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Hyperspaces of CW-complexes

by

Bao-Lin Guo and Katsuro Saka i (Tsukuba)

Abstract. It is shown that the hyperspace of a connected CW-complex is an absolute
retract for stratifiable spaces, where the hyperspace is the space of non-empty compact
(connected) sets with the Vietoris topology.

0. Introduction. The class S of stratifiable spaces (M3-spaces) con-
tains both metrizable spaces and CW-complexes and has many desirable
properties (cf. [Ce] and [Bo1]). Moreover, any CW-complex is an ANR(S)
(i.e., an absolute neighborhood retract for the class S) [Ca4]. In [Ca5],
it was shown that the space of continuous maps from a compactum to a
CW-complex with the compact-open topology is stratifiable, whence it is
an ANR(S) (cf. [Bo4] or [Ca2]). It is interesting to find hyperspaces which
are ANR(S)’s (cf. [Wo], [Ke] and [Ta]). By K(X), we denote the space of
non-empty compact sets in a space X with the Vietoris topology, i.e., the
topology generated by the sets

〈U1, . . . , Un〉 = {A ∈ K(X) | A ⊂ U1 ∪ . . . ∪ Un, ∀i, A ∩ Ui 6= ∅} ,

where n ∈ N and U1, . . . , Un are open in X. Let C(X) denote the subspace
of K(X) consisting of compact connected sets. In this paper, we show the
following:

Main Theorem. For any connected CW-complex X, the hyperspaces
K(X) and C(X) are AR(S)’s. Hence for any CW-complex X, K(X) and
C(X) are ANR(S)’s.

One should note that K(X) is not stratifiable even if X is stratifiable (cf.
[MK] and [Mi]). Although Mizokami [Mi] gave a sufficient condition on X
for K(X) to be stratifiable, this condition is not satisfied for any non-locally
compact CW-complex (see §3). For a simplicial complex K, let |K| denote
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the polyhedron of K, i.e., |K| =
⋃

K with the weak (Whitehead) topology.
Since any connected CW-complex X can be embedded in |K| as a retract
for some connected simplicial complex K (cf. [Ca1, Corollaire 2]), K(X) and
C(X) can be considered as retracts of K(|K|) and C(|K|), respectively. Thus
the main theorem reduces to the case X = |K| for a connected simplicial
complex K. By the same reason, the main theorem is valid for a (connected)
ANR(S) X which can be embedded in a simplicial complex as a closed set.
Throughout the paper, we simply write K(|K|) = K(K) and C(|K|) = C(K)
for any simplicial complex K.

In the case where X is a separable CW-complex, it is easy to see that
K(X) is an ANR(S). In fact, let ∆∞ be the countable full simplicial complex.
Since |∆∞| is the direct limit of n-simplexes ∆n, K(∆∞) is homeomorphic
to the direct limit of Hilbert cubes by [CP, Corollary 3.1], whence it is an
AR(S) by [Ca3, Corollaire 4.2]. Since X can be embedded in |∆∞| as a
closed set, it can be considered a neighborhood retract of |∆∞|, whence
K(X) is a neighborhood retract of K(∆∞). Therefore K(X) is an ANR(S).

1. A particular base of neighborhoods of A ∈ K(K). Let K
be a simplicial complex. In this section, we construct a particular base of
neighborhoods of A ∈ K(K) in imitation of [Ca5]. For each σ ∈ K, the
barycenter, the boundary and the interior of σ are denoted by σ̂, ∂σ and σ

◦,
respectively. Moreover, τ ≤ σ (τ < σ) means that τ is a (proper) face of σ.
The simplex with vertices v0, . . . , vn is denoted by 〈v0, . . . , vn〉. We abuse
the notation 〈 . . .〉, but it can be recognized from the context to stand for a
simplex or a basic open set of the Vietoris topology.

For each x ∈ |K|, let (x(σ̂))σ∈K denote the barycentric coordinates of x
with respect to the barycentric subdivision SdK. Let d be the barycentric
metric on |SdK| (= |K|) defined by

d(x, y) =
∑
σ∈K

|x(σ̂)− y(σ̂)| ,

and let Nd(x, ε) denote the ε-neighborhood of x ∈ |K| with respect to d.
Let dH be the Hausdorff metric on K(K) induced by d, that is, for each
A,B ∈ K(K),

dH(A,B) = inf{ε > 0 | A ⊂ Nd(B, ε) and B ⊂ Nd(A, ε)},
where

Nd(C, ε) =
⋃

x∈C

Nd(x, ε) = {y ∈ |K| | distd(y, C) < ε} .

One should not confuse NdH(C, ε) with Nd(C, ε), where NdH(C, ε) denotes
the ε-neighborhood of C ∈ K(K) with respect to dH. Note that these
metrics are continuous but they do not generate the topology of |K| nor the
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Vietoris topology of K(K) if K is infinite. For each finite subcomplex L of K,
they do.

For each σ ∈ K and 0 < t ≤ 1, let

σ(t) = {x ∈ σ | 0 ≤ x(σ̂) < t} and σ[t] = {x ∈ σ | 0 ≤ x(σ̂) ≤ t} .

Then each σ(t) is an open neighborhood of ∂σ in σ and σ[t] = clσ σ(t). Each
x ∈ σ(1) = σ \ {σ̂} can be uniquely written as

x = (1− x(σ̂))πσ(x) + x(σ̂)σ̂, πσ(x) ∈ ∂σ .

Then for each σ ∈ K, we have a map πσ : σ(1) → ∂σ, called the radial
projection.

1.1. Lemma. Let σ0 < . . . < σn = σ ∈ K. For each x ∈ 〈σ̂0, . . . , σ̂n〉 ∩
σ(1),

πσ(x) =
n−1∑
i=0

x(σ̂i)
1− x(σ̂n)

σ̂i and d(x, πσ(x)) = 2x(σ̂) .

P r o o f. The first equality follows from

x = (1− x(σ̂n))πσ(x) + x(σ̂n)σ̂n =
n∑

i=0

x(σ̂i)σ̂i .

Since 1− x(σ̂n) =
∑n−1

i=0 x(σ̂i), we have

d(x, πσ(x)) =
n−1∑
i=0

(
x(σ̂i)

1− x(σ̂n)
− x(σ̂i)

)
+ x(σ̂n)

=
x(σ̂n)

1− x(σ̂n)

n−1∑
i=0

x(σ̂i) + x(σ̂n) = 2x(σ̂n) = 2x(σ̂) .

