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Abstract. A hierarchy of weak variants of Martin’s Axiom is extended and shown
to be strict.

1. Introduction. Variants of MA, in which the ccc condition on the
partial order P is replaced by some other condition @ have been well
studied. In particular, denoting the variant thus obtained by MA, (®)
[MA, = MA, (ccc)], the implication diagram below is obtained.

In Mc], ¢ Cohen over M, none of the MAy, () in the diagram hold
except for the bottom one, MA(o-centered). Using the way in which that
is proved, and some results of Devlin, Shelah and Todorcevié, we complete
the known facts about the diagram by proving that no implications exist
other than the ones shown: that is, if MA(®,) is above MA(®5) in the hier-
archy, then =CH + MA(®;) + -MAy, (@2) is consistent. We first recall the
definitions of the conditions ¢ under consideration.

DEFINITION 1.1. Let P be a partial order and n € w. Then A C P is
n-linked if and only if for every p1,...,pn, € A, there is some p € P with
p<pi1,...,pn. Ais centered if and only if A is n-linked for all n € w.

DEFINITION 1.2. Let P be a partial order.

1. Given n € w, P has property K,, iff every A € [P]™ contains an
uncountable n-linked subset.

2. Given n € w, P is o-n-linked iff P = J,_,, Pk, where each P} is
n-linked.

3. Pis N\

4. P has pre-caliber wy (pc wy) iff every A € [P]®* contains an uncount-
able centered subset.

o-n-linked iff P is o-n-linked for all n € w.

ncw

5. P is o-centered iff P = J, ., Pk, where each Py is centered.
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It is clear from the definitions that the following hierarchy holds.

MA
1
MA(K,)
7
MA (o-2-linked) !
! MA(K3)
/
MA (o-3-linked) !
l
‘ MA(K,)
7
MA (o-n-linked)
) J
MA ( /X\a—n—linked)
ncw
! MA (pc wr)

MA (o-centered)

The consistency of MA(K3y) + =“MAy, + —CH is shown in [KT] by ex-
tending a model M in which there is a Suslin tree to a model M[Gp]
of =CH + MA(K,) via iterated forcing. Since the partial order P used
to obtain M(Gp) has property Ky (see Lemma 1.4), one need then only
check that no K, partial order destroys a Suslin tree to conclude that
M[Gp] E [2% > Ry + MA(K,) + ~MAy,]. Similarly, Herink [He] uses
a counterexample to the statement “The measure algebra has pc w1”, which
is a consequence of MAy, (K,,), to show the consistency of ~CH+MA (pc w1)
with Vn € w-=MAy, (K,). Since the measure algebra is )N\, c,, o-n-linked,
MAxy, (/\ e, o-n-linked) also implies the measure algebra has pc w;. Thus,
Herink’s proof in fact yields Con(-CH + MA(pc wi) + =“MAx, (N\,.c., -7
linked)). We remark that this result also follows from Pawlikowski’s proof
in [Pa] that MA(pc wy) is consistent with

(t)  There exists a covering of the real line by w; measure zero sets

since MAy, (/\,,c,, o-n-linked) implies that there is no such covering.
Herink also shows in [He| that ~CH + MA (o-n-linked) is consistent with
—“MAy, (pcwi) by showing that an (we,w3) gap cannot be filled by a o-2-
linked partial order. This left open whether MAy, (pcwy) could be improved
to MAy, (pcwi). In Section 2 we show that this is the case using the notion
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of a uniformization of a ladder system. In order to complete the diagram,
we thus need only show the following two results:

e Con(—CH + MA(K,,, ;) + “MAy, (o-n-linked)),
e Con (—CH + MA (o-centered) +-~MAy, (/X\a—n—linked) )

new
The first we establish in Section 3 using the notion of a <n-ary set of

reals. The second result follows from Theorem 1.3 below and the fact that
M(c] E (1) (see [CP]), where (1) is as above. In Section 4 we give an alternate
proof of this consistency result using a generalization of the notion of a <n-
ary set of reals.

