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Holder continuity
of proper holomorphic mappings*

by

FRANCOIS BERTELOOT {Villeneuve d’Ascq)

Abstract. We prove the Holder continuity for proper holomorphic mappings onto
certain piecewise smooth psendoconvex domains with “good” plurisubharmonic peak func-
tions at each point of their boundarics, We directly obtain a quite precise estimate for
the expenent from an attraction property for analytic disks. Moreover, this way does not
require any consideration of infinitesimal metric,

1. Introduction. The theorem of Carathéodory states that every
biholomorphic map £ : Dy — D; between bounded and simply connected
domains in C extends to an homeomorphism F : Dy — Dy if both domains
satisfy the Schoniflies condition at each point of their boundaries (see [9],
p. 209).

For domains in C" (n > 1) the known generalizations require more pre-
cise assumptions. The basic result is due to Henkin [8]: if Dy is bounded, de-
fined by a plurisubharinonic function and if Dy is bounded with C? strongly
pseudoconvex boundary, then every proper holomorphic map F': Dy — Dy
extends to a I&lder continuous map F : Dy — Dy with exponent 1/2. (See
also [10] and [13]; [12] for piecewise smooth strongly pseudoconvex bound-
ary; {5} for a local version of this theorem.)

This was generalized by Dedford-Fornmss and Diederich~Fornzss to
the case where )y is bounded pseudoconvex with C? bhoundary and 2y
is bounded pseudoconvex with real-analytic boundary; they proved that ev-
ery proper holomorphic map F': Dy — Dy extends Lo a lidlder continuous
wap F : Py — Dy for some exponent £ € [0, 1] (see [2], [4])-

This paper is mainly motivated by the following observalion: a proper
holomorphic map is easily seen to be Holder continuous if the image domain

1991 Mathematics Subject Classification: Primary 32H99.

Key words and phrasea: proper holomorphic mappings, Holder continuity, plurisub-
harmonic peak functions.

* The author would like to thank ¢, Coeuré for the interest shown for this paper.
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satisfies a simple atiraction property for analytic disks and if the distance
to the boundary behaves correctly under the map.
This leads us to introduce the following two properties:

o The boundary 8D of a domain D C C" satisfies the atfraction property
of order o (0 < a < 1) if for each r € [0, 1] there is a positive constant C(r)
such that the following estimate holds for any analytic disk g: A — D and
any n € 4D:

lul <7 = |g(w)-nl < C(r)ig(0) - nl*

(A is the open unit disk in C).

s A pair of domains Dy, D, satisfies the property (Dy, D2)g (0 < 8 < 1)
if for every proper holomorphic map F : Dy —+ I3 one has

VzeDy:  d(F(2),8D;) < Cd(z,6D,)°
for some positive constant C.
Our basic result is:

THEOREM 1. Let Dy and D, be bounded domains in C™ with piecewise
smooth boundaries. Assume that 0Ds satisfies the attraction property of
order a and that Dy, D satisfy (D1, Dy)s with af < 1. Then every proper

holomorphic map F 1 Dy — D extends to a Hélder continuous map F' :
Dy — Dy with exponent of.

(See [12], p. 206, for a precise definition of “piecewise smooth”.)

Qur first goal is to obtain a quite precise control of a8 for domains with
“good™ plurisubharmonic peak functions at each point of their boundaries.
This is done in Propositions 3.1 and 3.2.

In Theorems 2 and 3, we use recent results of Fornzess—Sibony ([6]) in
order to apply Theorem 1 to intersections of domains in C™ (convexif n > 2)
having finite types and lying in general position.

2. Results. If A(z) and B(z) depend on a variable z, A(z) 5 B(z)
means that there is a constant K, 0 < K < oo, such that 4(z) < K B(z)
for all 2.

Any finite intersection of bounded pseudoconvex domains in C*, with

at least C? boundaries and lying in general position, will be called an
elementary-pseudoconvez domain,

Remark 2.1. One can check that every elementary-pseudoconvex do-
main satisfies the following property, which we call the cone property of
order v, written C(y) (actually this only follows from the “regularity” of the
boundary).

D C C* satisfies C(7),0 < v < 1, if there is a continuous map N ; D —
{@ e C": ||| =1} and a constant A, 0 < A < co, such that:
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¢y the cone of vertex p, height A, angle ar (0 < « < 1) and directed by

N(p) is contained in D.

! f
Cy:  Vp,p' €0D,Vz,2' €[0,M] : p+ zN(p) = p' +2'N(p') = p = p/ and
=l

Rematk 2.2. It directly follows from the Diederich-Fornzess exhaus-
tjon theorem ([3]) that every elementary-pseudoconvex domain D admits a
plurisubharmonic function ¢ satisfying 0 < ~¢(z) < d(7,0D)" for all z € D
and some a €10, 1], We shall say that D is hyperconvez of order a.