Let L be a subcomplex of K. Then

W (L) = {x ∈ |K| | ∃σ ∈ L such that x(σ̂) > 0}

is an open neighborhood of |L| in |K|. For each n ∈ Z+ = N∪{0}, we write
K

(n)
L = L ∪K(n), where K(n) denotes the n-skeleton of K. Let

Wn(L) = W (L) ∩ |K(n)
L | = {x ∈ W (L) | x(σ̂) = 0, ∀σ ∈ K \K

(n)
L } .

Thus we have a tower |L|=W0(L)⊂W1(L)⊂ . . . with W (L)=
⋃

n∈Z+
Wn(L).

Since Wn(L) \Wn−1(L) is covered by

Sn(L) = {σ ∈ K
(n)
L \K

(n−1)
L | σ ∩ |L| 6= ∅} ,

we can define a retraction pL
n : Wn(L) → Wn−1(L) by the radial projections,

i.e., pL
n |σ∩Wn(L) = πσ|σ∩Wn(L) for each σ ∈ Sn(L). We define a retraction
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πL : W (L) → |L| by πL|Wn(L) = pL
1 . . . pL

n for each n ∈ N. Let

S(L) =
⋃
n∈N

Sn(L) = {σ ∈ K \ L | σ ∩ |L| 6= ∅} .

For each ε ∈ (0, 1)S(L), we inductively define an open neighborhood W (L, ε)
=

⋃
n∈Z+

Wn(L, ε) of |L| in |K| as follows: W0(L, ε) = |L| and

Wn(L, ε) = |L| ∪
⋃
{σ(ε(σ)) ∩ (pL

n)−1(Wn−1(L, ε)) | σ ∈ Sn(L)}(
= |L| ∪

⋃
{σ(ε(σ)) ∩ π−1

σ (Wn−1(L, ε)) | σ ∈ Sn(L)}
)

.

For each m ∈ N, let

EL
m = {ε ∈ (0, 1)S(L) | ∀σ ∈ S(L), ε(σ) < 2−(m+dim σ+1)} .

1.2. Lemma. Let m ∈ N and ε ∈ EL
m. Then dH(A, πL(A)) < 2−m for

any A ∈ K(W (L, ε)).

P r o o f. From compactness of A, A ⊂ Wn(L, ε) for some n ∈ N. Each
x ∈ Wn(L, ε) is contained in σ(ε(σ)) for some σ ∈ Sn(L), whence

d(x, pL
n(x)) = d(x, πσ(x)) = 2x(σ̂) < 2ε(σ) < 2−(m+n) .

Then d(x, pL
n(x)) < 2−(m+n) for each x ∈ A, whence dH(A, pL

n(A)) <
2−(m+n) = 2−m2−n. Note pL

n(A) ⊂ Wn−1(L, ε). By induction, we have

dH(pL
1 . . . pL

n(A), A) ≤ dH(pL
1 . . . pL

n−1(p
L
n(A)), pL

n(A)) + dH(pL
n(A), A)

< 2−m
n∑

i=1

2−i (< 2−m) .

Let A ∈ K(K). By L(A), we denote the smallest subcomplex of K which
contains A. Since A is compact, L(A) is a finite subcomplex of K. For each
δ > 0 and ε ∈ (0, 1)S(L(A)), we define

V (A, δ, ε) = {B ∈ K(W (L(A), ε)) | dH(πL(A)(B), A) < δ} .

Since K(W (L(A), ε)) is an open neighborhood of A in K(K) and πL(A) in-
duces a map from K(W (L(A), ε)) to K(L(A)), V (A, δ, ε) is an open neigh-
borhood of A in K(K).

1.3. Lemma. For each A ∈ K(K), {V (A, δ, ε) | δ > 0, ε ∈ (0, 1)S(L(A))}
is a neighborhood base of A in K(K).

P r o o f. In the proof, we simply write pn = p
L(A)
n . Let 〈U1, . . . , Uk〉 be a

basic neighborhood of A in K(K). For each i = 1, . . . , k, choose xi ∈ A∩Ui

and δi > 0 so that clNd(xi, δi) ∩ |L(A)| ⊂ Ui. Let η > 0 be a Lebesgue
number for the open cover {Ui ∩ |L(A)| | i = 1, . . . , k} of A in |L(A)|, that
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is, each B ⊂ |L(A)| is contained in some Ui ∩ |L(A)| if diamd B < η and
B ∩A 6= ∅. Let

δ0 = min{η/3, δ1, . . . , δk} > 0 .

By compactness, we can choose more points xj ∈ A, j = k + 1, . . . ,m, so
that

A ⊂
m⋃

j=1

Nd(xj , δ0) ∩ |L(A)| .

For each j = 1, . . . ,m, let V0(xj) = Nd(xj , δ0) ∩ |L(A)|. Then for each
j ≤ k,

cl V0(xj) ⊂ cl Nd(xj , δj) ∩ |L(A)| ⊂ Uj .

Let i(j) = j for each j ≤ k, while for each j > k, choose i(j) ≤ k so that

cl V0(xj) ⊂ cl Nd(xj , η/3) ∩ |L(A)| ⊂ Ui(j) .

By induction on dimension, we can choose εj(σ) ∈ (0, 1) for each σ ∈
S(L(A)) so that

C(j, σ) = π−1
σ (C(j, ∂σ)) ∩ σ[εj(σ)] ⊂ Ui(j) ,

where

C(j, ∂σ) = (∂σ ∩ cl V0(xj)) ∪
⋃
{C(j, τ) | τ ∈ S(L(A)), τ < σ} .

In the above, C(j, ∂σ) = ∂σ ∩ cl V0(xj) if dim σ = 1. Thus we have εj ∈
(0, 1)S(L(A)) for each j = 1, . . . ,m. We define ε ∈ (0, 1)S(L(A)) by ε(σ) =
min1≤j≤m εj(σ). We inductively define

Vn(xj) = {y ∈ Wn(L(A), ε) | pn(y) ∈ Vn−1(xj)}
= Wn(L(A), ε) ∩ p−1

n (Vn−1(xj)) .

