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STUDIA MATHEMATICA 101 (1) (1091)

Isomorphy classes of spaces of holomorphic
functions on open polydiscs in dual
power series spaces

by

MANFRED SCHEVE (Disseldorf)

Abstract. Let Ar(«) be a nuclear power series space of finite or infinite type with
limjsq0 (1/5) log a; = 0. We consider open polydiscs Dq in Ag(a)}, with finite radii and
the spaces I7(Dq) of all holomorphic functions on Dy under the compact-open topology.
We characterize all isomorphy classes of the spaces {H (D4) | a € Agr(a),a > 0} In the
case of a nuclear power series space A;(a) of finite type we give this characterization in
terra of the invariants (7) and (£2) known from the theory of linear operators between
Fréchet spaces,

Introduction. Let Ag(e) be a nuclear power series space. For a €
Ar(e), o > 0, the set

D, := {z € Ap(e)' | sup |z;|a; < 1}
jeN

is called an open polydisc (with finite tadii) in Ag(a);. Then the space
H(D,) of all holomorphic functions on D, endowed with the compact-open
topology is a nuclear Fréchet space and the monomials in the coordinate
funetions form an absolute basis of H(D;) by a theorem of Boland and
Dincen [1]. Using this result and the linear topological invariants (2) and
($2) (which have been introduced by Wagner [15] and Vogt [14]) Meise and
Vogt [5], [7] derived in the case B = 1 that H(D,) is isomorphic to a power
series space iff J(D,) has the property (f7), in this case equivalent to

_lim ——Llogaj = 0,
j—oo Oy

and that #(D,) has the property (£3) iff

. 1
lim sup ——loga; < 00.
jreo G
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Furthermore, they proved [6] that there exist a continuum of polydiscs
(Do, )r>o such that the Lm.c. algebras (H(D,,))r>o are pairwise noniso-
morphic.

In contrast to the last statement we show in the present article that under
the stability condition lim;—.0(1/7)loga; = 0 the classes (2), (£2)\(17) and
~(§2) are exactly the isomorphism classes of {H(D,) | a € A;(a),a > 0} in
the category of locally convex spaces.

On the other hand, we show that in the case limj...o(1/7)loga; = 0,
R = oc, H(D,) and H(D,;)} are isomorphic for all 0 < @, b € Ago(ar).

The proofs of these results are based on the sequence space representation
of the space H(D,). The theorem of Hall and Ké&nig [9] which has been used
earlier by Mityagin [10] to investigate bases in nonnuclear Hilbert scales
enables us to formulate a general criterion for two shift-stable, metrizable
K&the-Schwartz spaces to be isomorphic. We verify this criterion in the
classes mentioned above using stability properties of the considered spaces
and estimates of the number of lattice points in certain polytopes in R™.

T am indebted to Prof. Meise for inspiring me to work on these topics
which form a part of my thesis.

1. Preliminaries. In this section we introduce some notations and
conventions used throughout the whole article, We also mention some results
which we shall use in the subsequent sections without further references (see
Jarchow [4], Pietsch [11] Schaefer [12]). Furthermore, we prove a criterion
for two shift-stable, metrizable Kéthe-Schwartz spaces to be isomorphic.

1.1. Sequence spaces. Let M be a countable set and let P be a set of
nonnegative sequences with the following two properties:

(i) For all § € M there exists p € P with p; > 0.

(ii) For all p, ¢ € P there exists A > 0, r € P with p+ ¢ < Ar.

We define the locally convex space

A(P) = {a: ecM | | = Z |2lp; < 00, Vp & p}
JEM
endowed with the topology induced by the system of seminorms (- llp)per-

The nuclearity and the Schwartz property of M P) can be characterized in
terms of P:

1.1.1. TREOREM. (a) (Grothendieck-Pietsch criterion [11], 6.1.2). A(P)
is nuclear & for all p € P there exists q € P with p/q € I1.

(b) (Jarchow [4]). A(P) is a Schwartz space < Jor all p € P there exists
q € P with p/g € cy. '
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1.1.2. Remark. If A(P) is metrizable then A(P) = A(A) with a so-
called Kéthe matrix A = (ajp)(5,p)eMxN; 1.8

(i) For all j € M there exists p € N with ajp > 0.

(it) Forall j € M, pEN, ajp < @jpi1-

1.1.3. PROPOSITION. If A(A) is nuclear then A(A), = M(P), P = {p €
MA) | p 2 0} where A(A)} denotes the sirong dual of A(4).

1.1.4. Power serics spaces. Let o be an increasing, unbounded sequence
of positive numbers and 0 < R < oo. We define the power series space

Ar(e) = AP), P={(r")jen|0<r<R}.

Then by a diagonal transformation Ar(a) 2 As(a) for 0 < R < co. Ag(e)
is called of finite (infinite) iype if R < oo (R = oc}.

