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Asymptotics for multifractal conservation laws
by

PIOTR BILER (Wroctaw), GRZEGORZ KARCH (Wroctaw) and
WOJBOR A. WOYCZYNSKI (Cleveland, Ohio)

Abstract. We study asymptotic behavior of solutions to multifractal Burgers-type
equation us + f(u)z = Au, where the operator A is a linear combination of fractional
powers of the second derivative -9 / 022 and f is a polynomial nonlinearity. Such equa-
tions appear in continuum mechanics as models with fractal diffusion. The results include
decay rates of the LP-norms, 1 < p < oo, of solutions as time tends to infinity, as well as
determination of two successive terms of the asymptotic expansion of solutions.

1. Motivation and results. The goal of this paper is to study the
large-time behavior of solutions of the Cauchy problem for a class of equa-
tions, called here multifractal conservation laws:

(1.1) ur + f(u), = Au,

where z € R, t > 0, u : R x R*Y — R, f(u) is a polynomially bounded
nonlinear term, and

2 N 2\ @;5/2
(1.2) A=yl —ch< 0 > :
j=1

co=—s -
0z2 0z2

with cg,c¢; > 0, is the diffusion operator including fractional powers of order
a;/2, 0 < o < 2, of the square root of the second derivative with respect
to z, related to Lévy stochastic processes (see, e.g., [26], [15]). The problem
(1.1)—(1.2) is a generalization of the one-dimensional Burgers equation (see,
e.g., [6])

(1.3) U + 2UlUy = Ugy.

The classical Burgers equation (1.3) has been used in various physical
contexts, where shock creation is an important phenomenon. These appli-
cations vary from growth of molecular interfaces ([14]), through simplified
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hydrodynamic models ([1]), to the mass distribution in the large scale of the
Universe ([18]). For a general overview, see [25], and [29] for the Burgers
turbulence problem.

Nonlocal Burgers-type equations similar to (1.1)—(1.2) appeared as
model equations simplifying the multidimensional Navier—Stokes system
with modified dissipativity ([1]), describing hereditary effects for nonlinear
acoustic waves ([27]), and modeling interfacial growth mechanisms which
would include trapping surface effects ([17], [28]). A variety of physically
motivated linear fractal differential equations with applications to hydro-
dynamics, statistical physics and molecular biology can be found in [21]
and [24]. An introduction to the fractional derivatives calculus and frac-
tal relaxation models are in [20]. Nonlinear wave equations with fractional
derivatives terms describing dispersive effects have been used and rigorously
studied even earlier than those with fractal diffusion (see, e.g., [22], [19], [5]
and [8]).

The well-known Hopf—Cole formula permits one to simplify the classical
Burgers equation (1.3) reducing it to the linear heat equation. This leads,
e.g., to a rapid determination of large time asymptotics of solutions to (1.3)
described by source-type solutions (see comments below Theorem 1.1). Such
a simplification is no longer available when nonlocal equations (1.1) are
studied.

The recent paper [2] dealt with basic mathematical issues of existence,
uniqueness and asymptotics of solutions to multidimensional versions of
(1.1) with purely fractal diffusion. The methods used there include weak so-
lutions and energy estimates, mild solutions approach in Morrey and Besov
spaces and a self-similar solution analysis.

Our aim in this paper is to describe the long time behavior of solutions to
(1.1) in a manner more precise than the one employed in [2]. In particular,
we study the influence of various dissipative terms —(—02/9x2)% /2y in (1.1)
on time asymptotics of solutions; the latter turns out to be different from
that for the usual Brownian diffusion described by the term ;.

The technical tools used here include those applied in [30] and [7] to
parabolic type equations, and those developed in [13] for a completely dif-
ferent class of equations featuring dispersive effects as well as dissipation.
We expect that these versatile methods would be useful in a further study
of nonlinear Markov processes and propagation of chaos associated with
fractal Burgers equation (see [12]). There, as well as in [4] and [3], the
reader may find more motivations to study stochastic aspects of nonlocal
evolution equations with fractal diffusion, and their finite particle systems
approximations.

To focus attention on an equation simpler than (1.1), consider the Cauchy
problem for the fractal Burgers-type equation



Multifractal conservation laws 233

(1.4) Up — Ugg + DU + 2uu, =0
with initial condition
(1.5) u(z,0) = up(z),

where D = (—02/0x2)*/? is the fractional symmetric derivative of order

a € (0,2) defined via the Fourier transform by (D“v)(§) = |£|*0(£), and the
nonlinear term corresponds to f(u) = u2. Note that the fractional derivative
0% /0x® studied in [20], [21] has a different meaning than our D®. Equation
(1.4) is, however, representative of the general class of equations (1.1) with
Brownian diffusion, one (N = 1) fractal diffusion term and a genuinely
nonlinear f such that f(0) = f/(0) =0, f”(0) # 0. Indeed, scaling u, z, and
t, we may get rid of all unimportant constants cg,cy, f”(0). Comments on
the general case with N > 2 and polynomially bounded nonlinearities f can
be found in the last Section 6.