Then V (xj) =
⋃

n∈Z+
Vn(xj) is an open neighborhood of xj in |K|. Since

Vn(xj) ⊂ V0(xj) ∪
⋃
{C(j, σ) | σ ∈ S(L(A))} ⊂ Ui(j) ,

we have V (xj) ⊂ Ui(j) for each i = 1, . . . ,m. Hence

A ∈ 〈V (x1), . . . , V (xm)〉 ⊂ 〈U1, . . . , Uk〉 .
Let ζ > 0 be a Lebesgue number for the open cover {V0(xi) | i =

1, . . . ,m} of A in |L(A)| and let δ = min{δ0, ζ, 1} > 0. We show that

V (A, δ, ε) ⊂ 〈V (x1), . . . , V (xm)〉 ⊂ 〈U1, . . . , Uk〉 .
To this end, it suffices to show that for every n ∈ Z+,

(∗n) V (A, δ, ε) ∩ K(Wn(L(A), ε)) ⊂ 〈V (x1), . . . , V (xm)〉 .
To see (∗0), let B ∈ V (A, δ, ε)∩K(W0(L(A), ε)). Then B ⊂ W0(L(A), ε)

= |L(A)| and dH(A,B) < δ. For any y ∈ B, we have x ∈ A such that
d(x, y) < δ ≤ ζ, whence {x, y} ⊂ V (xi) ∩ |L(A)| for some i = 1, . . . ,m.
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Therefore B ⊂
⋃m

i=1 V (xi). For each i = 1, . . . ,m, there is a y ∈ B such
that d(xi, y) < δ ≤ δ0. Then y ∈ V0(xi) ⊂ V (xi), whence B ∩ V (xi) 6= ∅.
Therefore B ∈ 〈V (x1), . . . , V (xm)〉. Thus we have (∗0).

Next assume (∗n−1) and let B ∈ V (A, δ, ε) ∩ K(Wn(L(A), ε)). Since
B ⊂ Wn(L(A), ε), we have pn(B) ⊂ Wn−1(L(A), ε), whence

pn(B) ∈ V (A, δ, ε) ∩ K(Wn−1(L(A), ε)) ⊂ 〈V (x1), . . . , V (xm)〉 .

For each y ∈ B ⊂ Wn(L(A), ε), pn(y) is contained in some Vn−1(xi), since

pn(B) ⊂
m⋃

i=1

V (xi) ∩Wn−1(L(A), ε) =
m⋃

i=1

Vn−1(xi) .

Then it follows that y ∈ Vn(xi). Therefore B ⊂
⋃m

i=1 V (xi). For each
i = 1, . . . ,m,

pn(B) ∩ Vn−1(xi) = pn(B) ∩ V (xi) 6= ∅ ,

that is, pn(y) ∈ Vn−1(xi) for some y ∈ B ⊂ Wn(L(A), ε). Then y ∈ Vn(xi) ⊂
V (xi), whence B ∩ V (xi) 6= ∅. Therefore B ∈ 〈V (x1), . . . , V (xm)〉. By
induction, (∗n) holds for every n ∈ Z+.

1.4. Lemma. Let A0 ∈ K(K), δ > 0 and ε ∈ (0, 1)S(L(A0)).

(1) If A ⊂ V (A0, δ, ε) and A is compact , then
⋃
A ∈ V (A0, δ, ε).

(2) For each A,B,C ∈ K(K), if A ⊂ B ⊂ C and A,C ∈ V (A0, δ, ε) then
B ∈ V (A0, δ, ε).

(3) If ε ∈ EL(A0)
m then V (A0, 2−m, ε) ⊂ NdH(A0, 2−m+1).

P r o o f. Since
⋃
A is compact, (1) follows from the definition. By the

definition, (2) is also easily observed. Finally, (3) follows from Lemma 1.2.

2. A stratification of K(K). Recall that a T1-space X is stratifiable
if each open set U in X can be assigned a sequence (Un)n∈N of open sets in
X so that

(a) cl Un ⊂ U ,
(b) U =

⋃
n∈N Un,

(c) U ⊂ V implies Un ⊂ Vn for all n ∈ N,

where (Un)n∈N is called a stratification of U and the correspondence U →
(Un)n∈N is a stratification of X. In this section, we prove the following:

2.1. Theorem. For any simplicial complex K , K(K) is stratifiable.

P r o o f. For any A ∈ K(K) and σ ∈ K with σ
◦ ∩A 6= ∅, let

α(A, σ) = sup{x(σ̂) | x ∈ σ ∩A} .
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Then α(A, σ) = x(σ̂) > 0 for some x ∈ σ
◦∩A because σ ∩A is compact and

x(σ̂) = 0 for all x ∈ ∂σ ∩A. We define

α(A) = min{α(A, σ) | σ ∈ L(A), σ
◦ ∩A 6= ∅} > 0 .

For each open set U in K(K) and n ∈ N, let

U ′n = {A ∈ U | α(A) > 2−n, ∃ε ∈ EL(A)
n such that V (A, 2−n, ε) ⊂ U} .

By Lemma 1.3, U =
⋃

n∈N U ′n. For each A ∈ U ′n, let

Un(A) =
⋃
{V (A, 2−(n+2), 2−2ε) | ε ∈ EL(A)

n , V (A, 2−n, ε) ⊂ U} .

Then Un(A) ⊂ NdH(A, 2−(n+1)) by Lemma 1.4(3). Thus we have open sets
Un =

⋃
A∈U ′

n
Un(A) in K(K) and U =

⋃
n∈N Un. It follows from the definition

that U ⊂ V implies Un ⊂ Vn for any open sets U and V in K(K). We will
show that clUn ⊂ U for each n ∈ N. Then U → (Un)n∈N is a stratification.

Now let n ∈ N and C ∈ K(K) \ U be fixed. To see that C 6∈ clUn, it
suffices to construct a neighborhood VC of C in K(K) so that VC∩ Un(A) = ∅
for all A ∈ U ′n. Let LC be the collection of all subcomplexes L of L(C)
such that L 6= L(C) and C ⊂ W (L). First, we show that if A ∈ U ′n and
L(A) 6∈ LC then

NdH(C, 2−(n+1)) ∩ Un(A) = ∅ .

To this end, since Un(A) ⊂ NdH(A, 2−(n+1)), it suffices to show that
dH(A,C) ≥ 2−n. We consider three cases. In case L(A) 6⊂ L(C), we have
σ ∈ L(A) \ L(C) such that σ

◦ ∩ A 6= ∅. Choose x ∈ σ
◦ ∩ A so that x(σ̂) =

α(A, σ). Since σ 6∈ L(C), y(σ̂) = 0 for all y ∈ C. Then

dH(A,C) ≥ distd(x,C) = inf{d(x, y) | y ∈ C}
≥ x(σ̂) = α(A, σ) ≥ α(A) > 2−n .