1.1.5. DErINITION (Vogt [14], Wagner [13]). Let £ be a Fréchet space
and let (|| - |lp)pen be a fundamental system of seminorms on £. For an
arbitrary seminorm || - || we define the dual seminorm:

|-l B - [0,00],  liwll* = sup{ly(a)l | [laf] < 1}
E has the property

e . (IR SO )
v > P1oap: V3 '

1.1.6. Remark. It is easy to see that (ﬁ) and (12) are inherited by
quotients and that the implication (£2) = ({2) is true. For a K&the space
A(A) the properties (£2) and (£2) can be characterized in terms of A:

1.1.7. Lemma (Vogt [14], Wagner [15]). A(A) has the property
(ﬁ) & Ypy Ad > 0,pp Vp3 3C >0 V5 } Giny C(fiaz)d‘
() & 3d > 0Vp dp2 ¥pa 3C >0 Yi: @i, \ @iy,
The following definition is useful for constructing isomorphisms between
Kéthe spaces: :
1.1.8. DEFINITION (Zakharyuta {16]). Let A(A) and A(B) be Kdthe
spaces with canonical bases (€;)jem and (f;)jem. We define:
a) ,\(A)ﬁ')\(B) :¢> There exists ¢ : M — M injective and a sequence
(d)menm of positive numbers such that
T:MA) = M(B), T(e;) = djfor forall j € M,

is a topological homeomorphism.
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d.
b) A(A) 9 A(B) ¢ There exist o : M — M bijective and a sequence
(din)menm of a positive numbers such that

T:MA) = A(B), T(ej):=d;foy foral jeM,

is an isomorphism. '

¢} A(A) is called quasi-diagonal (q.d.) shift-stable if )\(A)qé‘:',\(A) x C.

1.1.9. LeMMA (Zakharyuta [16]). For two Kéthe spaces A(A), A(B) the
Jollowing statements are equivalent:

(i) A(A)LF A(B) and A(B) LS A(A4).

(i) A(A) & A(B).

We shall make use of

1.1.10. TuroreM (Hall-Konig [9]). Let (A;)icr be a family of finite
sets, Then the following statements are equivalent:

(i) There exists 0 : I — |);c y Aj injective with o(j) € A; for all j€ J.

(i) For al M € £(I) = {M C T | #M < 0}, #M < # ;cps A

1.1.11. LeEMMA. Let A(A) and A(B) be metrizable Kéthe-Schwartz
spaces with A A) q.d. shift-stable. Then the following statements are equiv-
alent:

(i) A(A) X A(B).

(ii) There exist strictly increasing sequences (ps)seN, (Cs)sen of natural
numbers with

lim —Lloggr—nﬂ’—‘iz(] Jorallme M

a Lnpy
such that for I :={(r,t) eN? | r < t} x Ry, and for all K € E(E(I))

#U N4a<#U N8

Ter vel IeX vel
where

AT,!,U],'Ug: = {m € M

G G
ec;‘ul < Pits , Pita _<_ GGMLQ} ,
Gmpepr Fmpyya

b

b
eC‘ul < ;"‘pl-l-ﬂj bnlpﬁ+3 SeC‘,u; ,
mp,  Omp.ys

(iii) There ezist strictly increasing sequences (p,)seN, (Cs)sen of natural
numbers with

'BT,t,u.l ,‘Uz: = {m € M

. 1 m :
lim ~C-/;—]oga—-’"—”i =0 JoralmeM

s=o0 g Banp,
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such that for I := {(1,2) € N? | r < 1} X N and for all K € £(E(T))

#UJ Nas#U N5

e vel IeX ver
where

AT,!,TA: - {m € M

a A
eC.u < mm+5, Pidd < ec’g{u-{-'.l)} ,
Cprqr  Fmprsa

eCtv ¢ bmmiu, b'mpata < eG’.(u+l)} )
mper MPrs

B;ﬁ‘ﬂﬁ = {m E M

Proof. (i)=>(ii). Let A(A) L3 A(B). Since A(A) and A(B) are Schwartz
spaces there exist o : M — M injective and sequences ¢ € NN d e R%
such that

VseNIM, € E(M)V¥me M\M,:  an, < dpboim)g, < Omg,, -

We may assume g, > $¢ and Myyq > M, for all s € N and | J72, M, = M.
Choose (ps)sen and (Ci)ien inductively: py = q1, Pss1 := gp, and

Uy, amPHa
> max log—2Pe Oy >tmax | Ci, max log——=] .
! meMy, g mpr + "mEMy, .y Gmp
Then

lim —!—logmw—_ﬂ foralme M
t—roo0 () ynp,

and for v = (7,1, t,%2) €I, m € A, we get

eMCi o Inpiys o bo(m)pssa bo(m)pess < Bmpita < euaCr |

—— ? —-—
Gmprga bo(m)p. bo(m)prso  Gmprea

and therefore a(A,) C B,. Thus we have for £ € £(£(1))

#U Na=#U Ner<#U N8

Iek vel lek vel TIek vel
(ii)=r(iii}. Set u = uy = ug — L.
(iii)=+(i). Since

lim L]ngM:o for all me M

. a—co C Qnpy
we have ()¢, Ay = @ for L C I infinite. Therefore /, := {vel|lme A}
is infinite for m € M = UuérAv- By hypothesis we have for any finite

LcM
#r<# ) NAa<#U N B

meL vEly mel vEln,
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1.1.10 implies that there exists o : M — M injective with o(m) € (,er,, Bu
for all m € M and therefore
oA)c |J () BucB, forallvel.
meA, p€ly
By definition of A,, B, and since [J32) A7 2 {M € M | @mp, s fOmp,y, >
e} weget for 7 <1, m € M, Gyp,ps/Gmp, 4y > €,

Gy gy < G bﬂ'(m)Pwe
- ¥
Ompeye ba(myp,

bcr(m)m-;.:; < &% Grnpess .
ba(m)pr-m Gmpy 41

Then it follows that, with sufficiently large constants D; > 0, for m € E/T,

Dynpyyq < Dtbﬂ(m):vws ba(m)p....;, <D, Cmp, s .

