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The stability radius of an operator of Saphar type
by

CHRISTOPH SCHMOEGER (Karlsruhe)

Abstract. A hounded linear operator T on a complex Banack space X is called an
operator of Saphar type if its kernel is contained in its generalized range Moy T*(X) and
T is relatively regular, For T of Saphar type we determine the supremum of all positive
numbers ¢ such that T — AT is of Saphar type for |A| < &.

I. Terminology and introduction. Throughout this paper let X de-
note a Banach space over the complex field C and let £(X) denote the
algebra of all bounded linear operators on X. If ' € £(X), we denote by

N(T) the kernel and by T'(X) the range of 7". The generolized range of T is
defined by

T (X) = ﬁ " (X).
n=1

We write o(I') for the spectrum of 7 and g(7") for the resolvent set C\ o(7).
The spectral radius of T is denoted by r(T).

In [6, Theorem 3] T. Kato showed that for 7" in £(X) the set
ox(T) = {A € C: (T = M)(X) is closed and N(T — \I) C (T — A[)>(X)}
is an open subset of C. Since o(T") € ¢x (7)), the complement ox(T) =
C\ ex(T) is a compact subset of o(T). We showed in [10, Satz 2] that
00(T) C ok (T), thus ok (T) # 0.

We call T' € L(X) relatively regular it T'ST = T for some § € £(X). In
this case T'S is a projection on T'(X) (hence 7'(X) is closed), I — ST" is a
projection on N (T, and we say that S is a pseudo-inverse of T :

T is called an operator of Saphar type if T is relatively regular and
N(T) € T°(X). This class of operators has been studied by P. Saphar [9]
{see also [2] and [12]). Operators in this class have an important property:

THEOREM 1. T' € L(X) is of Saphar type if and only if there is a neigh-
bourhood U C C of 0 and a holomarphic function F : U — L(X) such
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176 C. Schmoeger

that
(T=ADEMNT~AD)=T X forall)eU.
For a proof see [7, Théoréme 2.6] or [i11, Theorem 1.4] or [2, Theorem 9,
Theorem 11 in §5.2].
If ' is a holomorphic function with the property of Theorem 1, then we

say that 7" — AI has holomorphic pseudo-inverse F in 7. Theorem 1 shows
that the set

0u(T) = {A € C: T — A\ is of Saphar type}
is open. We also have o(7') C 0. (7). Setting o7 (T) = C\ 0. (T), we derive
ok(T) Con(T) Co(T) and o(T) C 0u(T) C ok (T).
In general, gr (T) # 0., (T) (see [12]).
Let T € L{X) and 0 € g (T), hence TST = T for some S € L(X).
In the third section of this paper we shall see that then 0 € 0:+(T™) and
T™5™T™ = T™ for all n € N (Proposition 5). For n € N put
6n(T) = sup{r(A)™" : A € £(X) and T"AT™ = "}
The aim of this paper is to show that
dist{0, o (T}) = sup 6, (7Y™ = lim §,(T)"/™.
n>1 =00

In the next section we collect some properties of the Kato resolvent set
0 (7). In the final section of this paper we investigate or:(T), and we give
a proof of the above distance formula.

IL. Properties of gi(T). For the rest of this paper we always assume
that T' € L£(X) \ {0}. By definition, the reduced minimum modulus (1) of
T is given by

. [ T]]
(T) = |
)=t { e
(d(z, N(T')) denotes the distance of x to N(TY). It is well known that 7'(X)
is closed if and only if 4(7") > 0.

PROPOSITION 1. Suppose that 0 € px(T). Then

(a) T™(X) is closed for each n € N and T(T™(X)) =T>(X).

(b) {A € C: || < ¥(T')} € ok (7). '

(c) ¥(T™+") = 4 (T™)¥(T™) for all n,m € N,

Proof. (a) [10, Satz 4] shows that T™(X) is closed for all n € N. The
inclusion T(T°°(X)) C T°°(X) is obvious. Let y € T=(X). Forevery k€ N
there is 74 € X so that y = T*z. Put 2y = @y ~ T* g, . Then Tz =0,
bence 2z € N(T') C T*~1(X). It follows that &1 € T*=1(X) for all k. This
gives y = Tz1 € T(T°°(X)).

rx € X, Tm#O}

icm
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(b) {1, Theorem 1.1]. (¢) follows from {4, Lemma 1. m

The set of all complex-valued functions which are analytic in sorme neigh-

bourhood of o(T') is denoted by H(T). For £ € H(T), the operator f(T) is
defined by the well known analytic calculus.

PROPOSITION 2. Let T € L(X). Then

(a) ox (f(1) = Flox(T)) for all feH(T).
(b) If C is u connected component of ox{T), then the mappings

A GN((T—-AI)”) and A~ (T = A)™(X)

LA
are constani in C.