For all of these results, counterexamples to the various Martin’s Axiom
statements are constructed in the Cohen extension M|c|. To establish the
consistency of ~CH+MA (o-centered)+—-MAy, (¢), we then need only apply
the following well-known theorem (see [Roq 2], [IS]).

THEOREM 1.3. M E MAy, (o-centered) = M|c|] E MAy, (o-centered).

To establish the consistency of “CH+MA (¢')+ ~MAy, (®) for conditions
@' other than o-centered, we use the fact that, for the conditions ¢’ under
consideration here, the partial order used to force MA (') itself satisfies the
condition @’. This follows from the following well-known lemmas, whose
proofs we include for completeness (see also [Bal).

LEMMA 1.4. Suppose ((Pe)e<a, (e¢)e<a) is an a-stage finite support
iteration such that

V€< a  Ikp, [Ile has property @],
where @ is either K,, or pc wi. Then P, also has property ®.

Proof. We give the proof in the case where @ is property K,,; the proof
for pc wy is similar. We proceed by induction on .

Case 1: Suppose a=F+1. Then P,=Pg41 = Pg*Ilg, where we assume
Pp has property K,, and I-p, [IIg has property K,]. Let ({py), (7))vew
C P,. Since Pg is ccc, there is some p € Pg such that p IF [{y € wy : py €
Gp,}| = Ri. Let A be a Ps term for this set and assume without loss of
generality that

plp, [{my : v € A} is n-linked] .
Then there exists B € [w1]™ such that for all v € B, there is some p/, € Pg
such that
Py <py, Py<p and p,lFyeA.
By the induction hypothesis, Ps has property K, so that {p} : v € B}
is n-linked for some B’ € [B]™. Then {(p,,m,) : v € B'} is the desired
n-linked subset of ((p+), (74))ycw, -
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Case 2: Suppose « is a limit ordinal. Then P, = *¢.,P¢, where we
assume that each Pg, & < «, has property K,,. Let (py)yew; € Po and
S., = supp(py) for all v € w;. We may assume by the A-system lemma that
S,NSy =8CHB<w forall y <+ <w. Since gy =py [ (B+1) € Pg
for all v € wy and Pg has property K,, by the induction hypothesis, there is
some B € [w]™ such that {g, : v € B} is n-linked. Then {p, € P, : v € B}
is the desired n-linked subset of (py) cw,. ®

LEMMA 1.5. Suppose a < 280 and ((Pe)e<a, (I¢)e<a) is an a-stage finite
support iteration such that

V& <a  Ibp, [IIe has property P],

where @ is either o-centered or o-n-linked, new. Then P, also has prop-
erty .

Proof. We give the proof for o-n-linked; the proof for o-centered is
similar. Let ((P¢)e<a, (II¢)e<a) be a finite support iteration, o < 2%0, such
that for all £ < a,

-, []Yg = U H,f is an n-linked decomposition} .
kEw
We show that P, is also o-n-linked.
Let us say a condition p € P is determined just in case for all £ € supp(p),
there is some k¢ € w satisfying p [ £ IF p(§) € H,i. Let P, be the set of all

determined conditions. By induction on «, P, is dense in the finite support
iteration P,. Thus, we need only show P, is o-n-linked to complete the
proof.

To this end, let g : 2% — 2¥ be 1-1 and onto, so that ¢ labels the
branches of 2¢ by ordinals 3 < 2%, For all N € w, let Ty be the binary
tree of height N and 7 = {(Tn,h) : N € w and h: A — w, A an antichain
in Ty }. Note that for any p € Py, the set {g(§) : £ € supp(p)} diverges in
2¢ below some level N € w. Thus, the set A = {g(§) | N : £ € supp(p)} is
an antichain in 7. If additionally p € P, and 2z = g(£) | N, then we can
define a map h on A by h(z¢) = k¢ if and only if p [ £ IF p(§) € H,i.