Trnpeyz ba-(m)p, , bﬂ_(m)Pr+3 mpra
Hence '
__'lm a"nPlM G"mpf+2 fQI‘ S
_ ¥
Dibo(mypirs ~ bo(mi,
a
Tmpygn < DpmPras fort<r,
bo(mypiss bo(m)prss
and therefore
1 a a
P o p TRrdE for all 7, ¢,
D bﬂ‘(ﬂl)pg+6 ba(m)p,

Denote by d,, the supremum of the left hand side over ¢ € N. Then it
follows that forall tEN, m € M

amp1+1 S Dtdmba(m)pg.,.g S Dt-Dt+Ga'mp¢+n .
A(A)
)

This implies E := LH({e,, | m € M} cl;‘-i{./\(B). Since M\E/T is finite

and A(A) q.d. shift-stable we have A(A) Wpwd A(B), which completes the
proof.

1.1.12. Remark. The proof of 1.1.11 is based on an idea of Djakov [3]
concerning the proof of the Crone-Robinson theorem on regular bases. A
result similar to 1.1.11 has been proved by Chalov and Zakharyuta [2].

1.2. Anelytic functions on locally convex spaces. Let E be a complex,
locally convex space and let 2 C E be open. A function fi 2 —-Cis
~ called holomorphic if it is continuous and for all a € 2, b € E the mapping
z v+ f(a + zb) is holomorphic on its natural domain of definition. Then

we define H(2) .= {f : 2 - C | f is holomorphic } endowed with the
compact-open topology.
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1.2.1. ProrosiTion (Meise-Vogt [6]). Let Ar(a) be a nuclear power
series space and a € Ap(@), a > 0. Then

D, := {z € Ar(a)' | sup |z;]a; < 1}
JEN

is open in Ar(a),. Dy is called an open polydisc (with finite radii) in
A;{((t)ﬂ,.
1.2.2. Notation. We define
M := {m & N} | m; = 0 for almost all j € N}
and for m €M, z € CN, (z [ m) = Y0y 35my.

Let Ag(a) be nuclear and Dy an open polydisc in Ar(a)}. For f € H(Da)
and m= (M1,.n., i, 0, ) € M we define for 0 < rj < 1/a;

1 f(zla-.uzmoa"')dz odzy .
T
" (27”)“ [z]=r1  |#a|=rs A "

An easy modification of a theorem of Boland and Dineen [1] then gives

1.2.3. LomMma (Meise~Vogt {3]). Let Ar(a) be ¢ nuclear power series
space and let D, C Ar(a)}, be an open polydisc, ¢ > 0. ThenT: I,{t(lii) -
Aexp(A | M), T(S) = (am(f))mem, is an isomorphism where exp(A| M) :=
(exp(aap | 1)) (m ) eMxN» dp = (@jTjp)jeN and

a) in the case R =1,

j S V:Dv 1
Tj = —--——log 04
. o
- j > Vp,
and v, is so large that —1/p <7j— 1/(1 + p) for all j > vy,
b) in the case L = o0,
m———l f 1
=4 T T J & vy, ij__&glogw_,

P, i> v,
and vy is s0 large that p < 5~ /(1 + p) for all § > vp.

In the case R = 1 the properties (12) and (£2) can be characterized in
torms of o1

1.2.4. LeMMA (Meise~Vogt [8]). Let Av(a) be nuclear, ¢ € Ai(a),
g>0 Then

. o . 1 _
a) H(D,) has () « }i,“;‘o"a“,?bg ;i =0.
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b) H(D,) has () & Timsup——1logg; = 0.
F—+00 L2

2. Isomorphism for spaces of holomorphic functions on infinite-
dimensional polydiscs

2.1. THEOREM. Let A1(a) be a nuclear power series space of finite type
with lim;_,(1/§)loga; = 0 and g,0 € Ay{(a), p,0 > 0. Then the following
statements are equivaleni:

(i) H(D,) EdH(D,).
. g.d.
(') H{(D,) = H(D,).
(i) The spaces H(D,), H(D,) both have one of the properties (a) (12),
(b) (2) and ~(2) or (c) ~(2).
(iii) With r; := ~(1/a;)loge;, 85 := ~(1/a;)loga; one of ihe following
conditions is fulfilled:
(a") lim r; =0= lim s;,
i—o0 j-roo
(b") 0 < lim sup r;, limsups; < oo,
j—o0 J—o0

(C') lim sup Tj — Q00 = ]jm sup Sj R
F—o0 J~+o0

2.2. Remark. (i) The implication 2.1(ii}(a) = 2.1(i) has been proved
by Meise and Vogt [5] without the restriction limj_co(1/7) loga ; = 0. Their
proof is much simpler than ours.

(ii) The equivalences (a)<>(a’), (b)<+(b’) and (c)&(c!) in 2.1 follow from
1.2.4.