Proof. (a) [10, Satz 6], (b) [3, Theorem 3]. w

PROPOSITION 3. Suppose that 0 € px(T). Then

() TiMyms0 Y(T™) 1™ = sup iy YT < mind|A|: A € Ba(T)).

() {A e C: |A] < lmporoe v(T™)H")} C ox(T).

Proof (a) We have lim, o v(T™)V/" = SUP,5y Y(T™)Y™ by [4, re-
marks in connection with Lemma 1]. Fix 1z € 80(T") such that |p| = min{|A| :
A € 0o(T)} and assume that [u] < y(T™)1/™ for some m € N, thus |p™| <
¥{T™). Since 0 € gk (T™) by Proposition 2(a), we have ™ & o (T™) (use
Proposition 1(b)). Proposition 2(a) implies now that p € ox(T), a contra-
diction, since u € 8o (T") C ok (T). :

(B} IE A < limy,, o (T™)/™ then [A| < ~(T™)/™ for some m € N. The
same arguments as above show that A € px (7). =

T e L(X)and 0 € px(T) we define

I(T) = lim y(T")* (= supy(T™)/"™).
T 00 7?.21

An immediate consequence of Proposition 3 is
COROLLARY 1. If 0 € gg(T), then I(T) < r(T).
ITI. Properties of g, (T). Recall that T & £(X) is an operator of

Saphar type if T is relatively regular and N(T") C T (X). For relatively
regular operators we have the following basic result.

PROPOSITION 4. If T'€ L(X) and TST =T for some S € L(X), then
IS~ < 2 ().

Proof. [4, Lemma 4]. u
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In [12, Theorem 3| we showed that a spectral mapping theorem for o, (T")

is valid:
Flon(T)) = on{f(T)) forall f e H{T).

PROPOSITION 5. Suppose that T is of Sephor type and T'ST = T for
some § € L(X). Then

(a) T™ is of Saphar type and T™S™T™ =T™ for all n € N.

(b) (T — AD)(I = AS)"*S(T — AI) = T — AT for |\ < r(S)~1.

() {AeC:|Al <r(8)71} C ou(T).

Proof. (a) [12, Proposition 2]. (b) [11, Corollary 1.5]. (c) follows from
(b} and Theorem 1. »

By Theorem 1 we have the following characterization for points in o, (T):
Ao € 0:(T") if and only if there is a neighbourhood U of Ay and a holomorphic
function F : U — L(X) such that

(T=A)FQANT -M)=T— M forall N U.

Thus T'— Al has locally a holomorphic pseudo-inverse on .. (7"). But we can
say more if we use the following result of Shubin (13, p. 161] (see also [5,
Theorem 3.9]):

THEOREM 2. Suppose that G C C is open and connected. Then G C
oc:(T) if and only if there is a holomorphic function F : G — L(X) such
that

(T~ ADFONT M) =T —X for)eG.

Theorem 2 shows that T — A has a global holomorphic pseudo-inverse
on each connected component of o (7).

In order to facilitate further expressions, we introduce the following no-
tions. Let T ¢ L(X) be given and suppose that 0 € g (T) (recall that we
then have 0 € g, (1™) for each n € N, by Proposition 5(a)). We denote the
distance dist(0, o.(T)) by d(T). Put

6n(T) = sup{r(A)~1: A € L(X), TAT" = T”} for n € N,
§(T) = sup 6,(T)*".
nzl

If 0 € 0 (T) and T'ST = T for some 8§ € L(X), Propositions 4 and 5 show
that [|S™]| =1 < A{(T™), thus (|§7|2/™)~1 < A{T")4/* for all n € N. This
gives

r(8)71 < lim 4(T™)V" = I(T),
Suppose now that 0 € g, (T} and T*AT* = T* for some A € £(X) and
some k € N. Then r(4)~ < I'(T*) and we see that

r(A)7H < Jim y((@Y = Tim (T < DT

icm
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Hence & (1) < I'(T)*. Thus we have proved the following result (recall that
I(T) < r(T) by Corollary 1).

PROPOSITION 6. If 0 € gcr(T), then 8 (T)V* < 6(T) < I'(T) < r(T)
for each k € N.

PROPOSITION 7. Suppose that 0 € (T} and put @ = {A e C: |)| <
d(T)}. Then G C 0n(T) and there is a holomorphic function F : G — LX)
such that

(T=ANDFX)T—-M)=T-X foralied.
The function F hos the following properties:
() (T = A H FM Q)T = M) = X (T = AI™ for all A € G and
alln e N.
(1) If F(A) = 357 0 A" A, for |A| < d(T), then

d(T) = (limsup | 4, /7))
and
T AT =7 for euchn=0,1,2,. ..