Our functional framework for (1.1) is that of Lebesgue LP(R) spaces.
However, there are other, more general, function spaces suitable for studying
(1.1) (see e.g. [2]), and we refer the reader to [9] for a recent work on the
classical Burgers equation (1.3) with irregular initial data.

The results of the paper give the first two terms of the large-time asymp-
totics for the solutions of (1.4)—(1.5) and can be summarized as follows.

THEOREM 1.1. Let 0 < o < 2. Assume that u is a solution to the Cauchy
problem (1.4)—(1.5) with ug € L*(R) N L>®(R). For every p € [1,00] there
exists a constant C' such that

t—(1=1/p)/a=2/a+1 forl<a <2,
(1.6)  lu(t) — e xugll, < C S ¢~ O-1/P/a=1/al6g(1 4 1) for a = 1,
t—(1=1/p)/a=1/a for 0 <a <1,

for allt > 0. Here et* denotes the (integral kernel of the) semigroup gener-
ated by the operator A = 8%/0x% — D?, so that v = e* xug solves the linear
equation vy = Uy — D with the initial condition v(0) = ug.

In other words, the first term of the asymptotic expansion of solution is
given by the solution to the linear equation. Note (see e.g. [11]) that the
asymptotics of solutions to the Cauchy problem for the Burgers equation
(1.3) is described by the relation

t(lfl/p)mHu(-,t) _ UM(.7t)Hp —0 ast— oo,
where

x/(2V)

~1
Unr(,t) =t~ 2 exp(—a?/(4t)) <K +3 S exp(—&2/4) d§>
0
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is the so-called source solution such that {; Ups(z,1) dz = M (to each M >0
there corresponds a constant K). Thus, the long time behavior of solutions
to the classical Burgers equation is genuinely nonlinear, i.e., it is not deter-
mined by the asymptotics of the linear heat equation.

The second term of the asymptotics of a solution u to (1.4) has a different
form in each of the three cases: 1 <a <2, a=1land 0 <a<1.

THEOREM 1.2. Assume that ug € L*(R) N L>®(R) and that p € [1,00].
(i) If 1 < <2 then

t
(1.7) t(l_l/p)/o‘+2/°‘_1Hu(t)—em*u()—i—sE?mpa(t—T) (Mpo(T dTH — 0
0

as t — oo, where M = \ ug(z) dx and

(18) P, 1) = (2m) 72 | e g
R
1s the kernel of the semigroup solving the linear equation vy = —D%v.
(ii) If « =1 then
t2 1/p 9 1
(1.9) 2 llu(t) — A ug + (log t) M (2m) " 0,1 (1)l — 0
ast — oo.

(iii) If 0 < a <1 then

(1.10) 0~ 1/P>/a+1/aH Ao+ (0808 2(y, 1) dy dT) @xpa(t)Hp —0
0R

ast — 0o.

Observe that, in general (if {; ug(z)dz # 0), the estimates in Theo-
rems 1.1-1.2 cannot be improved because |0,pq ()|, = Ct~(=1/P)/a=1/a

The subsequent sections deal with an analysis of the linearized equation
(Section 2), solvability of the problem (1.4)-(1.5) and decay of solutions
(Section 3), and the proofs of Theorem 1.1 (Section 4) and Theorem 1.2
(Section 5). Finally, Section 6 deals with the general multifractal conserva-
tion laws (1.1).

Throughout this paper we use the notation |ul|, for the Lebesgue LP(RR)-
norms of functions. The constants independent of solutions considered and
of t will be denoted by the same letter C, even if they may vary from line
to line. For a variety of facts from the theory of parabolic type equations
and interpolation inequalities we refer to [16].
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2. Analysis of the linear equation. The goal of this section is to
gather several properties of solutions to the linear Cauchy problem
(2.1) U — Au = up — Ugy + DU =0,
(2.2) u(z,0) = up(z).
These properties will be used in the proof of asymptotic results for the full
fractal Burgers equation (1.4).

Using the Fourier transform we immediately deduce that, with suffi-
ciently regular ug, each solution to (2.1)—(2.2) has the form
(2.3) u(z,t) = pa(t) * pa(t) * ug(x) = e x uy(x),
where p, is defined in (1.8). Here we identify the analytic semigroup e

with its kernel p, * p2, a smooth function, decaying like |z|~1~¢ for |z| — oo
(cf., e.g., [15]). Note that for a = 2, the heat kernel

pa(,t) = (4mt) /% exp(—[a]?/ (41))

decays exponentially in x. It is easy to see (by a change of variables in (1.8))
that p, has the self-similarity property:

palz,t) =tV op (xt™1/ 1),
Recall that p,(z,1),0,pa(z,1) € LY(R) N L®°(R) for every 0 < a < 2.