(iii) The condition 2.1(iii) is equivalent to: There exist sequences i, v of
natural numbers with lim; o st; = 00 = lim;_,o0 ¥; and a constant ¢ > 1
such that for all ¢ > 0 *

lim sup i

< C, ]imsup—slw<(}'_
£

J—ro0 Tll,‘

2.3. THEOREM. Let A(@) be a nuclear power series space of infi-
nite type with lim;_,(1/5)loge; = 0 and p,0 € A{a), o,0 > 0. Then
.d.
7D, % H(D,).

For the proofs of 2.1 and 2.3 we need some preparations concerning the
estimation of the volume of certain polytopes in R*:

iﬁnj
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2.4. Notation. Let A € RV*N be a matrix with N rows and infinitely
many columns with the following properties:
(i) There exists a positive row.
(ii) There exists n > N such that for the columns A4; of A we have
Qoo 1= Ap = Aj for all j 2 n. .
Do(iii) Let (e;)1<j<n be the natural basis of RY and
€js 1Sj< W,
Qj:m‘{fl_,'..m N+1<Ljgn4 N,
Qeo,  else.
Then {(@jy,...,Qy) is a basis of RN for every choice of 1 £ f1,...,iN <
n + N pairwise distinct. Furthermore, we define £n,,, 1= {a C gl, o, N+
n—1}| #a= N —1} and for & € Enn, j § @ we denote by (QY ; ieauii
the basis dual to (QI)IEGU{J'}'

Forz € R, K € N set

b z>0, e x>0
Ho(z) = {1/2, =0, Hi(z) = { K 0’
0, =<0, 0, 2<0.

For K > n we consider Vi : RV — R, V(1) := vol{z € R | Az < t}.

2.5. Remark. (i) supp V,, = supp Vi = Ef:ﬁ" RyoQ; = K.
Gi) KO = {y e RN | {y,Q;) >0 forall j N} #0.

(iil) Vi is continuous.

(iv) Vi(t) < V(t+7) forall T € K,t € RV,

2.6. LEMMA. With the notation of 2.4,
(@y)*= > JI(=Q%:)(Qsy) forallz,yeR".

a€EN ., JHO

Proof. This follows from elementary linear algebra ([13])-

2.7. LEMMA. Under the hypothesis of 2.4 we have for allt € RN

V() = S callk((Q%o0,0001)) I Ho({@%k 00,1 1)
GEEN» j€u
with ¢q 1= |det(Qays .-+ Qanarr @oo)l Hjﬁa(Qg,,,-,j,Qoo).
Proof. Pirst we have for all s € K® + iRV, by 2.6,

(1) VK(S) = f Vﬂt)e’“’”dt
RN

N

= [ [ IT xias), wci(ti)e™9 dtda

K N . j=1
R R 7
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f N oo
e~ %t gt dw = ~{Awx,a)
Ri{ g ((Ax): ) ’ H f N
N 1 K 1 N+n 1 1
E 85 g (4%5)e ~ (Qoor S)K_’”"l 11 (Q,, 8)

J=1

it

2 H(Qa,j,j, Qoo

aEEN,, T

g)}(-l-l H QJ;S

For o € K° there exist constants C>B>0 ' N
i<i<H such that for all r € RV,

N
K@i o+in)< B max Quotir)<C [ Qi o+ir)
I==N+1
and therefore

IN
H {Qj, o+ i) N < ma.xl(QJ,O'-l- ) <C ] KQue+ir).

i=1

I=N+41
Since n > N we get then with some constant D > 0, for all » € RV,
. =M 1
[Vk(e+in) < D] oot
grovay
ﬁ 1 N 1
SCD |
L @s o L Ty o e
<CD
H (c, + T (1+1/N)/2 )
hence
(2) Vic(o +4(-)) € LYRY)  for all o € KO,

From this, (1), 2.5(ii). (iii P :
that for af] g é’m? (ii), (iii) and the Fourier Inversion formula we conclude

1 -
(3) V(1) = W f Vi(o + ir)elotintg,
Ry :

f Z H(Qg,j,jaQoo) !

RY  aEfy,, j€a {Qos, 0 +iT)HHT
]I 7

JjEa

1
- (@nN

e(cr+:"r,1) dr.

Q,,a+1r
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Now we define

k(T) = {H?r:!(l“lrjl)v TeW= [—'1,1]N

rgw,

and for @ € Enpy We set Quoo 1= (Qays-- ,QO,N_I,QOO) and Ky oo 1=
Y cau(oo} R2o@s- From (3) we get for all t € RV

(4) V()= 3, La(t)

XCENn

where

La(t) 1= hm

1
oo (2m)N
1 1 T
{oir,t} ¢ dr.
X f (Qoo1‘7+” I\+1H QJ,CT'*"@T)e KDQ (A) T

Then it follows that for all ¢ € RV
(‘5) ﬂ(t) = ldetQa 00| 1-HK(( acoom HHO((QC)( 00,51 ))

JEu

Indeed, for a € K® 4+ iRV ¢ K, + iRV consider

Vo(8) 5= f Va(t)e~ it = AL H QJ, e

"N Qoo jEa

Then we got for t € RN, o € K0
_ 1 ~(otird) gg glovinde oot (L
1) = W }[ g f Va(£)e™ 7Tt dl e £0Qg 3 dr

f Va(@e™ @t [ koQl ( )~*<f-f Odr dé

(2 )N A(QY 00)TIW
1 - _;A(T’Q;Lo('f"t))
Va(£)e™ 874 [ n(r)e u(6=0) dr d
(27r)N ] dctQa oo| f d[
- (21‘{‘1)N f ( ch oof + t) ,—{1/A){1.Q3, mf)h(e)