Proof. The definition of d(7") shows that G' € p.(T). The existence of
F follows from Theorem 2. For the proof of (i) use induction. If F{)\) =
E:_":D A" Ay, is the power series expansion around 0, then the radius of con-
vergence R is R = (limsup [|A,]|'/")}~1. Clearly we have R > d(T). Assume
that R > d(T). Put H(}) = (T — AD)F(A)(T — AI) — (T ~ Al for |A| < R.
Then H(A) = 0 for all [A| < d(T), thus H(}) = 0 for all |A\| < R, hence
{Ae € |A| < R} € 0 (T'), by Theorem 2. This gives or(T) N o (T} £ 0,
a contradiction. Therefore B = d(T). Since n!d,, = F(0), (i) shows that
Tn+1AnTn+1 — T'n+1_ -

COROLLARY 2. If 0 € g, (T), then §(T) < d(T) < I'(T).

Proof. Let |A] < §(T). Then [A| < §,(T)Y/" for some n € N, thus |A"| <
8u(T"). Therefore there is a pseudo-inverse A of T with |A\"| < r(4)™'. Use
Proposition 5(c) to derive A™ € g (T™). The spectral mapping theorem for
or:(T) implies now that A € g,+(T). Therefore {A € C: || < 6(T)} C 0:(T).
This shows that §(1") < d(T).

It remains to show that d(T) < D(T). If F(X) = Y02, A% 4, i8 a holo-
morphic psendo-inverse of T'—A! for |A| < d(T), then TP A, Tn1 = Tl
for all n > 0. Proposition 4 gives ||4,]|~" € «(T™1). Thus

(”An” l/'n.)--j < ,Y(Tw.»l—'l)]/'n, = (,},(TWH)}/("l"l~1))(ﬂ+1)/” < F(T)(TL+1)/'rn._
It follows that d(T") = (limsup |A,||*") "' < I'(T). =

We now state the main result of this paper.

THEOREM 3. Let 0 € 0u(T).

(8) 6(T) = limyym o0 85 (T)V™ = &(T).
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(b) FF(X) =307 g A" A, is a holomorphic pseudo-inverse of T — A for
Al < d(T), then
d(T) = ( lim [|A,)]"7™) 7" = tim (r(4n)/")7%
Proof. Let F(A) = 3777, A"A, be a holomorphic pseudo-inverse of
T — M for |A| < d(T). Thus d(T) = (limsup || A.||"/*)"". Let & > 0 be given
and & < d(T). Put p = d(T) —e. Since limsup || A, ||}/ = 1/d(T"), there is
an integer % such that
1 ) 1
A'n 1/n < e —
W< Gy * i =
Since A, is a pseude-inverse of 7" and §(T) < d(T'), we conclude that
7" <A™ < r{dn) ™ < Spga(T) < S(T)*F < d(T)"H
for all » > k. This shows that there is an integer m > k such that
AT = e =1 < (A" < (A} < b (1)1
< Sna (DY U Y/6(T) < 6(T) 3/8(T) < (1) 3/A(T)

<d(T)+e forn>m.

for all n > k.

This gives
dT) = 6(T) = lim 6,(T)" = (lim |Aa]"™)™" = lim (r(Az)Y7)7
T O — 00 —

It X is a complex Hilbert space, then it is well known that T' € L£(X) is
relatively regular if and only if T(X) is closed (see [2, p. 12]). Therefore in
this case g (T') = 0o (T). Since {A € C: |A] < I'(T)} € ox{T") (Proposition
3(b}}, we have an immediate consequence of the last theorem:

COROLLARY 3. Suppose that X is a Hilbert space, T € £L(X) and 0 €
ocx(T). Then d(T) = I'(T).

Remarks. 1. The result of Corollary 3 can be found in [8, Théoréme
3.1]. But the proof there contains a gap. Without the use of Theorem 2 it
is not clear that if 0 € p;(T') then we have a holomorphic pseudo-inverse of
T - Al for all |A] < d(T).

2. Suppose that 0 € gx(T') and T is a semi-Fredholm operator. By [14,
Theorem 1], dist(0, ok (T)) = I'(T"). For more general results for the class of
semi-Fredholm operators see [15].

We would like to finish this paper with several questions:
QUESTION L. If 0 € 05 (T), must d(T) = I'(T)?

QUESTION 2. If 0 € px(7"), must dist(0,ox(T)) = I'(T)? Observe that
dist(0, o (")) > I(T") by Proposition 3(b).

QUESTION 3. Does there exist a holomorphic function F' : g (T) — £{X)
with
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(T~ ANF)T A =T -~ Al for \e oee{T)
and
FQA) = Flp) = (A= ) FO)F(n)  for all A, € p.o(T)?
Observe that this is locally true by Proposition 5(b).
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