Moreover, ||pa(-,t)|l1 =1 for all ¢ > 0.
Our first lemma determines exponents v in the L9-LP estimates

le" s ugll, < Ct|uollq

A

for the semigroup e' associated with (2.1).

LEMMA 2.1. For every p € [1,00], there exists a positive constant C
independent of t such that

24) (el = [p2(t) # palt)l, < Cmin{t~A-1P/2 4=1-1/p)/a)
and
(2.5) 102 lp = 110z (p2(t) * pa ()]l

< Cmin{t—(l—l/p)/Q—l/Q,t—(l—l/p)/a—l/a}
for every t > 0.
Proof. The proof is elementary and based on the Young inequality

(2.6) 17+ gllp < I7llqllgllr
valid for all p, q,r € [1,00] satisfying 1+1/p =1/q+1/r, and all h € LI(R),
g€ L"(R). Additionally, one uses the self-similarity of p,, and the well-known
property of convolution: 9, (p2 * po)= (0xp2) * Do = P2 * (OxDa). ™

Next we give a decomposition lemma which can be used for approxima-
tions and expansions of ¢4 (see Corollaries 2.1, 2.2 below).
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LEMMA 2.2. For each nonnegative integer N there exists a constant C
such that for every h € LY(R, (1 + |z|)N*1dx), g € CVTL(R) N WELNFTL(R),
and p € [1,00] we have

N
—1)k
(2.7 Hh e00) 3 C (ntw* dy) ko)
k=0 ) R

p
< N0 gllpllBll L @ o v+ da)-

Proof. The result is obtained by a straightforward application of the
Taylor expansion of g(x —y) and the Young inequality (2.6). This lemma is
a particular case of a more general result proved in [10]. m

COROLLARY 2.1. For every p € [1,00] there exists C > 0, independent
of t, such that

(2.8) e = pa(®)llp < 10spa(®) 1o l22 ()| L1 (12| do)
< ot~ (=1/p)/at1/2-1/a

and

(2.9) 102 (e — pa(t)]l, < Ct=(-1/P)/a+1/2-2/a

for all t > 0.

Proof. Apply (2.7) with N = 0, h(x) = pa(x,t) (remember that
\gp2(z,t)de = 1), and g(x) = pa(z,t) to show (2.8). To get (2.9), put
9(x) = 0ypo(z,t). m

COROLLARY 2.2. Assume that ug € L*(R) and set M =\ uo(x) dz. For
every p € [1,00]| there exists a nonnegative function n € L*°(0,00) satisfying
lim; o n(t) = 0 and such that

(2.10) et % ug — Mpa(t)||, <t~ A=YPep@y  for all t > 0.
Proof. The obvious inequality
e % ug — Mpa(®)llp < t~0=/2/%(Cllugls + M)
can be improved to show that
tA=P et sy — Mpo(t)], = 0 ast — oc.

Indeed, first consider ug € L*(R, (1 + |z|) dz). Using (2.7) we immediately
obtain

(211)  lpalt) * uo — Mpa(®)ll, < Ct= 0PIV gl
Now
DM s g — Mpa (8|, < 072l — po(8)]lp lluolh
+ t(lil/p)/aupa(t) * ug — Mpa(t)]],-
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Applying (2.11) and (2.8) we can easily see that the right-hand side tends to
0 as t — oco. By a standard density argument, this result extends to every
Ug € Lt (R) |

3. Existence of solutions and preliminary estimates. By a so-
lution to the Cauchy problem for the fractal Burgers equation (1.4)-(1.5)
we mean a mild solution, i.e., a function u € C([0,T]; X) satisfying the
Duhamel formula

t

(3.1) u(t) = e x ug — S@xe(t_T)A *u?(1)dr
0

for each t € (0,T). Here X is a suitable Banach space such that e*4 acts as
a strongly continuous semigroup in X. However, our preferred choice is X =
L' (R) N L (R), which leads to a small modification of the above definition.
Because of poor properties of ¢4 on L>°(R) (cf. a similar situation in [2]), we
need u to belong to a larger space C([0, T']; X) of weakly continuous functions
with values in X.

THEOREM 3.1. Assume that 0 < a < 2. Given ug € L*'(R) N L=(R),
there exists a unique mild solution u = u(x,t) to the problem (1.4)—(1.5) in
the space C([0,00); L1 (R) N L>°(R)). This solution satisfies the inequalities

(3.2) (@)1 < lJuolls,
(3.3) lu(®)ll2 < C(1+ 1)~/
for all t > 0 and a constant C > 0.