_AQ;FW(‘)+R+

‘ N
. — cos &;
R(E) = )e"'(r"f)d'x‘z 2*1“'“——-—1 .
(&) Wfﬂ(’r H( 1z )
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We now consider

R,  (Qioos?t) >
T:=[[T; xR, T .-={ ’ i
jl;{e ’ ! R+! ( 06,7 )

fl cos£d€ 9 f cosf de

R
and supp Vy = K4 o it follows that

La(i) = Ahlnoo La’ﬂ(t) = ldetQa,ooI—IHK((Qg,oo,oovt))

Since

L [ R(E)at
T

—K(O)ldetQﬂ OGI—IHK(( ar,oooo’ HHD Q“W,j’t))'
J€a

Since k(0) = 1 we get (5) Then (4) and (5) imply the lemma.

2.8. Notation. In the following we consider the functions Vi, Wy :
RY — R defined by

Vi (t) :=vol{z € RY | Az <t}, Wk(t):=vol{z € R | Bz < 1},
and vectors (QJ')1$J'.<.H1+N! (thgjgnnu,.N.With n1,n2 > N satisfying the
hypothesis of 2.4.

2.9. LeMMA. Letn := max(ny,ng), Ree € (supp W,)°, Qoo € Roo +
(supp V. )°. Then the following statements are equivalent:

(i) supp V,, C supp W,.

(i) There exist e > 0, Ky € N so that Vg < (1 + &)~ KW for all
K > Ky. One can choose ¢ = ;—minﬁes.(R%,mm, Qoo — Roo) where

= {ﬂ € Enpny ZRRURI C dsupp Wn}.
leg

Proof. (ii)=+(i) is trivial.
(i)=(ii). By 2.7 we have for t ¢ RV

Vi (t) = E o Hi({ aoooor )HIIO aoo,_yi 1),
U"EgN,nl Jjea

WK(t) = Z d.@IIK((ROﬁ,oo,oo?t)) II [IO((ROIB,OOJS‘ t)) 3
.GE‘EN,ug Jjep

with constants ca,dg independent of K. We set K := supp V,,, K' =
supp W, and for a € Enn,y, j €

Ky = ERZOQJ’ Kaj =Ko+ RyoQ;.
leo
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Then for ¢ € K we have

KWV < Y el

dEEN,..l
and for g € §', a € Enny»
Ro,oo,oo = E (Ro. ,omQJ)Qor 00,j *
j€au{co}

Since KX C K' by hypothesis, we conclude that for ¢ € (Kj \Kp) N
(Ka,00\Ka)

(Qu 100,00 ,? )K

maxt
ﬂEEN.nl ;tena .oo\x;

(R 00,0018} 2 (1 + 26 ) Q% 00,00 1)
by the choice of £ > 0, Then it follows that for all £ € RV
(+) KWi()< Y. leal(14+2e)7%
a€ENm,y
For B e §',t € Kp ,, we havet — (R?; s0,000 1) Roo € K' and by 2.5(iv)

1
Wi () 2 Wi ({R 05,000t} Reo) = K' Y el B oo Y 5

aEEN,Ig

By hypothesis we have Ro, € (K')° and therefore 3, ce, da = 2N=1nl x
Wn(Roo) > 0. Then () implies

V]{(t) ﬂ (1 +2E)—K

K
max nt.
,ees',telcf \)C' ( Pyoo,000 )

§ ’ 1
—{RC K
Ical ﬁespltrélka:ifm\‘c:a K!( ﬁloolwy )

GGEN,.I

Cu
< N1 _Z_:_Siﬂ‘m_li__lu + 26 K Wi (1) £ (1+ &) K Wk(2)

aE£N,u, o

where
log(2V-1 32 €EN Jeal! Xacey da)
A m ) oK.
sz“(m Tog(1 + ¢/(1 + €)) 0
2.10. Notation. Let ¢ € Ag(a), R =1, oo and let (1)peN, (Tj,0)jeN be

the sequences from 1.2.3. For a subsequence (p,),eN of N define v, := vp,,
and for 7,t € R*, r < t, define R; eR*™, 1 < j S N, by

Rjak i= Mipes = Tiprgars  Rik=1 7= Tipgaa = Tipn4a -
Moreover, set
n N 5
k41 : n
Cr(p,v,n,7,1) = ERZO(“l) AT ZRZGRJ CH
k=1 i=1

where (ex)1<k<2n denotes the canonical basis in R%",
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For ¢ € Ar(a) define §; e R*", 1 < 7 < N, by

Siak = S4pep+e T Sipry Sjpk-1 1= Sipeg4a T Siipey 430

and Cs{p, v, n,7,t) respectively.

