-
stead of I(Q,{Ds}, f) whenever the map f is clear from the context. For
each Z € A and x € Q1 we have the formula

fZ([x]) _ { {é(?] ifﬁ € PZ N(Q1\ Qo),
0 otherwise.

For further reference, let us note the following formula for compositions of
the maps f%. Let Z = (Zy, Z1,...,Zr_1) € AT. For all z € Q1
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(3.1) fArrofPr2o. o f7([a])

| [fT(x)] if fi(x) € Dz, N (Q1 \ Qo) for each i € {0,1,...,T — 1},
] [Qo] otherwise.

Let N be a compact neighborhood of S admitting a decomposition { N}
such that S, = N, NS for each b € B. By the existence theorems for index
pairs (see [6], [10], [11], [13], [16]) there is an index pair @ = (Q1, Qo) for S
with @1 contained in N (@ may even be assumed regular in the sense of [10]
or [20]). Obviously, such an index pair is compatible with the decomposition
{Sp}. We have proved the following

PRrROPOSITION 3.1. There exist index pairs for S compatible with the de-
composition { Sy}, arbitrarily close to S.

The following theorem is of fundamental importance in our construction.

THEOREM 3.1. If Q = (Q1,Q0) and Q = (Q,,Q,) are index pairs for
S compatible with the decomposition {Sy} of S, and {Dy} and {Dy} are
decompositions of cl(Q1\ Qo) and cl(Q, \ Q,) satisfying the conditions of
Definition 3.2 then the index objects I(Q,{Dy}) and I(Q,{Dy}) are isomor-
phic in Hiop ).

Proof. We proceed in several steps.

Step 1. There exists T € Z™* such that for each sequence (Zy, Z1, ...
..., Zar—1) of members of A and = € X,

(3.2) (vie{O,...QTfl} fi(ﬂﬁ) € Ezi) = fT(x) € Dz, N(Q1\ Qo)
and
(3.3) (Vieqo,...27—1} fz(l') €Dy,) = fT(fU) €Dz, N(Q;\ Q).

For the proof, notice that the set U given by
U= JDynDyn(@Q1\ Qo) N (Q1\Qy))
beB

is a neighborhood of S. As a consequence of Lemma 4.2 of [21] (cf. also
Lemma 6.2 of [17]) we obtain the existence of a nonnegative integer 7" such
that for each x € X,

(Vieqo,...2r—13 f () € (@1 \ Qo)) = fF(z) € U,
(Vieqo,...27—1} fi(x) €@\ Q) = fT(z) e U

Now, suppose that V;eqo, . 2r—1} f'(z) € Dz,. Then, by (3.4), fT(z) € U.
Since simultaneously f7(z) € Dz,.,

fM(x) €UN Dz, C Dz N(Q)\ Q)

We have proved (3.3). In a similar way one proves (3.2).

(3.4)
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_ Step 2. Let T € Z* be such that (3.2) and (3.3) hold. For a sequence
Z =(Zy,...,Zsr) of members of A we define

F2 = fo oy - @1/Qo — Q1/Qy
by

) (3T ()] if vie{O,...,2'T71} fl(m) € Dzar_, rL(Ql \ Qo)
() = and [T+ (x) € Dz,,_, N (Q;\ Qy),

Qo) otherwise.

Our task is to prove the continuity of fZ.

The proof goes along the lines of other continuity proofs in the Conley
index theory (cf. [17], [18], [21]). Let fZ : Q1 — Q,/Q, be defined by the
same formula as fZ. Clearly, it is enough to show that fZ is continuous.
Put

01 ={z € Q1 :Vieqo,. 2r-1} [ () € Dzyr_, N (Q1\ Qo)
and fT+Z(x) € EZZT—'L n (@1 \@O)}:
O, = {ZU €Qr: 3z‘e{o ..... 2T—1} fz(ﬂg) ¢ DZST_Z. or fTH(x) 4 T)ZQT_i}-
Clearly, O5 is open in Q1 and fOZ is constant on Oy and therefore continuous
at each point of this set. Since fZ(x) = [f37(z)] for each z € Oy, in order
to prove the continuity of fZ at each point of Oy it is enough to show that

this set is open in Q). Take x € O;. There exists an open neighborhood U
of x in X such that