Proof. We define the operator
t
N(u)(t) = et g — S@xe(t*T)A xu? () dr
0
and the Banach space

Xr = L((0,T); L' (R) N L*(R))

equipped with the norm [[ullx, = supp_por [u(t) 1 + suPosr [4(t)oc-
Now the local-in-time mild solution to (1.4)—(1.5) is obtained, via the Banach
contraction theorem, as a fixed point of N in the ball By = {u € Xr :
|lul|x, < R}, for sufficiently large R and small 7' > 0. This is an immediate
consequence of the inequalities

IN(u)lx, < CRPTY2,
IN(u) = N(v)llxz < CRT'?|lu = v||xy,

valid for any u,v € Br. Here we used L'- and L*°-bounds for the linear
semigroup e‘4 from Lemma 2.1.
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The classical regularity result allows us to prove that
u € C((0,T); WP (R)) N C((0,T); LP (R))
for every p € (1,00). Indeed, we have u; —uy, = —D*u—uu, € W-*P(R)N
W~LP(R), so by repeated use of [16, Chapter 3], the regularity of solutions
follows. Weak continuity of u(t) at ¢t = 0 is a standard consequence of
properties of ' on X.

Note that, since our L' N L> mild solutions do fit into the framework of
Sobolev spaces in [16], from now on we may use energy estimates which are
standard for weak solutions.

The local solution constructed above may be extended to a global one
provided the following estimate holds:

(3.4) sup  ([Ju(®)]lx + [[u(?)]lse) < o0,

te[0,T%)
where T, is the maximal time of existence of u(t). We are going to prove
that this is actually our case.

First, inequality (3.2) is obtained by multiplying (1.4) by sgnu and in-
tegrating over R with respect to z. Details are given in [2, Thm. 3.1].

After multiplying (1.4) by u, a similar calculation gives

(3.5) lu®)ll2 < [luoll2-
By Lemma 2.1 and (3.5), we have
e s uglly < [luollp,
10:e "4 5w (1) ||, < (|04l (7) 11
< C(t— 1) UTPR=2 0|3
for all p € [1,00]. Now, computing the LP-norm of (3.1) for p € [1,00) we

obtain .

(3.6) lu@®)llp < e *uolly + Y 19:e“ =74 % u?(r)],, dr
0

< Juolly + C/ @ |uo|3

for every t € [0,7) (by the way, this inequality will be improved below; cf.
the proof of Theorem 1.1). Next, we use (3.6) for p = 4 to show that

B7) Nu®)lloo < lle * uofloo + S 106!~ 5 w?(7) oo dr

0
t

< e % uolloo + § (8 = 1) (luolla + COT"5||uo|l3)? dr
0

< C(1+t7?).
Finally, combining (3.2) with (3.7) we get (3.4).
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The proof of the L?-decay estimate (3.3) is based on the Fourier split-
ting method introduced in [23]; it can be found in [2, Thm. 4.1]. An al-
ternative approach to the L2-decay estimates for parabolic equations might
follow [11]. m

For o« > 1 we have a better L*°-bound for «.

PRroPOSITION 3.1. Under the assumptions of Theorem 3.1 with o > 1
the maximum principle

(3.8) essinfug < u(z,t) < esssupug
holds for the solution u to the problem (1.4)—(1.5).

Proof. Set vy = max{v,0} and m = esssupug. Given ¢ > 0, we
multiply (1.4) by g = (u — m — €)4 and integrate over R to get

(3.9) S urg dx + S (—Uge + DYu)g dx + Sguur dz = 0.
R R R

Now note that u; = g¢ and u, = g, on the support of ¢g so that SR urgdr =
\g 9¢g dz and §, guu, dx = \; g(g+m+e)g, dz = 0. Next, using the relation
D*1 =0 for &« > 1 and the Plancherel identity we obtain

SgDo‘u dr = SgDag dr = S (D‘)‘/Qg)2 dx.
R R R

Inserting this into (3.9) and integrating over [0, t] we get

t
Sg (w,t dw+2s S (D%g(x,5))? + (g2 (x,5))?) dz ds <0,
R 0R

so, in particular, SR g*(x,t)dx = 0 follows. Since £ was arbitrary, we con-

clude that (u —m)y = 0. Repeating the argument above with the function

= (u+m-+e)_ = min{u+m+e, 0}, where m = — essinf ug, we obtain (3.8).
Obviously, this proof extends to general nonlinearities f. m

Note that the above proof does not apply to the case 0 < o < 1 because,

g., D1(z) = Cylz|~® £ 0 (cf. [20] and [21]). In fact, we cannot expect

that the maximum principle holds for solutions of arbitrary multifractal

conservation laws (1.1) and more general initial conditions ug € L*(R).

Indeed, for ¢y = 0 in (1.2) the results in [2, Section 5| on the nonexistence

of traveling waves suggest that the maximum principle fails for solutions to
(1.1) with up merely in L*>(R).

These difficulties are connected with the fact that for 0 < o < 1 and

up € L*°(R) the linear problem (2.1)—(2.2) is not, in general, equivalent

0 (2.3). For instance, e“x1=1 but u=1 does not satisfy (2.1) if 0<a < 1.
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4. The first order term of asymptotics for fractal Burgers equa-
tion. We begin by proving that the asymptotics of solutions to (1.4) is, in
the first approximation, linear. First, we formulate

LEMMA 4.1. Under the assumptions of Theorem 1.1, for everyp € [1, o],
there exists a nonnegative function n € L>(0,00) satisfying lim;_ . n(t) =
and such that

(4.1) u(t) — e xugll, < (1+1)~YP/ant)y  for all t > 0.