Here N € N is such that for all j > N, Ry := R; and S = §;
are independent of j. For m € M set @y, := exp(ary | m} and by, p =
exp(as, | m). Then we have:

2.11. ProPosITION. Let lim;j(1/f)loga; = 0 and let (ps)sen,
(vs)sen be sequences with psp1 > 3p, sueh that R; € (C's(p, v, m,T,1))°

Jor all s € N, (r,2) € N® X N*, 7 < £, j €N, Then H(D) % ]I(D ).
Proof. We show that 1.1.11(iii) is fulfilled. For & € Ny we set

M, = {(n,'r,t)

and prove

1< h’,(g), (r,1) € N¥ X N*, 1';1__?1%( Lj=p, T <t}

(+)  3(Cu)uens, Vi 3D = D, Y(k,7,1) € M, (u,0) € NFXN*, v < utl:
K
1
# m A‘F‘[“tk,uk,vk S W #p BTkytk;uktvk *
=1

k=1

One can choose

D, = 25+(3) max E

1<n.<( ) wEN ['u,|1+2m
and C, such that
H 1 am,p +7
(1) YmeM: lim —Ilog —"F =0,
svoo Oy Gm,py

Let 1 € N1, By hypothesis we have

Ve eN, () eN"xN* 7<1, jeN: R;e(Cs(pv,n,7,1))°.
Then it follows that there exist 1> 7y, > 0 such that
(2) V(&m0 e My (- 7 diag((=1)"*)1<hcon)CR C Cs .
We choose 0 < 8, < 1/vup6 with

1

3 b, < —g, 1= — Ky -
(3) k< TS g iy I (55 0 000 Roo = Seo) > 0

where §' is defined in 2.9. This is possible since p,4.q > 3p, by hypothesis
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and in the case D,,D, C A((a)}, by 2.10,

1 1 1 1
Roo = Soo)ak-1 = ( - ) - ( B ) >0
( o0 W)Zk ! Pri4+2 Piptd Pr+3  Put3s 7

1 1 1 1
( > m)% P+l Pipts Pr,  Pité ’
and therefore

(4) ROO e Soo E CO .
In the case D,, D, C Aoo(a)y, (4) follows in the same way.
Let &, be so that

1+ ey (1+'5.u) )
1- 1+ 36 >1—=7u,
E“ ( 1+ p ( + ) ’Yﬂ

1+¢, (1—5u)2)
) —_ | <14,
0« e (1+5# 1 E”_ 1 n

From (2) it follows that for (x,7,t) € M, = € Cr,

i (L":..“E_“ (1 (Lt d)" (1+ 35u)) Tk—1€2k-1

e\ e 1+e,
1+ey _(1—5#)2) )
+ e (1 + 6, ¥z, TokCak

€ (I — vu diag((—1)"* highc2s)Cr C Cs -

Since C'g is positively homogeneous we have

(6) i ((1 - M(l + 35#)) Tok—1€2k—1

pe 1+¢,

IFIRY
+ (1 + by - A= b) ) -7-'2k62k) €Cs.

1+ e,
We set
Gy 1,045 1= (@ Riak)ieNs  Gretatd 0= (@5 Ri6-1)jeN
brypte = (@S506) 6Ny brtagts = (@58 26-1)5eN

and
b 1 dyy 1 1
) E,:= sup max| — —abd Zadd y==bg iy —s ;] -
» N b !a o 12 aj [LL}
Jj€ ey Yayrd Y

s< i< 0 n '

a<T<uth
Wae choose

(8) 874,672 €]~ 6,6, such that for all («,7,1) € M, and for

97
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Ej,k = (I -4 6_‘1-1,:)}25,]‘,
the following holds: '
(i) Cg = Cr, C3=Cs.
(ii) The first vy ps (V#+3) columns of A (B) are in general position.
(iil) Boo € §oo + CZ, S € Cg, RjeCgforall jeN.
(iv) mingpes (5§ o cor Roo = 5o} 2 £,
This is possible by (4) and a simple_ perturbation argument. Then the
hypotheses of 2.9 are fulfilled for A, B modulo a diagonal transformation.
We choose K, € N by 2.9(ii) and define for v € N
K(v) = Ky +[(1/8,) log(D,0™2 ()]
By hypothesis we have lim(1/7)loga; = 0. So there exists F, > 0 such that

Sk =1+ 628,

K(v) 6 .
(9) EﬂZajSmﬂ'*“Fu fOTﬂu’UEN-
j=
We choose
(10) C,> BEﬁF +4  max loggﬁ?—"ﬂ
# 6,..: # meENG,Im|<p m,p

and show that (C,.).eN satisfies (#).

Let 4 € N1, (,7,1) € My, (u,v)} € N**, v < u+ 1. We consider the
case

s~
ﬂ A'rhthuk YW
k=1

®s
= [Hm | Cour < (@re41,645 | M), (Grtate4a | M) < Covi} # 0
k=1

(otherwise (*) is trivial). Then it follows that

(11) I’Elfi_hicctuk S E#IIPE? Cikvk
by (6). For
(12) K = K{u,v)= K, + [(1/6,‘)10g(D,_¢(|u| + lv!)l-l-zn)]

we get by (9)—(11) for p = maxf_, t

(13) E zaa <

i=1

0y
(|u| + v} + F, < -———maxm7 + F,

16(" 4E,

0y 0y
-E-—ma.x Crup < —2—r§un Chvr <6, mm Chi uy .

icm
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Define My := {m € M| my = ... = mg = 0}. Then we have