For all (T, h) € T, let Py, 5y be the set of all p € P, satisfying

V¢ € supp(p) 3z € dom(h) g(§) extends z A p [ EIFp(§) € H}i(z) .

By the above comments, P, = U{Pryny = (In,h) € T}. Furthermore,
since IFp, [H,f is n-linked] for all £ < a, the cell Pipy 5 is n-linked for all
(T'v,h) € T. Since T is countable, this completes the proof. m

The author wishes to acknowledge Rich Laver for sharing his insight into

these questions and the referee for bringing the results of [CP] and [Pa] to
our attention.
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2. MA(pc wi) and ladder systems. In this section we show that
MAy, (pc w1) does not hold in M|c] by constructing a non-uniformizable
ladder system coloring. We first recall the basic definitions and theorem,
which appear in [DS].

DEFINITION 2.1. Let 2 denote the set of limit ordinals below w;. Given
a € {2, a ladder d,, on « is a strictly increasing w-sequence (dS,) e, cofinal
in . d = {(dy)acn is a ladder system on (2 if and only if d, is a ladder on
« for all a € (2.

DEFINITION 2.2. Let d be a ladder system on (2. A coloring on d is
an 2-sequence k = (kq)aecn with k, € 2¢ for all a € 2. We say that the
coloring system (d, k) on {2 is uniformizable if and only if there is a function
g : 2 +— w for which hy = {{d%,, ka(m)) : v € £2,m > g(a)} is a function.

THEOREM 2.3 (Devlin, Shelah). MAy, (pc wy) implies that every coloring
system (d, k) on {2 is uniformizable.

THEOREM 2.4. Let C be the poset (2)<“ adding a Cohen real. There is a
C-term k = (kq)acq for a ladder system coloring such that for every d € M,
if d is a ladder system on wy, then

M(c] E [If S stationary, then (d, k) is non-uniformizable on S].

Proof. Let (Ay)aen be a family of almost disjoint subsets of w in
M, Ay = {aam}meo for all a € 2. Let ¢,¢ be two mutually generic
Cohen reals with ¢ : w — w, ¢ : w — 2. Define k, : w — 2 in M|c|
by ko(m) = ¢/ (@acm)) and let E = (ka)acw,. Let d = (do)acn be a
ladder system in M and suppose S C {2 is stationary in M. We show
ke [(d, k) non-uniformizable on S]. Then since every M|c] stationary set
contains an M stationary subset of {2, we are done.

Suppose (p,p’) IF [§ : S +— w]. We show there is (¢,q’) < (p,p’) such
that (g,¢') I [§ does not uniformize (d, k) on S]. By extending if necessary,
we may assume that for all a € S, (p,p’) IF g(a) = m, for some m, € w.
Further, assume that m, = m for all @ € S. Choose [ > m such that
[ ¢ dom(p). Since d¥ < « for all & € S, Fodor’s lemma gives us a stationary
set S C S and some v € wy such that df = v for all « € §’. Fix a, f € S".
Since |AoNAg| < Ro, there is n € w with aan # agn and agn, ag, ¢ dom(p’).
Extend (p,p’) to (g,¢’) in such a way that ¢(I) = n and ¢'(aan) # ¢'(apn).
Thus, (g,¢') IF [(§(), §(8) < 1) A (ka(l) # kg(l))]. Since d* = d’, this gives
(q,q") IF [§ does not uniformize (d, k) on S], as desired. =

COROLLARY 2.5. M[c|] F -MAy, (pc w).

Combining this with Theorem 1.3, we have the following consistency
result.
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COROLLARY 2.6. Assume Con(ZFC). Then
Con(ZFC + 2% > R 4+ MA(o-centered) + ~MAy, (pc w1)) .

LEMMA 2.7. Let (d,k) € M be a coloring system on wy which is not
uniformizable on any stationary set S € M. Then for any o-2-linked partial

order P in M,
M[Gp] E [(d, k) is not uniformizable] .