Proof. From the construction of solutions to (1.4) we have
supgcier [|u(t)|lp, < oo for every T' < oo. Moreover, (2.4) implies that
et % ugl, < |let1]luoll, = ||uoll,- Hence, to prove Lemma 4.1, it suffices
to consider large ¢t and show that

(4.2) tA=1 gy (t) — e )], — 0 as t — oo.

To do this, note that by the integral equation (3.1), it remains to estimate
the LP-norm of

t t/2 t
(4.3) S@xe(t*T)A xu?(1)dr = S coodr+ S ... dr
0 0 t/2

for t > 1.
For 7 € [0,t/2], we use the Young inequality, (2.5) and (3.3) as follows:

10,64 5w (7)||,, < (|0, [l (7)1
< Ot —7)~U-Vp/fa=tfaq 4 7y=1/e,

Hence, we have

(4.4) H tf DA w2 (7) dr
0

P
t/2
<C | (t—r)-Otmlet/o(g 1)V gy
0
t/2
< C(t/2)" VP [ (1) dr
0
t—(1=1/p)/a—2/a+1 for 1 < <2,
<C { t—(1=1/p)/a—=1/a ]og(l + t) for =1,
4—(1=1/p)/a—1/a for 0 < a < 1.

Now, it is easy to see that t(1=1/P)/«|| 88/2 ... dr|l, = 0ast— oo.
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To deal with the integrand over [t/2,t], we consider first p € [1,00).
Using (2.5) and (3.3) we have

10274 5w (1), < 0ne" DA lu? ()1
< C(t o T)—(l—l/p)/2—1/2(1 + T)—l/a‘
Hence, as before,

t
H S DA w2 (7)) dr
t/2

t

<C | (@t—m) P2 g )Yy
t/2

< Ctl/en)-1/a

p

Now, for p € [1,00), using the assumption 0 < o < 2, we see that

t(1=1/p)/a —0 ast— oo.

p

t
S ... dr
t

To handle the case p = oo, note that it follows from (4.2) (already proved
for p € [1,00)) and from (2.4) that

45)  Ju®)lly < llut) — e« uoll, + [l * uoll, < C(1+1)~C-1/P/e

for 1 < p < co. Using this estimate for p = 4 and applying (2.5) we prove
that

t
| § et eilmar]| < 10re T alul ) r
t/2 t/2

t
<C |t +7)"¥0C ar
t/2

Since 1/4 — 3/(2a)) < —1/a, this concludes the proof of Lemma 4.1. =

Proof of Theorem 1.1. To get (1.6), we use the decomposition (4.3).
Note that the integral over [0,¢/2] is already estimated in (4.4). For the

second integral, we use (4.5) as follows:
t

t
| § owet= Y wwrmyar| < § et a3, dr
t t/2

t
< C(t/Q)*(lfl/P)/afl/a S ||agce(t77')A||1 dr.
t/2
Now, for 1 < a < 2, we have immediately
t t
S Hame(t_T)A”l dr < C S (t— 7')_1/0‘ dr < Cti—e,
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For 0 < a < 1, using (2.5), we obtain

t t—1 ¢
J l0se" "V dr <0 § (¢ —m)Vdr+ O § (1 —7) 2 dr,
t/2 t/2 t—1

It is easy to see that, if 0 < o < 1, both integrals on the right-hand side are
uniformly bounded for ¢ > 1. However, for o« = 1, the first of them grows
as log(1+1¢). m

REMARK 4.1. In the sequel, we will often use the estimate
(4.6) [[u?(t) = (" % uo)?[lp < Cllu(t) — ™ s uollp([|u(t)[loo + [l * uoll )
< O(1 41y 0ty ),

where 7 satisfies the assumptions in Lemma 4.1. It follows immediately from
(4.1) and (4.5). Moreover, if we use (2.10), then (4.6) may be reformulated as

(4.7) lu? () — (Mpa (t)?], < Ct=CU-HD/atlay(p),

5. The second order term of asymptotics for fractal Burgers
equation. In this section we find the second term of the asymptotic expan-
sion of solutions to (1.4). This term reflects nonlinear effects.

Proof of Theorem 1.2(i). Let 1 < o < 2. By the integral representation
(3.1) of solutions to (1.4)—(1.5), it suffices to estimate the LP-norm of the
difference

t t
S@xe(t_T)A * uz(T) dr — Saxpa(t —7T)* (Mpa(T))2 dr
0 0

t
= {0, s (WP (1) — (Mpa(7))?) dr
0
t
+ [ 02(e"7A — po(t — 7)) * (Mpo(r))* dr
0
Now, as in the proof of Theorem 1.1, we split the range of integration in Iy ()
and in I(t) into two parts: [0,¢/2] and [t/2,t]. Next, the Young inequal-
ity, combined with (2.4), (2.5) and (4.7), is applied to obtain appropriate
estimates of the integrands in I;(¢) and I5(t).