# () {m | Coour < (arpan,ies | M), (Brepz,eta | m) < Cuyvi}
k=1

"
= z # ﬂ{m € Né{ | Copux — (an+1.ha+5 | "’) < (aﬂ+1,th+5 | m) 1
neEMy k=1

(rgt2,pba | M) < Cryvk — (ane 42,0044 | 7))

ad .
<y VO]( ﬂ {w €RE l Crte = (@ry41,u45 | 1) < (@n41,045 [ 2),
HEMK k=1

K

(arp42,teta | 2) € Coyve = (Grazaa [ B)+ D a7k+2|tk+4,j})
=1

K
(%) Z vol( ﬂ {z € R?’fn | (1= 8.)(Crupx — (@rp41,t045 | 1))
nEMk k=1
< (@ret1 0045 | )
K :

(Griz,tra | ) < (L4 ) (Crvr — (@n2,604a | 7)) + Zﬂn+2,u,+4,:’})
f=1
(3),2.9(ii) A x| 1-6, )
< 2 vol n T c RZO ﬁ"a(Ct,,Uk - (aT),+1,tk+5

neEMy k=1 _
< (brytuts | 2},

_ X
1+4,
(Brits ns | 2) < ki (Cu'ﬂk ~(ary 42,0044 | W)+ Crpi, t;.+4,4)})

1+¢ =1
(132(3) 1
- (iU| + o[} +2-
g | (L= de)” 1)) < (brytuts | 2)
Xz vol n T €& RZO _]TTE:—(CtkUk“(aTk+lltk+5 T ba+6 )

k-—
(bn-l-a ty-+3 I -’L')

K
< (1 s ﬂ) (Ct Vi — (a'l"k+2 4 ‘ n) + Ea""r{-? ¢k+4.1) }) =:T.
1 +e Eu i=1

nEM,

By hypothesis we have pyq > 3p, and for j > vu46,1 Sk < K, in the
case Dg, D, C 4;(a);
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1 1 1 1
(14}  are42,0044,5 = @ ( - ) < 2a; ( - )

Pri+2 P44 Pri3  DPip+3
= 261, 43,6,+3,5 »

1 1
2ﬂn+l,fk+5:j = 20fj (p +1 - »t +5) =%
Tk k

(1 1 ) 5
—_— = JAkt6
P Pl 48 Thite

In the case D, D, C Ai(a)}, (14) follows in the same way. So we get, with
d':= 1/(Dy(ful + [o])+27),

(13),(12),(7} id
T < d’Zvol(ﬂ{:ceRgD

ncM k=1

(1~8,)°

TFe, Ctkuk < (bn,tk+6 l :u-{-n)

532
(brata,tts | T+ n) <( + “) (1436, )Gtkuk})
(6),2.5(iv) K

_<._ dl Z VOl(m m‘ER |(1+‘5#)C!k”k<(bnc,tk+6|$+7l),

nemM,
(bn4sp+al2+m) anvk})
® K
Sd 3 # N {meNF I +6)C0u ~ btun
nEM, k=1 i=1

< (br et | mA ), (brytspta | m+n) < Ctkvk}

(13 )( )
< d# ﬂ{m M| Crour < (br, tt6 | M), (bretsita | m) < Cyyvi}

k=1
and (*) is verified.
Now take I as in 1.1.11(iii) and K € £(£(1)) with maxX,e(rwyest = p
for all J € K. Then we have
() 3L, #1, <26 Vi€ I, 3N = Nj € N, (5,75, 1) € My,
Vi< < N; 3(’&#[’1’,1}(']’) € N® x NS, Uy j < U+ 1
pairwise different :

Ni r;
U n A, = U U n RN TR U F R
JeKveld JET, I=1 k=1

+ To prove (*+) we consider on K the relation

i~y & w(NL)y=2(h), r= (l]](l)g) )
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Let (Tj)jer, be an enumeration of £/ ~. Then we have

#1, = #{r(J) | J €K} < #PE(m ) eN |7 <t < p}) < 208)
where P(M) := {A| M D A}. For J € K we set
n (a+1p](n)en(/)}.

J = {(r,1, ( fn,a?é.ru,(r’ n

Then
#7= (s #lrnentr<i<u < (4)

and v < u+ 1 for (7,t,u,2) € J. For j € I, let (J; J1<ign; be an enumer-
ation of T;. Then k; := #J;; = #x(J;,) < (4) is independent of I. Let
(Tik> 3,k Bi,d ks VL5,k)1<k<x; De enumerations of J; ;. Then

JN4-UUN4=-UUN 4

Jek veJ JEI t=1vET; Jel =1 yeF
Ni
U U n A"':JH Uik atht g, 0 G & *
JerI, i==1 k=1

So (#+) is verified. For {};¢x [, s Bv we get an analogous representation.
By (#) and (%) we get

(#4x) # U n A, <20 )maxz# n B T

Jek uEJ H o=

1 J
By .1, , .
52 )‘;‘?Z‘Z D, TuraT # o 7 [} P nsnsns

1
s A )max (Z Dy, (Jug 5] + Jor,g |)1+zm‘) r?_ax# ﬂ Bryoh bih st in v, s.0
¥

A

1 N; &5

?#U UanH,,k.w;hw.nz #U ﬂB
Jel, =1 k=1 JeK ved

For an arbitrary K € £(E(I)) it follows from (#+) that
o
sUNA-U U  nN&

JeX vel p=l JEK maXey,uigs t=p veS
o0
1
5215-;# U N8 <#J &8
,u.:

JEK max(y, 1 u)gs tmp VES JeK ved
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which completes the proof.