Proof. Working in M, let P = (J,.,, P: be a 2-linked decomposition
of P. Suppose g is a P-term and p € P such that p IF [g : 2 — w].
We show that for some ¢ < p, ¢ I [§ does not uniformize(d, k)]. Since
plk [g: 2 — w], there is a stationary set S C {2 in M and some [ € w such
that for all & € S, there is g, < p satisfying ¢, |F g(«) = [. Furthermore, we
may assume that for some i € w, ¢, € P; for all « € S. Since (d, k) is not
uniformizable on S, there are some «, f € S and m,m’ > [ such that d%, =
d’, and ko(m) # kg(m’). Using 2-linkedness of P, let ¢ < ¢q,qs. Then ¢ -
[g(c) < m and g(3) < m'] and we have ¢ IF [§ does not uniformize (d, k)],
as desired. =

THEOREM 2.8. Assume Con(ZFC). Then
Con(ZFC + 2% > Xy + MA(0-2-linked) + = MAy, (pc w1)).

Proof. Assume M F [2% = 2% = N,]. Using standard methods
and Lemma 1.5, we obtain a o-2-linked partial order P in M|c| forcing
MA (0-2-linked) in the extension. By Lemma 2.7, M([d][Gp] E [(d, k) is not
uniformizable], where k is the coloring of Theorem 2.4 and d is any ladder
system in M. By Theorem 2.3, we have M[c][Gp] F [2¥ = Ny + MA(0-2-
linked)+ = MAy, (pc w1)], as desired. m

3. MA(o-n-linked) and <n-ary sets of reals. In this section we use
the notion of a < n-ary set of reals, which is due to Todorcevi¢ [Toq], to
obtain results concerning — MA(o-n-linked). In particular, we present his
proof that M|c] E Vn € w—MAy, (o-n-linked) in Theorem 3.3 [Toq].

DEFINITION 3.1. Given f,g € w¥, let A(f,g) = min{i € w : f(i) #
g(1)}. Aset A C w¥ is co-divergent at level m € w if and only if A(f,g) =m
for all f,g € A. Given n < w, A is < n-ary if and only if A contains no
co-divergent subsets of size n + 1. A is finitary if and only if A contains no
infinite co-divergent subsets.

If few?and AC w?, we will use A(f, A) to denote the minimum of
A(f,g) for g € A.

THEOREM 3.2 (Todorcevi¢). For all n € w, MAy, (o-n-linked) implies
that every uncountable set of reals contains an uncountable <n-ary subset.
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Proof. Assume MAy, (0-n-linked) and let A = {f,}, e, € w*. We
define a o-n-linked partial order P which adds an uncountable < n-ary
subset of A as follows: a € P if and only if

(1) a is a finite <n-ary subset of A,

(2) {f € A: A(f,a) > max{A(g,9) : g,9" € a}}| = Ry;
and a < @ if and only if

(1) a2 d,

(2) for all fea\d, A(f,a') > max{A(g,¢') : 9,9 € a’}.
Note that condition (2) of the definition of a € P implies that for all n € wy,
the set D, = {a € P : fg € a for some 3 > n} is dense in P.

Given m € w and a finite set ¢t C w™ containing no co-divergent subsets
of size n + 1, let

Pr={a€P:a|m=tand max{A(g,q') : 9,9 € a} <m}.

Clearly, P equals the union of all such P;. Also, if ag,a1,...,0,_1 € Py,
then a = (J,.,, a; € P extending each a;, so that P is o-n-linked. Applying
MAy, (0-n-linked), let G' be generic for (Dy)pew,. Then A" = J,cqa C A
is <n-ary, while |A’| = Ny by density of the D,’s. Thus, A" is the desired
<n-ary subset of A. m

THEOREM 3.3 (Todorcevic).

M| E [E!XE[w“’]2NO Vn € w X contains no uncountable <n-ary subsets| .