(3'5) fZ(U) N (QO U DB\ZBT—'L) = @ = fT+i(U) N (@0 U EB\ZQT—i)

foreachi € {0,1,...,2T—1}. Let us show that UNQ; C O;. Lety € UNQ;.
Our assumptions about U imply y € Q1 \ Qo and fi(y) € Qo for each

i € {0, L...,2T — 1}. Since Qo is an exit set for Q1, f*(y) € Q1 \ Qo. By
(3.5), f'(y) € (Q1\ Qo) N Dz,,._,. Hence, by (3.3),
fT(y) € Dz N(Q1\ Qp) € Q1 \ Qo
By the previous argument,
" (y) € Dyy, N(Q,\ Q) foralliec{0,1,...27 — 1}

so that y € O;. )

We conclude that, in order to prove the continuity of fZ, it is enough to
show that it is continuous at each point of @ \ (O1 U O3). Let = be in this
set. Then, in particular,

(36) Vie{o,,,.72T_1} fl(ZE) S DZ3T711 and fT—H(I) S EZ2T71.

and fZ(x) = [Q,]. By (3.2) with 2 replaced with f7(z), f2T(z) € Dy, N
(Q1\ Qo). Since fi(z) € Dg,,_, C Q; foreachi € {0,1,...,2T —1}, positive
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invariance of Qg in Q1 implies f*(z) € Dz,,_.N(Q1\Qo). Thus, since z & O,
for some j € {0,1,...,2T — 1} we must have f7(z) & Dz,, ,N(Q1\ Q).
By (3.6), f:iﬂ'(a:) € Qo By (3.6) and positive in@riancgof@o in Q,
3771(z) € Qy. Let V' be an open neighborhood of [Q,] in Q;/Q,. Denote
by 7 the projection map of Q; into Q,/Qy. Put M = 7= 1((Q,/Qy) \ V).
Clearly, M is a compact subset of @; \ Q,. By positive invariance of Q)
in Qq, f37(x) ¢ M. Let V be an open neighborhood of z in @1 such that
3T (V)N M = (). Notice that for all y € V, fZ(y) is equal to either [Q]
or [f3T(y)] (the second possibility can occur only if 37 (y) € Q). Hence,
fZ(y) € V'. In this way we have proved that fZ is continuous at z.

Step 3. If (Zy,..., Z3741) € A3+ then

Zvr 2 z .7
fEBm) o ft s = T by

Therefore, we have the following morphism in Htopj4;:

Foupon.@.(0vy) = {2} zeasr, 3T - 1(Q, {Dy}) — 1(Q, {Dy}).

To prove this, consider the following two conditions:

(3.7) Vieto,.ort  f(2) € Dzprpy ., N(Q1\ Qo) and
Viett,ory  J7 (@) € Dzyryy -, N(Q1\ Q)
and
(3.8) Vieto,.or—1y [ (®) € Dzppry . N(Q1\ Qo) and
Vieqo,....2T} fT—H(l") € EZ2T+1—1' N(Q1\ Qo).

Notice that if (3.7) holds for some x € X then applying (3.3) gives
fT(z) € Dz,,., N(Q; \ Qp). Therefore, (3.8) holds. We have proved that
(3.7) = (3.8). Since the reverse implication can be proved in a similar way
using (3.2) with @ replaced with f7(z), (3.7) and (3.8) are equivalent. To
finish the proof apply the formulas for f# and f# to conclude that, for all

x € Q1,

L ZsT 3741 s if (3.7) holds,
gt o gl e = { [ 7N LT b

and
fZ} ~ ° f(Zz ..... Z3T+1) — [ET+1(QZ)] if (38) hOldS’
(QADs}) Qo] otherwise.
St(?p 4 The morphism f(g (p,1),(0,{p,}) defined in Step 3 is an iso-
morphism in Htop ;.
Notice that Steps 1 through 3 remain valid if we replace @ by Q and
vice versa. Hence we have the morphism
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UG RCATNY
= [{f(ZQ{Db}),(Q’{Db})}ZeASTa 3T] : I(Q> {Db}) - I(Qv {Db})-