First we estimate I1(-). By (4.7), the LP-norm of the integrand can be
bounded either by

10, DAy lu? (r) = (Mpa(r))*|h < C(t — 1)Ut/ at/ag=tiay (),
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or by
102" A 1 [[u?(7) = (Mpa())?|l, < C(t — 7))~ Vor~Umt/p/emt/oap (),
Consequently, by the change of variables 7 = st, it follows that for p € [1, 00],
1/2
t(lfl/p)/af(lfQ/a)Hjl(t)”p <C S (1- S)f(lfl/p)/afl/ocsfl/ocn(st) ds

0
1

+C S (1 — )~ Vag—A=l/p/a=1/ap o) ds.
1/2
By the Lebesgue Dominated Convergence Theorem, the right-hand side of
the above expression tends to 0 as ¢t — oo.

A similar argument applies to I2(-). Indeed, for 7 € [0,¢/2], we use (2.9)
to bound the integrand in I5(t) by

e T mPall=T T sC(t—1) TElerT e,
102 (474 —po (t—7)) ||| (Mpa (1))2|1 < C(t—7)~A-1/P)/atl/2=2/ar=1/a
When 7 € [t/2,t], the integrand is bounded by

€4 — po(t — 7)1 102 (Mpa (1)),
<Ot — 7-)1/2—1/a(1 + T)—(l—l/p)/a—2/a,

Using these two estimates, it is easy to prove that

t(l—l/P)/a+2/0‘_1HIQ(t)Hp —0 ast— oo,

for every p € [1,00]. Now Theorem 1.2(i) is proved. m

Proof of Theorem 1.2(ii). Let a = 1. Recall that p;(x,1) is the well-
known Cauchy distribution py(z,1) = (7(1 +2?))~!. We begin the proof of

Theorem 1.2(ii) by showing that
t—1
M2
Su2(y,7') dydr = —.
R

1 li
(5.1) im o

1
t—o0 log t

O |

Indeed, since by (4.5),

1 t 1t

S Suz(y,T)dydT—{— S SuQ(y,T)dydT < C’(S—I— S >(1 +7)tdr<cC
OR t—1R 0 t—1

with C independent of ¢, it is sufficient to prove that

2

1
Togi Hiuz(y,T)dydTH 5o a8 t — oo.

= —

Moreover, using the self-similarity of p; (z,t) = t~!py(zt~!,1), one can easily
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show that
t

1
Vi, 7) dydr = {piy. 1) dy = -
1R R
Hence, applying (4.7), we immediately obtain

logt

t t

S S lu?(y, ) — (Mp1(y,7))?| dy dr < C’L 87'7117(7') dr — 0

logth logt1

as t — oo. The proof of (5.1) is complete.
Now we are ready to prove (1.9). Analogously to the proof of (1.7), it
suffices to show that

2-1/p b
(5.2) Sﬁme(t*T)A s« u? (1) dr — (log t)M2(27r)*18mp1(t)H —0

p

log

as t — 0o. To do this, note first that, by (2.5) and (4.5),

t ¢
H S Dpelt=TA 4 u?(T) dTH <C S (t — T)_1/27_2+1/p dr < Ct=2t1/p,
t—1 p t—1

Moreover, by (2.9), we have

H _S D (A —pi(t — 7)) % uP(7) dr ,
0
t—1

<C S (t— 7')_2+1/p_1/2(1 +7)7tdr < Ct2+1/p=1/2 log(1 +t).
0

Hence, we may replace Sg D, A % (1) dr by ngl Opp1(t — 7) xu?(7) dT
in (5.2). Moreover, it follows immediately from (5.1) that

o 1/p . -1
L ( S Su2(y,7')dyd7'—(logt)MQ(QW)il)axpl(t)
0 R

— 0
P

logt
as t — 0o. Therefore the proof of (5.2) will be completed by showing that

$2—1/p

(5.3)

t—1
o \ § é(axpl(- oyt — 1) — Bupr ()R (y, T) dydTHp 0

as t — 00. To prove (5.3), we fix 6 > 0 and we decompose the integration
range into three parts: [0,t — 1] x R = 2, U (25 U £23, where

2y =[0,6t] x [—dt, dt],

25 =1[0,0t] x ((—o0, —dt] U [0, 00)),

25 = [0t,t — 1] x R.
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First we estimate the integral over (2;. The change of variables, the self-
similarity of p;(x,t), and continuity of translations in LP imply that given
€ > 0 there is 0 < d < 1 such that

t271/p Sup ”83Cp1( — y,t - T) - axpl(vt)Hp

ly|<ts
T<td
= Sup Haxpl( -z 1- 8) - 81‘1)1('7 1)“19 Se.
|z[<é
s<d

In view of this remark, we obtain

2 0 9 2(y,7) dy d
logt S( rpl('_yyt_T)_ xpl('7t))u (ny) yart »
1
ot ot
Ce 9 Ce 1
< — < —1\(1 < .
< ot [g) lu()I dr < o g< +7)"dr < Ce

To deal with the integral over (25, we first prove that

1
(5.4) Togi Ls u?(y,7)dydr — 0 ast— oo.