2.12. LeMMA. LetD,,D, C Ai(a)} be open polydiscs. With the nota-
tions of 1.2.3 let (u;);en be a sequence of natural numbers with lim ;0 ft; =
0o and let C' > 1 be a constant such that limsup;_,., 7i/(sy; +€) < C for
all ¢ > 0. Then, with the notations of 2.10, there exist sequences (ps)sen,
(¥ }seN s0 that

VneN, r,teN*, r<t: R;€(Cs(p,v,n,11))°.

Proof. We choose inductively sequences (p)ien, (#1)ien such that for
alleN

() a1 > 2Cp(1+ pi),

T

(iiy YVi>wm: < C and -~ < min{rj, s;},

1
2p(l+m
o, ] pi(1+ pr)

(i) {flma<i<nm}C{jlves <pj v},
{flva<pjsv}c{i|viee < <mpa}-
Let now n € N, 7,t € N®, 7 < £, be given. We show
(#) YieN, 1<k Kk<n:
T = Ty i= Rjoe — Sco2k Sy 2m-1

<1,
Su,-,?k Rj,z.»e—-l - Soo,2n-—-1

We now consider 4 cases:

1. v g1 < i< Vi 45 and_u.,.n+3 < My < P 43. Then it follows by (111)

that vy, < 15 € Y46 and vr 49 < J < 1y 44 and we get
(1) Rjae— Seopr <15 by (i),
(2)  Su2x >0 Dy (ii),
1 ..
(3) 0< S.u_,-.2.-c—] S S#_,- + by (11),
Pr.43
(4) RJ,ZK-'-I b Sm,gx..l >0 by (l) and (ii)

From (1)~(4) it follows in the case 7, + 3 > 74 that

1
Sy + o

T; Pr.+3 .
T<. - . 2 <1 by (i),

+ - Sy ot
Protz(l+pro42) M " pr (1+pr,)
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In the other cases;

2.5 {5 | V1 <GS wvyqs)and vp g3 < pj < vy s,

8. v <j<wyysand jE{j v 43 <pj <wi 43}y

4.7 ¢ {7 | vmetr <J S w45} and § € {J | vro4a < iy S w3l
the estimate T < 1 can be proved in an analogous way. (For more details
see [13].) So (x) is proved and therefore there exists v; < 0 so that

n Sz 281 n Rjop— Sk
0 < min ki > ;> max —2T

ra=1 Rj,?n-——] - Soo,').n-l 73 k=1 S;.c,-,2k :
Set Az k= (=1)* N (Rjx — Seok — Y58u;,6) > 0 for all ,1 < k < 2n. Then
for all § € N we have

in

Rj =Y (=D cex + Seo + 758, € (Cs(p,v,n,7,1))°.
k=1

2.13. LemMMA. Let D,,D, C Ai(e), be open polydiscs. With the
notations of 1.2.3 and 2.10 there exist sequences (p,)seN, (¥s)seN such that
YneN, r,teN", r<t: R;e€(Cs(p,v,n,7,1))°.

Proof. The procedure is similar to the proof of 2.12 (see [13]).
2.14. Proof of 2.1. (i)=>(ii}) is obvious. (ii)=-(iii) follows from 2.2(ii).
(iti)=>(i"). By 2.12 and 2.2(iii) the hypotheses of 2.11 are fulfilled. So

H(D) LS H(D,) and by symmetry H(D,):S H(D,). By 1.1.9 we have
finished the proof. '

(i'")=>(i) is trivial.

2.15. Proof of 2.3. By 2.13 the hypotheses of 2.11 are fulfilled
and so H(D,) c"-'(-ir'H(D(,) and by symmetry H(D,)ﬂ'H(DG). By 1.1.9,

HD) ' HD,).

2.16. Remark. Using diametral dimension one can also give equivalent
conditions for the isomorphism H(D,) & H(D,) for polydiscs D, C Ay(a)} %

P

Aee(B)} and D, C A1(&)] X Axo(B)} and certain sequences o, o, o, &, 3 (see
(13]).
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Weighted weak type inequalities for
certain maximal functions

by

HUGO ATMAR and LILIANA FORZANI (Santa Fe)

Abstract. We give an Ap type characterization for the pairs of weights (w,v) for

which the maximal operator M f(y) = sup Fé‘E f: | F(z)|dz, where the supremum is taken
over all intervals [a,b] such that 0 < a < y < b/¥(b — &), is of weak type (p,p) with
weights (w,v). Here v is a nonincreasing function such that ¢(0) = 1 and ¥{o0) = 0.

The Poisson integral for the Hermite expansion of a function f is given

by
(1) P W)= [ P(r,y,2)f(2)e™™ dz

R
where
1 e—(r2y2—2ryz+r2z2)/(1 —r?) .
vr(l—r?)
C. Calderén [C] and B. Muckenhoupt [M1] proved that the maximal
operator

P(T’y’ Z) =

P f(y) = supl) [P f(w)l

re(o

is bounded in LP(e~*"da) (1 < p < o) and of weak type (1,1) with respect
to the Gaussian measure ¢~ dz. We can write (1) in the form

Pf(y) = [ K(ry,2) f(2)dz
R
where
e={(ry=2)/ VI=FT)?

I((T‘, Y, z) = ———-1_'_

If we take € = +/1—1r? and x(-1,) instead of e~t, we are led to the
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