Now, consider the composition

_ f¥ Z
9= T@b.@0u) ° (@4D}).(@.(Bu))
for given Z = (Zy,...,Z3r) € A3T and Y = (Y1,...,Y3r) € A3T. Using the
formula defining the maps in Step 2 we get
([2]) = [f6T(z)] if the condition (3.9) below holds,
g Qo] otherwise,

where

(3.9) Viefo,..or—1} /' (#) € Dz, N (Q1\ Qo),
ST (@) € Dzyr_, N(Q1\ Qp),
T (@) € Dyyp, N(Q1\ Qo)
FTHx) € Dy, N (Q1\ Qo).

Using the implications (3.2) and (3.3) one can easily prove that (3.9) is
equivalent to

Vie{o,... 371} fi(x) € Dzyr_, N (Q1\ Qu),

f3T+i(x) € DYST—i N (Ql \ QO)
Hence, by (3.1),

Y, Y- Z Z
9= Sy ° 2 Gy © flaowy © - 2 (Qhnuy)-
This means that
Z Z A T
{£6.(0u)).@. (Do} } 26257 1 (@ (D0 (Do V2457 =I({F (G () b 2E2)™]
in ‘Htop(a) and therefore, by Proposition 2.1,

F@.Bo1,@.(Du}) © F(@4Du1).(G.4Du})
= [({fé{Db})}ng)(iT, 67] = idy(q,{p,})-

In a similar way one proves that

f@.ioi.@.iovp) © f@. () @.(0h) =141(Q,(pyy)- ®
The theorem just proved justifies the following definition.

DEFINITION 3.4. Let f : X — X be a continuous map, S an iso-
lated invariant set for f and {Sy} a decomposition of S. The Conley index
of {Sy}, denoted by h({Sp}, f, X), is defined as the class of all objects in
Htopya) isomorphic to the index object I(Q,{Ds}) for any index pair @ for
S compatible with the decomposition {S} and any decomposition {D;} of
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cl(Q1 \ Qo) such that D, NS = S, for each b € B. The cohomological and
the g-dimensional cohomological indices of {Sp} are defined by

and

h‘q({Sb}? 5 X) - (Hq)[A](h({Sb}7 I X)),

respectively.

4. Properties. We begin this section with proving the continuation
property of the Conley index for decompositions of isolated invariant sets.

THEOREM 4.1 (Continuation property). Suppose that X is a locally com-
pact metric space and a continuous map f : X x [0,1] — X x [0,1] is
parameter-preserving, i.e. f(X x X\) C X x X for each \ € [0,1]. For each
set A C X x[0,1] and X € [0,1] put Ay = {x € X : (z,\) € A}. Define
v X = X by f(z, ) = (fn(z),N). If S is an isolated invariant set for
f and {Sy} is a decomposition of S then, for each X\ € [0,1], S\ is an
isolated invariant set for fx, {Spx} = {Sertven is a decomposition of Sy
and h({Spr}, fr, X) does not depend on .