Proof. Let ¢ : w<¥ +— w. For all h € w* N M, define in M|c] a function
he:w i w by h‘(n) = c¢(h | n) and let X = {h®: h € w* N M} € M|c].
Fix n € w and suppose p IF [{i#, }nen, enumerates Y C X]. We show there
is p’ < p such that p’ I [V is not <n-ary].

Assume without loss of generality that for all n € wy, hy, € W* N M
is such that p IF [y = 4,]. Thus, {h, : 7 € w1} is an uncountable set
in M. Let m € w be such that dom(z) C m for all z € dom(p). Then for
some S’ € [S]*t and h € w™, we have h,, | m = h for all n € S’. Choose
n0,M1,- -+, €S’ and let m’ = max{A(h,,, h,,;) : 1,7 <n}. Extend p to p'
in such a way that

(1) p'(hy, 1) = p'(hy, ['1) for all 4,5 < n and all [ < m'; note that
p already satisfies p(hy, [ 1) = p(h [ 1) = p(hy, [ 1) for all | < m with
h1l € dom(p),

(2) 9/ (o 1 107) £ /(| ) for all i, < .
Then p’ I- [{hg, }i<n C Y co-diverges at level m/], as desired. m

COROLLARY 3.4. M[c| E [Vn € w ~MAy, (o0-n-linked)].
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Again combining this corollary with Theorem 1.3, we have the following
consistency result.

COROLLARY 3.5. Assume Con(ZFC). Then
Con(ZFC + 2% > R, 4+ MA (o-centered) 4+ Vn € w ~MAy, (0-n-linked)) .

In Section 4, we will show that we cannot replace the “< m-ary” of
Theorem 3.3 by “finitary” (see Lemma 4.1).

LEMMA 3.6. Suppose n € w and X € M 1is an uncountable set of reals
containing no M-uncountable < n-ary subsets. Then for every property
K11 partial order P in M,

M[Gp] E [X contains no uncountable <n-ary subsets].

Proof. Working in M, suppose p I [{#,},e., enumerates Y C X].
Then for each n € wy, there are some p;7 < p and some h, € X such that
py IF &, = hy. Using property K, 1, we may assume that {p; : 1 € wi} is
(n+1)-linked. Since {h, : n € w1} is an uncountable subset of X, there are
M0, M5 - - -, Mn € wi such that the set {hy, }i<y is co-divergent. Taking p’ € P
with p" < p for all i < n, we have p’ I [{hy, }i<n C Y is co-divergent], as
desired. m

THEOREM 3.7. Assume Con(ZFC). Then for all n € w,

Con(ZFC + 2% > Ny + MA(K, ;1) + “MAy, (0-n-linked)) .

Proof. Similar to Theorem 2.8, using Lemmas 1.4 and 3.6. =

4. f-Thin sets. In view of Theorem 3.3, a natural question to ask
is whether there exists an uncountable X C w* in M]c|] which contains
no uncountable finitary subsets. The following theorem shows this is not
necessarily the case.

THEOREM 4.1. MAy, (o-centered) implies that every uncountable A C w*
contains an uncountable finitary subset.

Proof. Assume MAy, (0-centered) and define a partial order P as in
Theorem 3.2 with condition (1) changed to

(1') a is a finite subset of A.

Define the cells P; for finite ¢t C w<% as before. Then each cell is centered,
so that P is o-centered. The rest of the proof is the same. =m

COROLLARY 4.2. If M E MAy, (0-centered), then
MIc] E [Bvery X € [w*]™ has an uncountable finitary subset].

Although MAy, (0-centered) guarantees the existence of an uncountable
finitary subset for any uncountable X C w®, it says nothing about how this
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set branches. In particular, we will show that MAy, (o-centered) does not
ensure the existence of a finitary subset which is thin in the following sense.

DEFINITION 4.3. Let f € w®. A set A C w¥ is f-thin if and only if
every B C A which is co-divergent at level m has cardinality < f(m).