Indeed, as in the proof of (5.1), it may be assumed that the integration in
(5.4) with respect to 7 is only over [1, §t]. Moreover, we have {,, [y[p3(y,7) dy
= C, with C independent of 7. Hence there is a number C independent of
t such that

ot St 5t
| | i dyd7'<H§/tp1y, ydydr =Ct~' | dr < C.
1 |y|>6t 1R 1

Moreover, using (4.7), it may be concluded that

ot ot
1

- C _
=11 )~ My, 7)) dy dr < T——STlnﬁﬁh—ao
S ly|>dt

as t — oo. Combining these facts, we obtain (5.4).
Now, it follows immediately from (5.4) that

75271/;0

logt

C
Hmmmwmw,W@M<i;HM%Mwww%)
25 25

and



246 P. Biler et al.

t2—1/p )
gt W0 =t = Dl luly, 1) dy dr
29
t2—1/p
< t— 7)2+1/p 2
< Togr W=D P luly, ) dy dr

C(1—¢8)~2+/p
<
logt

“ lu(y, 7)|* dy dr — 0
2
as t — oo. This proves (5.3) with [0, — 1] X R replaced by (2.
For p € [1,00], the LP-norm of the integral in (5.3) over {23 is estimated
in a straightforward way by the following quantity:
t—1 t—1
(5.5) V 102p1(t = 7)  w®(D)lp dr + |0ep1 (D)l u(r)]3 dr
5t 5t
By (4.5), we immediately see that the second term in (5.5) is bounded by
Ct=2>t/p § T ldr <Ot
st
To estimate the first term in (5.5) we first note that it follows from the
properties of et4 that

t—1
(5.6) | 10upr(t— 1) (7 5 ug)?|p dr
ot
t—1
< § et = D)l lle™ *uollpl|dwe™ * uglloo dr
ot
t—1
<C S 3P gr < O 2P,
ot

Moreover, by (4.6), we have

t—1
(B.7) | 10epi(t = 1)+ (WP () = (€74 5w ug)?) | dT
1)
' t—1
< | 10epa(t = ) hlu?(r) = (€74 % ug)?[|, dr
ot
t—1
<C | (t—n) e ey(r)dr < G (log (1),
ot

where 7(t) = sup,¢s;,4—1] [7(t)] — 0 as t — oo. Combining (5.6) with (5.7)
we obtain
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t2_1/p t—1
S [0.p1(t — 7) % u*(1) ||, dT — 0 ast — oo.

at
Now the proof of Theorem 1.2(ii) is complete. m

Proof of Theorem 1.2(iii). Let 0 < av < 1. As in the proof of (i) and (ii),
we need to show that

logt

t
(5.8) t0tRse (g, 0D 2 (r) dr
0

— ( S SuQ(y,T)dydT)ampa(t)H —0 ast— oo
0R P
Our first step is to prove that

¢
(5.9) t1-1/p)/atl/a S Dt ™A s % (1) dTH —0 ast— oo.
P
t/2
Indeed, by (1.6) in Theorem 1.1 and (4.5), we have
lu(7) = (€™ % uo)?[lp < Cllu(r) — €™ * ol (lu(r) oo + lle™ * uolloo)

< Cr—(1=1/p)/a=2/a

for all 7 > 0, and a constant C' > 0 independent of 7. Hence

t
(5.10) H | Guet4  (u2(r) — (7 u0)2)dTH
p
t/2
t
<V 10ee® A flu? (7) = (€7 5 wo)? | dr
t/2
t
<c S (t — 7)~ V2~ (=1/p)/a=2/a g op=(-1/p)/a=2/at1/2,
t/2
Moreover, a similar argument gives
t
(5.11) H [ Guet4 s (€74 % ug)? dr
t/2

p

t
<2 | (e 1]|0ne™ 5 uolloolle™ # uoll, dr
t/2

t

C S T—(l—l/p)/a—Q/a dr = Ct—(l—l/p)/a—Q/a—&-l.
t/2

IN

Since 0 < o < 1, combining (5.10) with (5.11), we immediately obtain (5.9).
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In the next step, using (4.5), we obtain