In case L(A) = L(C), since C ⊂ |L(A)| and C 6∈ V (A, 2−n, ε) for ε ∈ EL(A)
n

such that V (A, 2−n, ε) ⊂ U , it follows that dH(A,C) ≥ 2−n. In case L(A)  
L(C) and C 6⊂ W (L(A)), we have x ∈ C such that x(σ̂) = 0 for all σ ∈ L(A),
whence

distd(x,A) ≥ distd(x, |L(A)|) = 2 ,

which implies dH(A,C) ≥ 2.
Next, we construct a neighborhood VL of C in K(K) for each L ∈ LC so

that if A ∈ U ′n and L(A) = L then VL∩Un(A) = ∅. Then, since LC is finite,

VC =
⋂

L∈LC

VL ∩NdH(C, 2−(n+1))

is the desired neighborhood. (In case LC = ∅, VC = NdH(C, 2−(n+1)).)
Now let L ∈ LC , that is, L  L(C) and C ⊂ W (L). Since πL induces

a map from K(W (L)) to K(L), C has a neighborhood V0 in K(W (L)) such
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that πL(B) ∈ NdH(πL(C), 2−(n+1)) for all B ∈ V0. For each i ∈ N, define
πL

i : W (L) → Wi(L) by πL
i |Wj(L) = pL

i+1 . . . pL
j for each j > i. Since

L  L(C) and C ⊂ W (L), we have σ ∈ S(L) such that σ
◦ ∩ C 6= ∅ and

dim σ = dim(L(C) \ L), whence πL
dim σ(C) = C. Let

{σ1, . . . , σm} = {σ ∈ S(L) | σ◦ ∩ πL
dim σ(C) 6= ∅} .

For each i = 1, . . . ,m, let ki = dim σi and

ti = inf{t > 0 | πL
ki

(C) ∩ σi ⊂ σi(t)} > 0 .

Then V ′i = 〈Wki
(L), σi \ σi[ 12 ti]〉 is a neighborhood of πL

ki
(C) in K(Wki(L)),

whence C has a neighborhood Vi in K(W (L)) such that for each B ∈ Vi,
πL

ki
(B) ∈ V ′i, that is, πL

ki
(B)∩σi 6⊂ σi[ 12 ti]. Then VL =

⋂m
i=0 Vi is the desired

neighborhood of C.
In fact, let A ∈ U ′n with L(A) = L and ε ∈ EL

n such that V (A, 2−n, ε) ⊂
U . Then C 6∈ V (A, 2−n, ε) since C 6∈ U . In case dH(A, πL(C)) ≥ 2−n, it
follows that for each B ∈ VL ⊂ V0,

dH(A, πL(B)) ≥ dH(A, πL(C))− dH(πL(B), πL(C))

> 2−n − 2−(n+1) > 2−(n+2) ,

which implies B 6∈ V (A, 2−(n+2), 2−2ε). In case dH(A, πL(C)) < 2−n, we
have C 6⊂ W (L, ε), whence πL

i (C) 6⊂ Wi(L, ε) for some i ∈ N. Let

k = min{i ∈ N | πL
i (C) 6⊂ Wi(L, ε)}

and choose σ ∈ Sk(L) so that πL
k (C) ∩ σ 6⊂ σ(ε(σ)). Then σ = σi for

some i = 1, . . . ,m, whence k = ki and ti ≥ ε(σi). For each B ∈ VL ⊂ Vi,
πL

ki
(B) ∩ σi 6⊂ σi( 1

2 ti), whence πL
ki

(B) 6⊂ Wki
(L, 2−1ε), so B 6⊂ W (L, 2−1ε).

Then B 6∈ V (A, 2−(n+2), 2−2ε). Therefore VL ∩ Un(A) = ∅.

3. CW-complexes have no σ-CF quasi-base. In [Mi], Mizokami
gave a condition for a stratifiable space X so that K(X) is stratifiable. In
this section, we show that non-locally compact CW-complexes do not satisfy
this condition. Let A be a family of subsets of a space X. Recall that A
is closure preserving in X if cl

⋃
B =

⋃
{cl B | B ∈ B} for any subfamily

B ⊂ A. Moreover, A is σ-closure preserving in X if A =
⋃

n∈N An, where
each An is closure preserving in X [Ce]. It was proved independently by
Gruenhage [Gr] and Junnila [Ju] that a regular space X is stratifiable if and
only if X has a σ-closure preserving quasi-base, where a quasi-base of X is
a family B of (not necessarily open) subsets of X such that for each x ∈ X,
{B ∈ B |x ∈ int B} is a neighborhood base of x in X. We say that A is finite
on compact sets (CF) in X if {A∩C | A ∈ A} is finite for each compact set
C in X [Mi]. Finally, A is σ-CF in X if A =

⋃
n∈N An, where each An is

CF in X [Mi].
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The following is shown by Mizokami [Mi, Theorem 4.5]:

3.1. Theorem. Let X be regular. Then K(X) is stratifiable if X has a
quasi-base B =

⋃
n∈N Bn consisting of closed sets such that each Bn is CF

and closure preserving in X.

Note that if B is a quasi-base for a regular space X then {cl B |B ∈ B}
is also a quasi-base for X. We show the following:

3.2. Proposition. Any non-locally compact CW-complex X has no σ-CF
quasi-base consisting of closed sets.

P r o o f. From non-local compactness, X contains the cone C of N with
vertex v, i.e., C = (N× I)/(N× {0}) and v = N× {0} ∈ C. Thus it suffices
to show that C has no σ-CF quasi-base consisting of closed sets.

Assume that C has a quasi-base B =
⋃

n∈N Bn consisting of closed sets
such that each Bn is CF in C. Let q : N× I → C be the quotient map and
set In = q({n} × I) for each n ∈ N. Then each {B ∩ In |B ∈ Bn} is finite.
Hence for each n ∈ N, v has a neighborhood Un in In such that B∩ In 6⊂ Un

for all B ∈ Bn with v ∈ intB. Then U =
⋃

n∈N Un is a neighborhood of v
in C. Since B is a quasi-base for C, there exists B ∈ B such that v ∈ B ⊂ U .
Then B ∈ Bn for some n ∈ N, whence B ∩ In ⊂ U ∩ In = Un. This is a
contradiction.

