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A quasi-nilpotent operator with reflexive commutant, IT
by
V. MULLER (Praha) and M. ZAJAC (Bratislava)

Abstract. A new example of a non-zero quasi-nilpotent operator T with reflexive
commutant is presented, The norms ||T™( converge to zero arbitrarily fast,

Let H be a complex separable Hilbert space and let B{H) denote the
algebra of all continuous linear operators on H. If T € B(H) then {T} =
{4 € B(H) : AT = T'A} is called the commutant of T. By a subspace we
always mean a closed linear subspace. If A C B(H) then Alg.A denotes the
smallest weakly closed subalgebra of B{H) containing the identity I and A,
and Lat A denotes the set of all subspaces invariant for each 4 € A. If £ is a
set of subspaces of H, then Alg L ={T € B(H) : £ C Lat{T}}. T is said to
be hyperreficwive if {T'} = AlgLat{T}', i.e., if the algebra {T'}’ is reflexive.

It can be shown (see [1]) that if T' is a nilpotent hyperreflexive operator
on a separable Hilbert space then T == 0. This is not true for quasinilpotent
operators. An example of a non-zero quasinilpotent hyperreflexive operator
was given in [5] using a modification of an idea of Wogen [4]. The powers in
the example converged to zero slowly; more precisely, the following inequality
was true for all positive integers:

I/ 2 1/10g .

In [6] it was shown that the convergence of the powers of T to zero can be
faster, namely for each p > 0 there exists a non-zero hyperreflexive operator
T for which

”Tn”fl‘/n < l/np.

The aim of this note is to show that the convergence ||7™(|*™ — 0 can
be arbitrarily fast:
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THEOREM 1. Let (Bn)n>1 be a sequence of positive numbers. Then there
exists o non-zero hyperrefiexive operator T on a separable Hilbert space H
such that |71/ < B, for alln > 1.

Proof. The set of all non-negative integers will be denoted by N. Set
formally B9 = 1. Without loss of generality we can assume that 1 = f >
By > B2 > ... (if necessary, we can replace f, by min{g; : 0 < j < n}).

For & = 0,1,... set mg = 3k(k+ 1). For n € N let f(n) = min{k :
mg > n}. Thus f(n) = k if and only if mp_; < n < my.

Finally, set sp = 1 and, for k,j € N with 52 < k < (§ + 1), set

1 n+f((n))
. n+Ff(n
S =min{ ————+=: () <n < me; 2}.
’ {f(n) S G+
Clearly, 1 = s > s1 > s = ... Further, 821 = 8§54 = ..
that the sequence (s,} contains constant subsequences of arbitrary length.

IneN, f(n) = kand j% <k < (§--1)% then myp.x < n < my < myjp1

80 that

o= s(j-i*l)"‘ 50

'Hn'f‘f('"')

Now let R be a complex Hilbert space with dim R = 2. Let {a, b} be its
orthonormal basis and let ¢ = %(a +b),d= %(a —b). Note that {c,d} is
alsc an orthonormal basis of R.

For z € R, z # 0, we denote by P, the orthogonal projection in B{R)
onto the one-dimensional space spanned by {z}. For any integer n > 0 write

Ap ={I —Po)+ 5081 ... 8Py = Py + 8051 . .. 8, P,
B, = (I__ Pb) - 8081 ...80 P = Py + 8081 .- 8, F%,
C, = (I—Pc)+30.5'1...snpc=Pd+3081.‘.3npc.
Note that Ay = By = Cg = I. Define the sequence { Ry }n>o of operators in
B(R) as follows:
IsAla I:BL I,Cl, IJA11A21A11 IsBlyBQ:Bln I’CJ.:O%OZL’
I,A;,A3, 43, Ag, . ..
More precisely, if 4,k € N then
Ay ifn=my+i, 0<i<k+1,
fn=mp+2k+1)~i, 1<i <k,
ifn=mpg+2(k+1)+4 0<i<k+1,
fn=mp+4k+1)~1i 1<i<k,
fn=me+4k+1)+i 0<i<k+1,
ifn:mk;+1—?:, lS%Sk.

.