Remark that for the constant function ¢, defined by ¢, (j) = n for all
Jj € w, A is a c,-thin set if and only if A is <n-ary. In fact, by Corollary 4.8
below, for any function f € w® with lim,c, f(n) # w, the addition of
an uncountable f-thin set is equivalent to the addition of an uncountable
< n-ary set, n being the least integer for which |{j € w : f(j) = n}| = No;
in this case, the existence of an uncountable f-thin set is thus guaranteed
by MAy, (o-n-linked).

For f € w* with lim,e, f(n) = w, the existence of uncountable f-
thin subsets follows from MA()N\,,c,, o-n-linked) (see Theorem 4.9 below).
By Corollary 4.6, this case reduces to showing that MA(/A\,, ., o-n-linked)
implies the existence of an uncountable i-thin set, where i € w“ is the
identity function.

DEFINITION 4.4. Let f,g € w¥. Then f eventually bounds g everywhere,
denoted by g < f, if and only if |[{j € w: f(j) < g(m)}| < Ny for all m € w.
If there is M € w such that [{j € w: f(j) < g(m)}| < Vg for all m > M,
then f eventually bounds g almost everywhere, denoted by g =* f.

THEOREM 4.5. Let f,g € w* with g =* f. Suppose that every A C w*
has an uncountable g-thin subset. Then every A C w* has an uncountable
f-thin subset.

Proof. Let A C w¥; we show A has an uncountable f-thin subset. To
this end, let M € w with [{j € w: f(j) < g(m)}| < Vo for all m > M. Then
there is some jp; > M such that g(M) < f(j) for all j > jpr. Without loss
of generality, assume s | jp = §' | jas for all s,8" € A. Define by induction
an increasing sequence of integers {j,, bm>n such that for all j € [jm, Jm+1)
we have g(m) < f(j). Let Ch, = [jm, Jm+1) and ky, = |Cy,| for all m > M.
Fix a 1-1 onto map I, : [w]*" + w for each m > M and define a function
hs € w¥ by hs(m) = l,,(s | Cyp,) for each s € A. Thus, hs codes up segments
of s onto single integers in such a way that for all s,s" € A, A(hs,hy) =m
if and only if A(s,s’) = j for some j € C,,.

Let B’ be an uncountable g-thin subset of B = {hs : s € A}. We show
the set A’ = {s € A: hy € B’} is f-thin; then since |A’| = |B’| = Ry, we are
done. So, suppose that for some j € w and I > g(j), the set {s;};c; C A’ is
co-divergent at level j. Note that j > jps since the tree {s [ k: k < ju}
is 1-branching. Thus, j € C,, for some m > M. But then {hs, };c; C B’ is
co-divergent at level m and g(m) < f(j) <, contrary to B’ being g-thin. m
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COROLLARY 4.6. Let f € w* with lim,e,, f(n) = w. Then every un-
countable A C w* contains an uncountable f-thin set if and only if every
uncountable A C w* contains an uncountable i-thin subset, where i € w*
1s the identity map.

Proof. Since i =* f and f <* i, both directions follow from Theo-
rem 4.5. =m

THEOREM 4.7. Let n € w and f € w* such that |{j € w: f(j) =n}| =
No. Suppose that every uncountable A C w® contains an uncountable f-thin
subset. Then every uncountable A C w* has an uncountable <n-ary subset.

Proof. Let A C w*¥; we show A has an uncountable < n-ary subset.
To this end, let M € w with {j € w: f(j) < n} € M. Without loss of
generality, assume s | M = s’ | M for all s,s" € A. Let [ : w — f~1({n}) be
an increasing enumeration of f~1({n}) and define for each s € A a function
hs € w* as follows:

he(m) = {su(m)) if m € f~'({n}),
0 otherwise.
Note that A(hg, hs') = mif and only if A(s,s’) € f~1({n}). Thus, if B” is an
uncountable f-thin subset of B ={hs:s € A},then A’ ={s€ A: hy, € B’}
is <n-ary; since |A’| = |B’| = Xy, A’ is the desired subset. m

COROLLARY 4.8. Let f € w¥ with lim,¢c,, f(n) # w. Then every un-
countable A C w* contains an uncountable f-thin set if and only if every
uncountable A C w® contains an uncountable < n-ary subset, where n € w
is the least integer for which |{j € w: f(j) =n}| = No.