Proof. It is enough to show that each A € [0, 1] admits a neighborhood
U such that h({Sp.}, fu, X) is constant in 4 € U. Let N be an isolating
neighborhood for Sy with respect to f) which admits a decomposition {/NVy}
such that N, NSy, = Sy for each b € B. As a consequence of the exis-
tence theorem for index pairs for multivalued upper semicontinuous maps
(see [6], Theorem 2.6) we obtain the existence of a stable index pair, i.e.
a pair Q = (Q1,Qo) which is an index pair for S, with respect to f, for
each p in an interval J which is a neighborhood of A in [0,1], such that
Q1 C N. Let Dy = cl(Q1 \ Qo) N Ny, for each b € B. Since D, N Sy = Sy,
by making J smaller if necessary we may assume that Dy, NS, = Sy, for
each 1 € J. This means that @) is compatible with the decomposition {S,}
of S,,. Furthermore, since J is an interval, the homotopy class of the index
map (fu)g : Q1/Qo — Q1/Qo does not depend on i € J. By Definition 3.3,
the index object I(Q,{Ds}, f,) is independent of p € J. m

The next theorem shows that the Conley index for a decomposition {S,}
carries information about ordinary Conley indices of some subsets of S.

THEOREM 4.2. Let {Sp} be a decomposition of an isolated invariant set S
for a continuous map f : X — X. For each sequence Y = (Yo, Y1,...,Yn_1)

of members of A put Sy = ﬂ?z_ol I7%(Sy;) and Sy = Invsa(Sy). Then Sy
is an isolated invariant set for f™ contained in S and

h(Sy, fnvx) = PL(Y)(h({Sb}7 [, X))
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Proof. Let N be an isolating neighborhood for S with respect to f
admitting a decomposition {N,} such that N, NS = S, for each b € B.
By Proposition 2.1 of [20], Ny = ﬂ?:_ol f~%(Ny,) is an isolating neighbor-
hood with respect to f™ and its invariant part is contained in S. Therefore,
Invn (Ny) = Invgn (Sy) = Sy, which means that Ny is an isolating neigh-
borhood for Sy with respect to f™. We have thus proved the first part of
the theorem. In order to show the formula for the Conley index of Sy we
make use of the following fact (see [20], Lemma 3.1).

If Q@ = (Q1,Qo) is a regular index pair for S such that Q1 C N then

n Y,._1 Y,._2 Y
h(SYH X)) = [Ql/QOa f(Q,{D,,}) © f(Q,{Db}) ©...0 f(cgy{pb})];

where Dy = cl(Q1 \ Qo) N N, for each b € B.
Since such index pairs exist, this formula together with the definition of
P-type functors proves the theorem. m

THEOREM 4.3 (Locality). If f: X — X and g: X — X are continuous
maps, S is an isolated invariant set for f, and f and g are equal on a
neighborhood of S, then S is an isolated invariant set for g, and for any
decomposition {Sp} of S,

h’({Sb}7 [ X) = h({Sb}7ga X)

Proof. By Proposition 3.1, there exists an index pair @ = (Q1, Qo) for
S compatible with the decomposition {S;} such that f and g restricted to
(@)1 are equal. Since the corresponding index objects only depend on these
restrictions, they are the same. m

The rest of this section is devoted to the formulation and proof of the
Wazewski property of the Conley index for decompositions of isolated in-
variant sets, and to giving a bound for the number of periodic points of f in
terms of the Conley index for decompositions. Fix a locally compact metric
space X, a continuous map f of X into itself, an isolated invariant set S for
f and a decomposition {S,} of S. Let N be a fixed isolating neighborhood
for S admitting a decomposition { Ny} such that N, NS = S;. Let

ST =InvtN ={x € N :V,ez+ f'(z) € N}.
The map p : ST — II =[], ;+ B is defined by
(4.1) p(x) = (n(f (2)))20,
where 1 : ST — B is defined by
n(x) =b if and only if x € Ny.

Clearly, both p and n are continuous if we endow B with the discrete topol-
ogy. Furthermore, po f = o o p, where ¢ : II — II is the shift map. This
means that p is a semiconjugacy onto its image. In what follows, we shall
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give lower bounds for the image of p and the image of the set of periodic
points of f under p in terms of the Conley index for decompositions.