Rnﬁ

-,

e

OO e

By
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For n € N set g(n) =1 if and only if R, € {A;, B;, C.}. By the definition of
f{n) we have g(n) < f(n) for all n > 0.
Note that Ky, is invertible, ||R,| = 1 and
[V i ma,x{l, f‘fi___ss_'_(ﬂ}

3081 ... Sg(n)
where [g(n -+ 1) = g(n)| = 1. If g(n + 1) > g(n) then ||Rpr1 RIY| < 1. If
g{n+1) < g(n) then ||Rnsr By = 1/s9n) < 1/55(ny. Thus |Rpi1 R <
1/8pny (n € N). For 0 <4 < j we have
12 B < By B2 W Ryma B |- | Reqa BTV
1
T 87(-1)840i-2) - S5ty
Let H be the orthogonal sum of infinitely many copies of R:
(1) H=RoR®...
For n > 0 set

an = spmyfnit/Br and Ty = apRupa RN
Let T € B(H) be the weighted shift with weights T,,
T(:L‘Q @m;_@...) =0 ThzoTi21 B ...

We show that T satisfies the required conditions.
Let n = 1. Then

o0 o0
s (@ mi) =06...608 EBamiH . ai+n—1Rn+iRi_l$i-
fe(} n i=0
Thus
|17 | = sup @i - -« Qi | R i BT |
1
i1 git2 i
< sup S70)8 pir1) - - - 85 (i-n—1) Bit1 Bitsa Biin
< sug T e
i 8-y S BE BT BHnTa
i |
< sup ~ < gup 2 = sup A, < AL
i ﬂi i Mign %
Hence

[T <8 (R 2 D).

The above-defined operator-weighted shift T is reflexive since it has
injective weights of dimension 2 [2, Corollary 3.5]. We shall show that
{7} = AlgT and then T" is also hyperreflexive. Similarly to [5, p. 281]



®
176 V. Miiler and M. Zajac Im“

let (Us;)i >0 be the matrix of an operator U € {T} in the decomposition
(1). Then

~Unp1 Ty —Uo2Th ~UnaTh
ToUoo — UnnTa ToUo - Ui ToUpe — U™l
0=TU—UT = | Talo ~UnTy 11l — UnTy TUsz — UasTh
TolUsp — Uan Ty Talzy — UseTy  TaUsz — UssT

Since To,’s are invertible we obtain: from the first row Up; =0for all i > 1.
Similarly we obtain by induction Us; = 0 if ¢ < 7, i.e., the matrix U ig lower
triangular.
Further, for 2 > § > 1, we have T3 1Ui—1j-1 = UyTj1 = 0 so that
Uy = i—lUiv-—l,j—-lTj__ll
Thus for 4, n = 0 we have by induction
Untin = Tnti-1Tnpi-2 L TUTE L
IB)SAJh_lzh_g...ﬂh)_l
= OOt « - - Onpie1 BnpiSiRy
where 5; = (Ti_]_T-gn_z . Tg)__lUig.
We are now going to show that each 9; is a scalar multiple of identity. Fix
i > 0. Suppose that S;a = Ao+ ;b To show that p; = 0find k €N, k>4,
such that s, = 8p—1 = ... = 8p—;. Let n = my_1 + k. Then R, = Ay,
Royi=Ap_i, f(n)=f(n+1)=...= f(n+i) =k and we have
U1 = “Uﬂ+i,nH > |Untintl] = cnoinir - an+i—1“Rn+iSiRr_ala’”
O 0 e
= Sndedle PR Ai(io + b))

= (Tnti-1Dongizz. -

S081 ... 8k
o -
= SnCnil- s Lllsqsy - . - Sp—iria + b
5081 - .. Sk
> ‘ _|Od',105n+1. BN s IR, | LU, ‘ Si: ﬂ: :::
= 5087 .-+ Sk : .8 PR
sk B m:
2 | = ll o
Skt + o Bk ﬁn
7t .
LR P (gk) L
ﬁn+k T ‘|‘ -k

Since k could have been chosen arbitrarily large, we concinde that p=0.
Thus Sio = Ma. Similarly (for n = my—1 + 3k and n = my—4 + 5k, respec-
tively) we can prove that S;b = Alb and that S;¢ = A/e for some complex
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numbers A, XY, Thus

——Ai’(a +b) = Ne= Sie =8 ( b ) Asar Ly

V2 (VBTN = et g
Thus A = A/ = A, i.e, §; = \J. Hence Untin = MTntic1Tngica ... T
for all 4,n > 0.

Ohgerve that the only non-zero entries of the matrix of the operator
T are (17 )r»iwv = Dppim1Thiz . . Ty for n = 0,1,2,... and so formally
U= 3T

The rest of the proof s exactly the same as that of Lemma 2.3 in [3]. The
operator IJ can be written as a formal power series 5 AT, The series need
not converge but its Cosdro means converge to U strongly. So the commutant
of T' coincides with Alg 7' and therefore it is reflexive. This finishes the proof
of Theorcem 1.
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