4. Cauty’s test space Z(X). Let X be a stratifiable space. In [Ca4],
Cauty constructed a space Z(X) and showed that X is an AR(S) (resp.
an ANR(S)) if and only if X is a retract (resp. a neighborhood retract)
of Z(X). Let F (X) denote the full simplicial complex with X the set of
vertices (i.e., X = F (X)(0)). Recall that |F (X)| has the weak topology. The
space Z(X) is defined as the space |F (X)| with the topology generated by
open sets W in |F (X)| such that

(∗) W ∩X is open in X and |F (W ∩X)| ⊂ W .

The second condition of (∗) means that each τ ∈ F (X) is contained in W
if all vertices of τ are contained in W ∩ X. For each A ⊂ X, Z(A) is a
subspace of Z(X) and

Z(X) \ Z(A) = {(1− t)x + ty | x ∈ Z(X \A), y ∈ Z(A), 0 ≤ t < 1} ,

whence if A is closed in X then Z(A) is closed in Z(X). Each map f : X →
Y induces a map f̃ : Z(X) → Z(Y ) which is simplicial with respect to F (X)
and F (Y ). Observe that f̃(Z(X)) = Z(f(X)), f̃(Z(X)\X) ⊂ Z(Y )\Y . For
each n ∈ Z+, let Zn(X) = |F (X)(n)|, a subspace of Z(X). Then Z0(X) = X
and Z(X) =

⋃
n∈Z+

Zn(X).
For each A ⊂ X, F (A) is a subcomplex of F (X). Here using different

notations, we write W (F (A)) = M(A), S(F (A)) = T (A), Wn(F (A)) =
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Mn(A) and Sn(F (A)) = Tn(A) for each n ∈ Z+:

M(A) = {x ∈ Z(X) | ∃τ ∈ F (A) such that x(τ̂) > 0} ,

T (A) = {τ ∈ F (X) \ F (A) | τ ∩A 6= ∅} ,

Mn(A) = Z(A) ∪ (M(A) ∩ Zn(X)) ,

Tn(A) = T (A) ∩ F (X)(n) \ F (X)(n−1) .

For each ε ∈ (0, 1)T (A), we write

M(A, ε) =
⋃

n∈Z+

Mn(A, ε) ,

where M0(A, ε) = Z(A) = |F (A)| and

Mn(A, ε) = Z(A) ∪
⋃
{τ(ε(τ)) ∩ π−1

τ (Mn−1(A, ε)) | τ ∈ Tn(A)}

for each n ∈ N. Then M(A, ε) ∩X = A. For any open set U in X, M(U, ε)
is an open set in Z(X).

4.1. Lemma. Let N (x) be an open neighborhood base of x in X. Then

{M(U, ε) | U ∈ N (x), ε ∈ (0, 1)T (U)}
is a neighborhood base of x in Z(X).

P r o o f. As observed above, M(U, ε) is an open neighborhood of x in
Z(X) for each U ∈ N (x) and ε ∈ (0, 1)T (U). Let W be an open set in
|F (X)| satisfying (∗) and x ∈ W . Since W ∩X is an open neighborhood of
x in X, W ∩ X contains some U ∈ N (x). Then Z(U) ⊂ Z(W ∩ X) ⊂ W .
Let Cτ = τ for all τ ∈ F (U) and Cτ = ∅ for all τ ∈ F (X \U). By induction
on dimension, we can choose ε(τ) ∈ (0, 1) for each τ ∈ T (U) so that

Cτ = π−1
τ (C∂τ ) ∩ τ [ε(τ)] ⊂ W ∩ τ ,

where C∂τ =
⋃

τ ′<τ Cτ ′ . Thus we have ε ∈ (0, 1)T (U) such that

M(U, ε) ⊂ Z(U) ∪
⋃

τ∈T (U)

Cτ ⊂ W .

Let pn = pA
n : Mn(A) → Mn−1(A) be the retraction defined by the radial

projections and πA : M(A) → Z(A) the retraction defined by πA|Mn(A) =
p1 . . . pn for each n ∈ N. Consider Mn(A)’s and M(A) as subspaces of Z(X).
Then it is easy to see that the retractions are continuous.

5. A retraction of Z(K(K)) onto K(K). The main theorem implies
the following:

5.1. Theorem. For any connected simplicial complex K , there exists a
retraction r : Z(K(K)) → K(K) such that r(Z(C(K))) = C(K). Hence K(K)
and C(K) are AR(S)’s.
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In the proof, we first construct a retraction r1 : Z1(K(K)) → K(K) and
then extend r1 to r : Z(K(K)) → K(K). To construct r1, we introduce
several notations. Let

H = {〈A,B〉 ∈ F (K(K))(1) | A 6= B, dH(A,B) < 1/2} .

For each 〈A,B〉 ∈ H, we define C〈A,B〉 ∈ K(K) so that A ∪ B ⊂ C〈A,B〉
and each component of C〈A,B〉 meets both A and B. Let n = dim L(A∪B).
By downward induction, we define Li, qn

i (i = 0, 1, . . . , n) and Ri, qi (i =
1, . . . , n) as follows: Ln = L(A ∪B), qn

n = id and

Ri = {σ ∈ Li | dim σ = i, ∀τ ∈ Li, σ 6< τ, σ ∩ qn
i (A ∪B) ⊂ σ[2−(i+2)]} ,

qi : |Li \Ri| ∪
⋃

σ∈Ri

σ[2−(i+2)] → |Li \Ri|

is the retraction defined by

qi|σ[2−(i+2)] = πσ|σ[2−(i+2)] for each σ ∈ Ri ,

qn
i−1 = qi . . . qn|A ∪B and Li−1 = L(qn

i−1(A ∪B)) .

Observe that σ
◦ ∩ qn

i (A ∪ B) 6= ∅ for each σ ∈ Ri. Next we define η :⋃n
i=1 Ri → (0, 1) by

η(σ) = inf{t > 0 | qn
i (A ∪B) ∩ σ ⊂ σ(t)} > 0 if σ ∈ Ri .

Now we inductively define Ni (i = 0, 1, . . . , n) as follows: N0 = |L0| and

Ni = Ni−1 ∪
⋃

σ∈Ri

(q−1
i (Ni−1) ∩ σ[η(σ)]) .