(5.12) H < OSO S u?(y, 1) dy dT) O0xpa(t)

t/2R P
< ot~ (1-1/p)/a-1/a S ||u(7-)||§ dr < Ct~(1-1/p)/a=2/at1
t/2

Moreover, applying Corollary 2.2, we see that
t/2

(5.13) H S Oy (eTDA _p (t — 7)) x u?(1) dr
0

p
t/2
<C | (t—r)"UmVn/emton i — ||u(r)||3 dr
0
< et~ =tmle=tog) | lu(r)|3 dr.
0

Here 7(t) = sup,ep/2,4 In(s)], and it is clear that lim;—, 7(t) = 0.
Now it follows immediately from (5.9), (5.12) and (5.13) that (5.8) will

be proved provided

t/2

/
(5.14) tO-w/ et/ § N (@pa (- —y,t —7)
0 R

— 0

= 0upal(, t)u’(y, 7) dy dr ,

as t — oo. From now on the reasoning is completely analogous to that in
the proof of Theorem 1.2(ii); therefore we omit the details. Given § > 0 we
decompose the integration range [0,¢/2] x R = 2, U £25 U 23, where

Q2 = [0,6t] x [—6tt/, st/

2, = [0,6t] x ((—o0, =6t U [6t1/* o0)),

5 = [0t,t/2] x R.
Now a slight change in the proof of (5.3) gives (5.14). In fact, we only need
to replace the estimate ||u(7)||2 < C(1+7)~! by [Ju(r)|3 < C(1 + 7)1/

in that reasoning, and we should remember that 0 < o < 1. Moreover, the
counterpart of (5.4) is

“ u?(y, 7) dy dr < OSO S u?(y, 7) dy dr.
§2 0 Jy[zatt/

The integral on the right-hand side tends to 0 as ¢t — oo, because the integral
§o Vg u(y,7) dy dr converges. Theorem 1.2(iii) is now proved. m



Multifractal conservation laws 249

6. General multifractal conservation law asymptotics. Here we
indicate how results proved in the preceding sections can be extended to the
case of a general multifractal conservation law (1.1).

First, observe that the decay estimates from Lemma 2.1 play a central
role in the proof of the results formulated in Section 1. Analogous results
can be proved in the case of the semigroup of linear operators generated by
(1.2), which is given by convolution with the kernel

et = py(cot) * pa, (c1t) * ... % Doy (cnt).
Indeed, a repeated use of the Young inequality (2.6), combined with the
property ||pa,(c;t)|l1 = 1 for j = 0,1,..., N (here ap = 2), gives immedi-
ately inequalities (2.4) and (2.5) for the operator A of the form (1.2) and
for
a =min{ay,...,an}.

Now the proof of the existence of a global-in-time mild solution to the prob-
lem

(6.1) u + f(u), = Au,
(6.2) u(z,0) = ug(x) € L' (R) N L= (R),
for either 0 < @ < 1 and f(u) = u?, or 1 < a < 2 and f of polynomial
growth, is completely analogous to that given in Section 2. It is important
that such a solution satisfies preliminary estimates (3.2), (3.3), and the
maximum principle (3.8). Moreover, assuming that f(0) = f/(0) = 0, we
immediately obtain the estimate

|f (u(a,t)] < u’(z,t)  sup |7 (y)l/2.

lyl<lluolles

which is the core of the proof of the fact that the first order term of the

asymptotic expansion of solutions to (6.1)—(6.2) is given by e/ xug. Indeed,
repeating the argument used in the proof of Lemma 4.1, one can show that

tA=UP/e (1) — et s g, — 0 as t — oo.

The second order term depends essentially on the behavior of the integral
§p flu(y,t)) dy as t — oco. If f"(0) # 0, it is an immediate consequence of
the Taylor expansion that

[ a0 dy = 570 ) dy| =0 as 0=
R R

(6.3) i/«

Applying (6.3), and repeating the reasoning from the proof of Theo-
rem 1.2(i), (ii), one can easily show that for 1 < a < 2,
tA 1 " ¢ 2
u(t) —e* xug+ §f (0) S@Ipa(t—T) * (Mpo(7))°dr
0

75(171/10)/0Hr2/0471 =0

p
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as t — oo. However, for o« = 1 we have
$2-1/p

—0 ast— co.

u(t) — et s ug + (log t)% FOVM2(2m) Dupr (8)
p

logt

Now let us look more closely at the case when f”(0) = 0. By the Taylor
expansion, we have

[f (uy, 7))| < IU(@/,T)I?’| Sup L ()l/3,

which implies

(6.4) VVIfuy. )l dydr < €\ \July, 7)|* dy dr
0R 0R

<C S(1+7')_2/°‘d7' < 00
0
for every a € [1,2). Now, as a straightforward consequence we obtain
the second order term of the asymptotic expansion of solutions to (6.1)—

(6.2). Indeed, it follows from (6.4) and from the reasoning in the proof of
Theorem 1.2(iii) that

((1=1/p)/a+1/a

u(t) — Ak ug + S S dydﬂ'@rpa()” — 0

0R P
as t — oo for every « € [1,2). This asymptotics is different from that in the
case f(u) = u? (cf. Theorem 1.2(i), (ii)).
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