Proof. Since ¢, =* f by minimality of n, the “if” direction follows
from Theorem 4.5. The “only if” direction is Theorem 4.7. m

THEOREM 4.9. For all f € w* with lim,e,, f(n) = w, MAx, (M,co
linked) implies that every uncountable A C w* contains an uncountable f-
thin subset.

Proof. By Corollary 4.6, we need only show that MAx, (/N\,,c.
linked) yields an uncountable i-thin set, where i is the identity function. To
this end, proceed as in Theorem 3.2, replacing condition (1) of the definition
of P by

(1') a is a finite i-thin subset of A.

Then the cells P; are i(n) = n-linked for all i-thin ¢ € [w™]<“. Furthermore,
given n < n’ < w, if a € P; for some i-thin ¢t € [w"]<¥, then a € Py
where ' = a [ n/ is an i-thin subset of [w™ |<¥. Thus, for each n € w,

P = Unt(t)>n Pt 1s the desired n-linked decomposition of P. The rest of the
proof is the same. =

g-n-

g-N-
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We now construct the Cohen counterexample to MAx, (/A
linked).

THEOREM 4.10. M[c] E [3X € [w¥]2°Vf € w* N M X contains no
uncountable f-thin subsets].

ncw 971"

Proof. We modify the definition in Theorem 3.3 of a set containing no
uncountable <n-ary subsets. To this end, let ¢ and ¢/ be mutually generic
Cohen reals with ¢ : <% +— w and ¢’ : w — w. Given h € w* N M, define
h € w?NMlc] by h(n) = c(h | ¢(n)) and let X be the set in M|[c] of all such
h. Fix f € w* N M and suppose (p,p') IF [{#a}acw, enumerates Y C X].
We show there exists (g, ¢’) < (p,p’) such that (q,q") IF [Y not f-thin].

Without loss of generality, suppose for all n € wy, h, € w* N M is such
that (p,p’) IF &, = h,. Let [,m € w be such that

(1) for all z € dom(p), dom(z) C I,

(2) ran(p’) C 1,

(3) dom(p’) C m.
Then there are S € [wi]** N M and h € w' such that h, | I = h for all
n € S. Let m’ > m and set M = f(m'). Choose n9,m1,...,nm € S and let
L > 1 be such that A(h,,,h,,) < L for all 4,7 < M. Extend (p,p’) to (q,q")
in such a way that

(1) for all k < m’, ¢'(k) < I; note that p’ already satisfies p/(k) < [ for
k € dom(p’),

(2) ¢'(m') = L,

(3) for allI” < I, h [ I’ € dom(q),

(4) for all i, j < M, q(hy, | L) # q(hy, | L).
Then by conditions (1) and (3) and the assumption h,, [ | = h for all i < M,
we have q(hy, | ¢'(k)) = q(hy, [ ¢'(k)) for all & < m’ and 4,5 < M, while
conditions (2) and (3) yield q(hy, [ ¢'(m")) # q(hy, | ¢'(m')) for all 4,5 < M.
Thus, f(m') = M and (g,¢') I [{hy, }icar C Y is co-divergent at level m/].
It follows that (g,q’) I- [Y is not f-thin], as desired. m

COROLLARY 4.11. M[c| F “MAy, (/A\

Again, using the fact that M|c| preserves MA (o-centered), we now have
the following consistency result, which completes the MA hierarchy diagram
under discussion.

COROLLARY 4.12. Assume Con(ZFC). Then
Con (ZFC + 2% > R 4+ MA(o-centered) + -MAy, (/X\ a—n—lz’nked)) .

new

new O-n-linked).