Finally, we define

C〈A,B〉 =
⋃
{C ∈ C(Nn) | diamd C ≤ 2dH(A,B), C ∩ (A ∪B) 6= ∅} .

5.2. Lemma. For each 〈A,B〉 ∈ H, each component C of C〈A,B〉 meets
both A and B.

P r o o f. Since C meets at least one of A and B, we may assume that
A ∩ C 6= ∅ and show that B ∩ C 6= ∅. Let x ∈ A ∩ C. Then we have
y ∈ B such that d(x, y) ≤ dH(A,B) < 1/2. Since x, y ∈ |Ln| = |SdLn|, we
have σ0 < . . . < σm ∈ Ln and σ′0 < . . . < σ′m′ ∈ Ln such that dim σi = i,
dim σ′j = j,

x ∈ 〈σ̂0, . . . , σ̂m〉 and y ∈ 〈σ̂′0, . . . , σ̂′m′〉 .

Let k = max{i |σi ∈ L0} ≥ 0. Then 〈σ̂0, . . . , σ̂k〉 ∩ 〈σ̂′0, . . . , σ̂′m′〉 6= ∅. In
fact, if k = m, this follows from d(x, y) < 1/2. If k < m, then σm ∈ Rm

and x(σ̂m) ≤ η(σm) since x ∈ Nn \N0. For each j = k + 1, . . . ,m, by using
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Lemma 1.1 inductively, we have

qm
j−1(x) = qj . . . qm(x) =

j−1∑
i=0

x(σ̂i)
1− (x(σ̂j) + . . . + x(σ̂m))

σ̂i .

Then for each j = k + 1, . . . ,m− 1,

x(σ̂j)
1− (x(σ̂j+1) + . . . + x(σ̂m))

≤ η(σj) ≤ 2−(j+2)

because qj+1 . . . qm(x) ∈ σj(η(σj)). By Lemma 1.1,

d(x, qm
k (x)) = d(x, qk+1 . . . qm(x))

≤ d(x, qm(x)) + . . . + d(qk+2 . . . qm(x), qk+1 . . . qm(x))

≤ 2−(m+1) + . . . + 2−(k+2) < 2−(k+1) ≤ 1/2 .

Since qm
k (x) ∈ 〈σ̂0, . . . , σ̂k〉 ⊂ σk and

d(qm
k (x), y) ≤ d(x, y) + d(x, qm

k (x)) < 1/2 + 1/2 = 1 ,

we have 〈σ̂0, . . . , σ̂k〉 ∩ 〈σ̂′0, . . . , σ̂′m′〉 6= ∅.
Now we write

〈τ̂0, . . . , τ̂l〉 = 〈σ̂0, . . . , σ̂m〉 ∩ 〈σ̂′0, . . . , σ̂′m′〉 ,

where τ0 < . . . < τl. Then τ0 ∈ L0 since τ0 ≤ σk. We define z ∈ 〈τ̂0, . . . , τ̂l〉
by

z(σ̂) = min{x(σ̂), y(σ̂)} for each σ ∈ K \ {τ0} ,

z(τ̂0) = 1−
l∑

i=1

z(τ̂i) .

Then 〈x, z〉 ⊂ 〈σ̂0, . . . , σ̂m〉 and diamd〈x, z〉 ≤ 2dH(A,B) because

d(x, z) = |x(τ̂0)− z(τ̂0)|+
l∑

i=1

|x(τ̂i)− z(τ̂i)|+
∑

σi 6=τ0,...,τl

x(σ̂i)

=
∣∣∣ ∑

σi 6=τ0

x(σ̂i)−
l∑

i=1

z(τ̂i)
∣∣∣ +

l∑
i=1

|x(τ̂i)− z(τ̂i)|+
∑

σi 6=τ0,...,τl

x(σ̂i)

≤ 2
( l∑

i=1

|x(τ̂i)− z(τ̂i)|+
∑

σi 6=τ0,...,τl

x(σ̂i)
)

≤ 2
( l∑

i=1

|x(τ̂i)− y(τ̂i)|+
∑

σi 6=τ0,...,τl

x(σ̂i) +
∑

σ′
i
6=τ0,...,τl

y(σ̂′i)
)

= 2d(x, y) ≤ 2dH(A,B) .
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For each t ∈ I, let xt = (1− t)x + tz. Then

xt(σ̂) = (1− t)x(σ̂) + tz(σ̂) ≤ x(σ̂) for each σ ∈ K \ {τ0} .

Hence xt(σ̂m) ≤ η(σm). For each j = k + 1, . . . ,m, by using Lemma 1.1
inductively, we have

qm
j−1(xt) =

j−1∑
i=0

xt(σ̂i)
1− (xt(σ̂j) + . . . + xt(σ̂m))

σ̂i .

Then for each j = k + 1, . . . ,m− 1,
xt(σ̂j)

1− (xt(σ̂j+1) + . . . + xt(σ̂m))
≤ x(σ̂j)

1− (x(σ̂j+1) + . . . + x(σ̂m))
≤ η(σj) ,

whence qm
j (xt) ∈ σj(η(σj)). On the other hand, qm

k (xt) ∈ σk ⊂ N0 ⊂ Nk.
By induction, qm

j (xt) ∈ Nj for each j > k, so xt ∈ Nm ⊂ Nn. Thus
〈x, z〉 ⊂ Nn.

Similarly we have diamd〈y, z〉 ≤ 2dH(A,B) and 〈y, z〉 ⊂ Nn. Therefore
〈x, z〉 ∪ 〈y, z〉 ⊂ C〈A,B〉, whence 〈x, z〉 ∪ 〈y, z〉 ⊂ C, which implies B ∩ C
6= ∅.

By the definition of C〈A,B〉 and the above lemma, dH(A,C〈A,B〉) ≤
4dH(A,B) and dH(B,C〈A,B〉) ≤ 4dH(A,B) for each A,B ∈ H.

5.3. Lemma. Let A0 ∈ K(K) and ε ∈ EL(A0)
m . If A,B ∈ V (A0, 2−(m+5),

2−5ε) and A 6= B, then 〈A,B〉 ∈ H and C〈A,B〉 ∈ V (A0, 2m, ε).