DEFINITION 4.1. Let (Y,{g?}zca) be an object in a category Kja) (K =
Htop, M or Mc). We put

T0(Y, {97 zea) = {(05)320 € 1T Ve g0 0 gt} 0o gl0n) 2 0},
(Y, {g”}zea) = [ " (oY, {g”} zea)),
n€Z*
I5(Y, {97} zea) = {(0:)Z € 1T : Vneze 91" 0 gl"h o o gt} £ 0},
(Y, {g”}zea) = () o"(IT5(Y,{9”}zen)).
n€Z*
PROPOSITION 4.1. Let (Y,{g%}zca) and (Y,{G?}zca) be objects
m K%A}

(i) Ho(Y,{g9%}zea) and II;(Y,{g%}zca) are compact.
(i) o(ITo(Y, {97} zea)) C Ho(Y,{9”}zea) and o(II§(Y,{g”}zea)) C
1I5(Y, {97 } zea)- -
(iii) If (Y,{9%}zca) and (Y,{g”}zca) are isomorphic in K4 then

Jnez+ 0" Io(Y, {97} zea)) € (Y {77} zen)

and
Imezr 0" (I5(Y, {97} zea)) C (Y, {57} zea)-
Therefore,
(Y, {97} zea) = (Y {7} z¢)
and

*(Y,{9%} ze) = II* (Y, {g”7 } zea)-
In particular, the sets II1(I) and IT*(I) can be defined in the obvious way
for isomorphism classes I in K4
(iv) Suppose that K and L are categories, each of them equal to Htop,
M or Mg, and F : KK — L is a functor mapping zero morphisms into zero
morphisms. If F is covariant then

o (Fiay(Y, {97} zea)) C Ho(Y, {97} z¢)
and

5 (Fla) (Y, {97} zea)) C 5 (Y, {97} z¢).
If F is contravariant then

I3 (Fla)(Y, {97} zea)) € (Y, {97} ze)
and

o (Fia) (Y, {97} zea)) € I5 (Y. {97} zen).
The same inclusions hold for Iy replaced with II.



Conley index for decompositions 85

Proof. We only prove the parts concerning I1(Y,{g?}zc4) and Iy (Y,
{9%}zeA). The proofs of the other statements are dual.

(i) If (b;)22, & II0(Y,{9? } ze ) then, for some n € ZT,

1

g{bn} o g{bn—l} 0...0 g{bO} — 0

Hence
n o0
[0 x T B c I\ oY, {g”} zea).
i=0 i=n+1
Thus, the complement of ITy(Y,{9?}zc4) is open in IT so that this set is
compact.
(ii) If (b;)2g € IIo(Y,{9?} zc) then, for each n € Z+,
g{bn+1} o g{bn} 6...0 g{bo} £ 0.
Hence, gttn+1togltnt o, oglbi} £ 0. Tt follows that (bi11)52 = o ((0:)2,) €
ITy(Y, {97} zca)
(iif) Let
[{hZ}ZeAnvn] (Y, {gZ}ZeA) - (?7 {gz}ZeA)
and
{17} zeam s m] = (Y {57} zea) — (Vi {97} zen)
be reciprocal isomorphisms. Then, by the definition of the category K4
and Definition 4.1, for each (b;)2, € Io(Y, {9%}zc) and sufficiently large
keZr,
0 #£ glbntmir-1t o o glbol
= [Ontmtr—1rbntk) o plbntr—1,508) o g{bk—l} o...0 g{bo}

— l(bn+m+k717---ybn+k) Oy{bnﬁ»kfl} o. .. oy{bn} o h(bnfl ----- bo)'

Hence, gitn+r-1} o . o glbnl £ 0 and therefore o”((b;)32,) € (Y,
{77} zea).

The second part of (iii) follows immediately from the first, Proposition
4.1(ii) and Definition 4.1.

(vi) follows immediately from Definition 4.1. m

THEOREM 4.4 (Wazewski property). Let (Y,{g?}zca) be an object in
Htoppa) such that h({Sy}, f, X) = [Y, {97} zca]. Then:

(i) There exists n € Z" such that
0" (Io(Y, {97} zea)) C p(ST).
(ii) 11(Y, {97} zea) C p(S).