We close with a final result concerning the addition of f-thin subsets.
By Theorem 4.5, for functions f, g satisfying ¢ <* f, any Martin’s Axiom
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variant which adds a g-thin subset through every uncountable set of reals
necessarily adds a f-thin subset through every uncountable set of reals,
even though g may grow at a much faster rate than f. However, the next
theorem shows that for g <* f, the addition of an uncountable g-thin subset
through a given set A of reals need not add an uncountable f-thin subset
through A. Note that if ¢ <* f, where we say g <* f if and only if
Hji€ew: f(j) < g())} < w, then any uncountable g-thin subset of reals
does contain an uncountable f-thin subset.

THEOREM 4.13. Suppose f,g € w* N M such that ~(g <* f). Let X be
the C-term of Theorem 4.10 for which

ke [X has no uncountable f-thin subsets],

and Il a C-term for the partial order which adds an uncountable g-thin
subset of X. Then

MI[d[Gr] E [X has no uncountable f-thin subsets) .

Proof. Note that if (p,p’) IF = € II, then for some finite g-thin a C w*
in M and some (q,¢') < (p,p’), we have (¢,¢') IF 7 =a = {h : h € a}.
Furthermore, we can assume that (q,q¢’) IF [@ € II;] for some finite g-thin
t C w<¥, where II; is defined in M|c] as in Theorem 3.2.

Working in M, suppose ((p,p'), 7) IF [{in}yew, enumerates Y C X]. As
before, we may assume h, € w N M and ((p1,p}),m,) < ({p,p’), 7) satisfy
((p1,pY), 7)) IF hy = &, for all n € wi. By the above comment, we may also
assume that (p1,p}) IF 7, = @, € II;, for all n € wi, where ¢, is a finite
g-thin subset of w™ for some r, € w and a, € [w*]<¥. Finally, assume
ty =t € w" and |a,| = |ag| for all n, 5 € wi. Let a, = {s{,s7,..., sk} and
take [, m € w such that

(1) for all z € dom(p;), dom(z) C I,
(2) xan(p}) C 1

(3) dom(p) C m

(4) r <m.

Assume h, [l = hg [l = h € wiand 87 [ 1 =52 |1 =3, € W for all
n € N and all , 5 € wy. Note that since ¢ C w" and (p1,p4) IF [a, € I}
for all 5 € wy, condition (4) implies (py, p}) I [A(57,5°,) = A(57,5",) < m]

n’on’ n7 n’
for all n # n' and 1,8 € wy. Since =(g <* f), there is some m’ > m such
that f(m’) < g(m’). Let M = g(m’) and choose ng,n1,..., -1 € wi.
Take L > I such that for all 4,5 < M and n € N, A(hy,,h,;) < L and

A(s%sp) < L. Extend (py,p}) to (p2, ph) such that

(1) for all & < m/, ph(k) < I; again, we already have p/(k) < [ for
k € dom(py),

(2) po(m’) = L,
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(3) foralll’ <landne€ N, h[l',s, |l' € dom(ps),
(4) for all 4,5 < M, pa(hy, | L) # pg(hnj L), _
(5) for all i,j < M and n € N, po(s™ | L) # pa(si’ | L).

As before, this gives (p, ph) IF [A(hy,, hy,) = m/ for all i, j < M]. Using
conditions (1) and (3) and the fact that s,, = s} [ [ for allp € w; andn € N,
we also have (pg, ph) IF[For alln € N and 4,5 < M, A(3%,5,7) = m']. Since
M = g(m') and (p1,p}) I+ [A(s7,s") < m < m/ for all n,n’ € N and

i,j < M], we have (p2,py) I- [@ =,y @, € II]. In particular, (p2, p5) IF
[@ < ]foralli <M. Thus, f(m') < M and ((p2,p),a) IF [{hn, i< C Y

is co-divergent at level m’]. Tt follows that ((py,p}),@) IF [Y is not f-thin],
as desired. =
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