P r o o f. Since 2−5ε ∈ EL(A0)
m+5 , we have V (A0, 2−(m+5), 2−5ε) ⊂ NdH(A0,

2−(m+4)) by Lemma 1.4(3). Then

dH(A,B) ≤ dH(A,A0) + dH(B,A0) < 2−(m+3) < 1/2 ,

whence 〈A,B〉 ∈ H and dH(A,C〈A,B〉) ≤ 4dH(A,B) < 2−(m+1).
Let dim L(A ∪ B) = n. We use the notations from the definition of

C〈A,B〉 and simply write p
L(A0)
i = pi and pn

i = pi+1 . . . pn (pn
n = id). Then

Ln = L(A ∪ B) ⊂ K
(n)
L(A0)

and A,B ⊂ C〈A,B〉 ⊂ |Ln| ⊂ |K(n)
L(A0)

|. Since
A,B ∈ V (A0, 2−(m+5), 2−5ε), we have pn

i (A ∪ B) ⊂ Wi(L(A0), 2−5ε). First
note that

pn
n|(A ∪B) \ |L(A0)| = id = qn

n |(A ∪B) \ |L(A0)| .
Moreover, Sn(L(A0)) = Rn \L(A0). In fact, for each σ ∈ Sn(L(A0)), we

have σ 6∈ L(A0) and

(A ∪B) ∩ σ ⊂ σ(2−5ε(σ)) ⊂ σ(2−(m+n+6)) ⊂ σ[2−(n+2)],

whence σ ∈ Rn \ L(A0). Conversely, for each σ ∈ Rn \ L(A0), we have
(A ∪ B) ∩ σ

◦ 6= ∅ and A ∪ B ⊂ W (L(A0)), whence σ ∩ |L(A0)| 6= ∅, that is,
σ ∈ Sn(L(A0)).
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Assume that

pn
i |(A ∪B) \ |L(A0)| = qn

i |(A ∪B) \ |L(A0)|
and Si(L(A0)) = Ri \ L(A0). Then

pn
i ((A ∪B) \ |L(A0)|) = qn

i ((A ∪B) \ |L(A0)|) ⊂ |Li| ,
whence it follows that

pi|pn
i ((A ∪B) \ |L(A0)|) = qi|qn

i ((A ∪B) \ |L(A0)|) .

Since pn
i−1 = pip

n
i and qn

i−1 = qiq
n
i , we have

pn
i−1|(A ∪B) \ |L(A0)| = qn

i−1|(A ∪B) \ |L(A0)| .
Since qn

i−1((A ∪B) ∩ |L(A0)|) ⊂ |L(A0)|, it follows that

qn
i−1(A ∪B) ⊂ pn

i−1(A ∪B) ∪ |L(A0)| ⊂ Wi−1(L(A0), 2−5ε) .

Then for each σ ∈ Si−1(L(A0)), we have σ 6∈ L(A0) and

qn
i−1(A ∪B) ∩ σ ⊂ σ(2−5ε(σ)) ⊂ σ(2−(m+i+5)) ⊂ σ[2−(i+1)] ,

whence σ ∈ Ri−1 \ L(A0). Conversely, for each σ ∈ Ri−1 \ L(A0),
qn
i−1(A∪B)∩σ

◦ 6= ∅ and qn
i−1(A∪B) ⊂ W (L(A0)), whence σ ∩ |L(A0)| 6= ∅,

that is, σ ∈ Si−1(L(A0)). Hence Si−1(L(A0)) = Ri−1 \ L(A0).
By induction, we have

pn
i |(A ∪B) \ |L(A0)| = qn

i |(A ∪B) \ |L(A0)|
and Si(L(A0)) = Ri \ L(A0) for each i = 1, . . . , n. It follows that

L0 = Ln \
n⋃

i=1

Ri ⊂ Ln \
n⋃

i=1

Si(L(A0)) = L(A0) .

Moreover, for each σ ∈ Si(L(A0)) = Ri \ L(A0),

qn
i (A ∪B) ∩ σ = pn

i (A ∪B) ∩ σ ⊂ σ(2−5ε(σ)) ,

which implies η(σ) ≤ 2−5ε(σ) < 2−4ε(σ). It follows that

C〈A,B〉 ⊂ Nn ⊂ W (L(A0), 2−4ε),

that is, C〈A,B〉 ∈ K(W (L(A0), 2−4ε)) ⊂ K(W (L(A0), ε)). Since 2−4ε ∈
EL(A0)

m+4 , we obtain

dH(πL(A0)(C〈A,B〉), C〈A,B〉) < 2−(m+4)

by Lemma 1.2. Thus we have

dH(A0, π
L(A0)(C〈A,B〉)) ≤ dH(A0, A) + dH(A,C〈A,B〉)

+ dH(C〈A,B〉, πL(A0)(C〈A,B〉))
≤ 2−(m+4) + 2−(m+1) + 2−(m+4) < 2−m .

Therefore C〈A,B〉 ∈ V (A0, 2−m, ε).
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Since each compact set in |K| is contained in a metrizable continuum,
the following is a consequence of [Ke, Lemma 2.3].

5.4. Lemma. Let A,C ∈ K(K) and A ⊂ C. If each component of C
meets A, then there exists a map ϕA,C : I → K(K) such that ϕA,C(0) = A,
ϕA,C(1) = C and for each t ∈ I, A ⊂ ϕA,C(t) ⊂ C and each component of
ϕA,C(t) meets A.

5.5. Lemma. Let n > 1 and τ be an n-simplex. Then each map f : ∂τ →
K(K) extends to a map f̃ : τ → K(K) such that

f(πτ (x)) ⊂ f̃(x) ⊂ f̃(τ̂) =
⋃

f(∂τ) =
⋃

y∈∂τ

f(y)

for each x ∈ τ(1) = τ \{τ̂}. Moreover , if f(∂τ) ⊂ C(K) then f̃(τ) ⊂ C(K).

P r o o f. Let X = f(∂τ) ⊂ K(K). Then X is a Peano continuum and
C(X) ⊂ C(K(K)) ⊂ K(K(K)). As is shown in the proof of [Ke, Theorem
3.3], X has a homotopy h : X × I → C(X) such that

h0(x) = {x} ⊂ ht(x) ⊂ h1(x) = X for each x ∈ X and t ∈ I .

On the other hand, we have the map ς : K(K(K)) → K(K) defined by
ς(A) =

⋃
A =

⋃
A∈A A (cf. [Ke]). Then f̃ : τ → K(K) can be defined by

f̃(x) =
{

ς(f(∂τ)) if x = τ̂ ,
ς ◦ h(f(πτ (x)), x(τ̂)) otherwise.