Proof. Let @ = (Q1,Qo) be an index pair for S such that Q; C N. Let
Dy = cl(Q1 \ Qo) N Ny. Clearly, D, NS = S,. The index object 1(Q,{Ds})
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is isomorphic to (Y, {g%}zea). Hence, by Proposition 4.1(iii),

Fpezr 0" (Io(Y, {97} zea)) C Ho(1(Q,{Ds})).

It follows that to prove (i) it is enough to show that the set on the right-hand
side is contained in p(ST). Take (b;)32, € Io(I(Q,{Ds})). Then for each
k € ZT there exists an 3, € Q1 such that

b b
f({Qlj{}Db}) ©...0 f({Q(,)ng})([xk]) # [Qol-
The formula (3.1) proves that

Vieto,.kr [ (zx) € Dy, N(Q1\ Qo).
Now, let z, be an accumulation point of the sequence {z}}. Clearly, f*(z.) €
Dy, C N for all ¢ € ZT. Thus, z, € ST and p(z,) = (b;):2,. The proof of
(i) is complete.
To prove (ii), notice that
oo (Y, {97} zea)) C o"(p(S™)) = p(f*(ST))
for each k € Z*. Hence,
(Y, {g”} zea) = [ " (o(Y,{g”}zea)) C ) p(£*(ST)).
kezZ+ kezt

Since {f*(S*)} is a decreasing sequence of compact sets intersecting in S,
the set on the right-hand side is equal to p(S). =

THEOREM 4.5 (Detection of periodic points). Let (b;)2, € II be T -perio-

1

dic. PutY = ({bo},{b1},...,{br-1}) € AT. If, for some positive integer n,

(4.2) A(Pyn(h*({Sp}, f, X))) #0

then there exists an nT-periodic point x € S of f such that p(z) = (b;)2,.
If (4.2) holds for n =1 and T is the principal period of (b;);2, then x can
be chosen in such a way that T 1s its principal period.

Proof. By (4.2), Theorem 4.2 and Remark 2.1,
AR (Sgn, [T, X)) # 0.

By Theorem 1.1, there exists an € Sy, such that f"T(z) = x. Since
p(Syn) = {(b:)2,}, this proves the first part of the theorem. Since po f =
o o p, the principal period of p(x) cannot exceed the principal period of x
with respect to f. Thus, if n = 1 then the principal period of x equals T'. m

5. Horseshoes. In many chaotic dynamical systems arising from dif-
ferential equations, behavior resembling that of Smale’s horseshoe map is
observed (see [8], [22]). In this section we provide an example of a criterion
for chaos based on the index defined in Section 3 and compute the indices
of decompositions of invariant sets of Smale’s horseshoe (U-horseshoe) and
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G-horseshoe maps. In the sequel, we only deal with decompositions of iso-
lated invariant sets into two disjoint subsets, i.e. we set B = {1,2}. By

[ a1 ai,2 a1, |
a1 ag,2 ak,n
ag+1,1  Ok+1,2 --- QGk+1n
L Gn,1 Gn,2 e Gn,n |

we denote the class of all objects in M|, isomorphic to the object (=,
{4)?} 7c 4) such that the matrices of 11} and ¥{?} in the standard basis are

[a11 G12 ... Gin] r 0 0 0 7
A1 Qg2 Ak n 0 0 0
’ ' ' and
0 0 0 k11,1 Ok41,2 k41,0
L 0 0 cee 0 L Qn,1 an 2 . Ap,n J

(respectively) and Y% = Y, _, 1% for each Z € A. Let us note the following

COROLLARY 5.1 Let f be a continuous map of a locally compact metric
space X into itself, S an isolated invariant set for f and {Sp} a decompo-
sition of S. Suppose that, for some q € Z7T,

ail aiz2
w(S3). 20 = [ 212
azi1 a2

where a; ; € = are nonzero. If = is a domain then the map p : S — II
defined by (4.1) is a surjection. If, in addition,

hr({Sb}7fa X) =0

for each v # q, = is the field of rational numbers and X is an ENR then
each periodic sequence in II is the image (under p) of a periodic point of f
in S of the same principal period.

Proof. Let ¢, : 52 — =2 have matrices

a1 a1 0 0
|: 0 0 :| and |:a271 CL272:|

in the standard basis. For each sequence (bg, b1, ...,br_1) of members of B,

Yoy, © Wy, 0 ... 0y, # 0.

More precisely, the matrix of the composition on the left-hand side has one
row of zeros and one row of nonzero members of = (in particular, its trace
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is nonzero if = is a field: we shall use this fact later). Thus,

e ([am a1,2}) _
a2,1 a22
Applying Proposition 4.1(iv) for F' being the ¢-dimensional cohomology
functor gives

To finish the proof of the first part, apply Theorem 4.4(ii).

In order to prove the remaining part, take a sequence (b;)5°, € II
of principal period T. Let Y = ({b}, {b1},...,{br_1}). By assumptions,
tr(Py (A" ({So}, f, X))) = 0 for all » # . Since the trace is nonzero for
r = ¢, the Lefschetz number of Py (h*({Sp}, f, X)) is nonzero. Theorem
4.5 implies that (b;)72, is the image of a periodic point of f of principal
period T. m

In a moment we shall show that the assumptions of the above corol-
lary are satisfied by the G-horseshoe and the U-horseshoe maps. We note
that, by the continuation property of the Conley index for decompositions,
Corollary 6.1 generalizes Theorem 2.4 of [9] and Theorem 2.1 of [23].

EXAMPLE (cf. [11]). Let G : R? — R? be a G-horseshoe map, i.e. a map
of R? into itself which is affine on each of the rectangles A4; B;C;D; (i = 1,2).
The rectangles and their images under G are depicted in Figure 1.

We are interested in the Conley index of the decomposition {Sy} of
the maximal invariant set S in A1 B1C1 D1 U A3 BsCsDsy, where S, = SN
A;B;C;D; for each b € B = {1,2}. By Theorem 4.3 we can assume that G
maps the rectangle A BoC1.Dq outside the rectangle Ay B1CyDs. Let Qg be
the set of all points in the rectangle A;B;CsDs mapped by G outside its
interior (it is the shadowed region, a disjoint union of three rectangles—see
Fig. 1). One can easily see that if we put Q1 = A;B1C3D5 then the pair
Q = (Q1,Qp) is an index pair for S, compatible with the decomposition
{Sp} of S. Clearly, the quotient space (J1/Qo has the homotopy type of the
wedge sum of two pointed circles. Thus,

. =2 oirg=1,

H (/@) = {O otherwise.
In H'(Q1/Qo) we can choose a basis consisting of vectors e, (b € B) which
are the images of the generators of H'(A;B1CyDo/(A1_yB1_,C1_pD1_y
U Qo)) under the inclusion-induced homomorphism. Then H!(G¢) maps e,
into e; + ey or ey + ea — 2e1_p according to the choice of the generators.
Hence (notice that H!(r#) is the natural projection onto the submodule
generated by {e, : b € Z}),
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G(Ay) G(By) G(As) G(By)
MO OO O I ™
Dy &1
Ay Bs
p WL T TP IO

G(Dy) G(Cy) G(Dy) G(Cy)

Fig. 1. G-horseshoe

1 1 1 -1

1 1) -1 1)

Clearly, the cohomological indices in other dimensions are trivial. In the
same way, one can prove that if U is the U-horseshoe map (cf. [11]) and

b} is the decomposition of its invariant set obtained in the analogous way
Syt is the d iti fits i iant set obtained in thi I
then

rr({Sp},G,R?) =

1 -1
h1<{Sb}’U7R2): [1 _1]

and the cohomological indices in all other dimensions are trivial.
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