Since ς(A) ∈ C(K) for any A ∈ C(K(K)) with A∩C(K) 6= ∅ by [Ke, Lemma
1.2], we have the additional statement.

Now we prove Theorem 5.1.

P r o o f o f T h e o r e m 5.1. For simplicity, we write Z(K(K)) = Z,
Z1(K(K)) = Z1 and F (K(K)) = F . First, we construct a retraction r1 :
Z1 → K(K). For each 〈A,B〉 ∈ H, we have defined C〈A,B〉 ∈ K(K). For
each 〈A,B〉 ∈ F (1) \ H, choose C〈A,B〉 ∈ C(K) so that A ∪ B ⊂ C〈A,B〉.
By using Lemma 5.4, we can define r1 as follows: r1|K(K) = id and

r1((1− t)A + tB) =


A if 0 ≤ t ≤ 1/4,
ϕA,C〈A,B〉(4t− 1) if 1/4 ≤ t ≤ 1/2,
ϕB,C〈A,B〉(3− 4t) if 1/2 ≤ t ≤ 3/4,
B if 3/4 ≤ t ≤ 1,

for each 1-simplex 〈A,B〉 ∈ F . If A and B are connected, each r1((1− t)A+
tB) is also connected. Thus r1(Z1(C(K))) = C(K).

We have to show that r1 is continuous. Since Z1 \ K(K) is a subspace
of |F (1)| and r1|〈A,B〉 is continuous for each 〈A,B〉 ∈ F (1), r1|Z1 \K(K) is
continuous. Since Z1 \K(K) is open in Z1, r1 is continuous at each point of
Z1 \ K(K).
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To see the continuity of r1 at each point A0 ∈ K(K), let V be a neighbor-
hood of A0 in K(K). Choose m ∈ N and ε ∈ EL(A0)

m so that V (A0, 2−m, ε)
⊂ V. Then

r1(M1(V (A0, 2−(m+5), 2−5ε), 1/2)) ⊂ V .

In fact, let 〈A,B〉 ∈ F (1), A 6= B and A ∈ V (A0, 2−(m+5), 2−5ε). In case
B ∈ V (A0, 2−(m+5), 2−5ε), 〈A,B〉 ∈ H and C〈A,B〉 ∈ V (A0, 2−m, ε) by
Lemma 5.3. By Lemma 1.4(2), we have ϕA,C〈A,B〉(t) ∈ V (A0, 2−m, ε) and
ϕB,C〈A,B〉(t) ∈ V (A0, 2−m, ε) for t ∈ I. Then r1(〈A,B〉) ⊂ V (A0, 2−m, ε).
In case B 6∈ V (A0, 2−(m+5), 2−5ε), let τ = 〈A,B〉. Then r1((1− t)A + tτ̂) =
r1((1− t/2)A + (t/2)B) = A ∈ V for each t ∈ [0, 1/2].

Next, by the skeletonwise induction applying Lemma 5.5 at each step,
we can extend r1 to r : Z → K(K) such that

r(πτ (x)) ⊂ r(x) ⊂ r(τ̂) =
⋃

r(∂τ) =
⋃

y∈∂τ

r(y)

if x ∈ τ(1) ⊂ τ ∈ F . Since r1(Z1(C(K))) = C(K), it follows that r(Z(C(K)))
= C(K).

We have to show that r : Z → K(K) is continuous. Since Z \ K(K)
is a subspace of |F | and r|τ is continuous for each τ ∈ F , r|Z \ K(K) is
continuous. Since Z \ K(K) is open in Z, r is continuous at each point of
Z \ K(K).

To see the continuity of r at each A ∈ K(K), let V be a neighborhood
of A in K(K).We may assume that V=V (A, δ, ε) for some δ>0 and ε ∈
(0, 1)S(L(A)). Then r(∂τ)⊂ V implies r(τ)⊂ V for each τ ∈ F by Lemma
1.4. By the continuity of r1, r−1(V) ∩ Z1 = r−1

1 (V) is a neighborhood of A
in Z1. By the topologization of Z, there is an open set W in |F | such that
W∩K(K) is open in K(K), |F (W∩K(K))|⊂W and A ∈ W∩Z1⊂r−1(V)∩Z1.

Let U = W ∩ K(K). Then |F (U)| ⊂ r−1(V), that is, r(τ) ⊂ V for
each τ ∈ F (U). In fact, this can be shown by induction on dim τ since
r(∂τ) ⊂ V implies r(τ) ⊂ V and if dim τ = 1 then τ ⊂ W ∩ Z1 ⊂ r−1(V),
i.e., r(τ) ⊂ V. On the other hand, r−1(V) ∩ τ = (r|τ)−1(V) is open in
τ for any τ ∈ F \ F

(0)
F (U). Let Vτ = τ for all τ ∈ F (U) and Vτ = ∅ for

all τ ∈ F (0) \ F (U). Similarly to the proof of Lemma 4.1, we can define
η ∈ (0, 1)T (U) so that

Vτ = π−1
τ (V∂τ ) ∩ cl τ(η(τ)) ⊂ r−1(V) ∩ τ ,

where V∂τ =
⋃

τ ′<τ Vτ ′ . Thus we have a neighborhood M(U , η) of A in Z
such that

M(U , η) ⊂ |F (U)| ∪
⋃
{Vτ | τ ∈ T (U)} ⊂ r−1(V).

Therefore r : Z → K(K) is continuous at A ∈ K(K).
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Appendix. Let K be the class of compact Hausdorff spaces. Here we
show the following:

Proposition. For any connected CW-complex X , K(X) and C(X) are
AE (K)’s. Hence for any CW-complex X , K(X) and C(X) are ANE (K)’s.

P r o o f. Let Z ∈ K and f : A → K(X) a map from a closed set A in Z.
Since ς(f(A)) =

⋃
f(A) is a compact set in X, we have f(A) ⊂ K(Y ) for

some compact connected subcomplex Y of X, whence Y is a Peano contin-
uum. Since K(Y ) is an AE for normal spaces (in fact, K(Y ) is homeomorphic
to the Hilbert cube ([CS1] or [CS2])), f extends to a map f̃ : Z → K(Y ) ⊂
K(X). Hence K(X) is an AE(K).
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