We are now able to state precisely our main results.

THEOREM 2. Let Dy and Dy be elementary-pseudoconvez domains in C".
Assume moreover that Dy is a finite intersection of bounded domains in C™
(convez if n > 2) having types less than 2k and lying in general position.
Then every proper holomorphic map F : Dy — D, estends to a Hélder
continuous map F : Dy — Dy with exponent (ay —0)/2k, where ¢ and v are
such that Dy is hyperconvez of order a and Dy satisfies the cone property of
order 7y,

Here and below, (b—0) (resp. (b-+0)) denotes a constant which is strictly
smaller (resp. larger) but arbitrarily close to b.

TarOREM 3. Let Dy (resp. D) be a finite intersection of bounded pseu-
doconvez domains in C* (convez if n > 2) having types less than 2q (resp.
2k) and lying in general pa.sz'tz'&n. Then every bikolomorphism F : Dy — Dy
extends to ¢ homeomorphism F : Dy — D, which satisfies

Ve, 2 € Dy:  |z—2/|0*0%/m |F(2) = F(z")| = |z - 2 [(1-0)af2k

where Dy and Dy satisfy the cone property of order 71 ond 2 respectively.

3. Two technical propositions. We first show that a domain admit-
ting “good” plurisubharmonic peak functions satisfies the attraction prop-
erty.

ProrosiTioN 3.1, Let D be a bounded domain in C* with neighbour~
hood V. Assume that for each n € 9D there is @ function ¢, : V — R,
plurisubharmonic on D, peaking at 0 and satisfying
Pii Vo, €V pg(2) — ey S Ale - 7,

Pr: Vz€D: (%) £ 1= Blz—q** and py(n) =1,
where A, B and k are strictly positive and independent of 0. Then 8D
satisfies the attraction property of order (1 - 0)/2k.

Proof. Let ¢: A — D be an analytic disk. Let 7 be any point in 4D
and ¢ a plurisubharmonic peak function at ) which satisfies conditions 1
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and P;. We shall assume without any loss of generality that = 0. We
write £ for |g(0) — 5} = |¢(0)|.
For r €]0,1[ and A €]0, 4+ oo, we consider

M(r)= sup |g(re)?*,
8€[0,27]

p(r,A) = mes{0 € [0,2x]: |g(re”)|** < (4/B)Ae},
i(r, ) = mes{# € [0,27]: p o g(re'®) > 1 — AXe}.

Condition P; implies that Ji(r,A) < u(r,A). Therefore, since v o g is sub-
harmonic and bounded by 1, we get

2r

(1) #og(0) < 5= [ pog(re®)dd < s {7i(r, )+ (1~ Are)(2rfi(r, A))].

Condition Py implies that ¢ o g(0) > 1 — Ac and therefore
(2) p(r,A) 2 2r(1 - 1/7).
On the other hand, we have

9 121!'

g idy|2k
g 2,r5f|g(r1e ¥ d8 for |u| < vy <ry < 1.

(3)  le(w)** <

Hence

@) M(rs) & e et (2m — it D)

and by (2}

C M

(5) M(ry) £ —— [As + -——(T—l)] where € = 2max{4/B,1}.
T — Tq A

On choosing A = (M(r1)/e)!/2, (5) becomes

C

™ — T2

(6) M{ry) < (M(ri)e)' 2.
Now we take a decreasing sequence (rp)p»1, with r, < 1 and limr,, = r.
An obvious induction on (6) provides M(rp4;1) < Cpe® =1/ M (ry)1/2"

where C, only depends on ry,...,7,14. The proposition follows immedi-
ately. m

The second proposition provides an estimate for the distance to the
boundary under proper holomorphic mappings.

PROP_OSITION 3.2. Let Dy and Dy be bounded domains in C*. Assume
that Dy is hyperconvez of order a and that D, satisfies the cone property of
order 4. Then (Dy, D3)ay i3 satisfied,
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It is well known that this proposition remains true for ¥ = 1if D; has
at least O? boundary. This is actually an easy consequence of the classical
Hopf lemma (see [11}, p. 177).

In our case, Proposition 3.2 will follow from a suitable version of this
lemma for domains satisfying the cone property:

LEMMA 3.1. Let D be a bounded domain in C™ which satisfies the cone
property of order 7. Assume ¢! D -+]— 00,0] is a plurisubharmonic con-
tinuous function on D which vanishes on 8D. Then @(2) < —d(z, D)
foraliz€ D.

Proof. Let T be the triangle with vertices by = 0, by = A(1+itanym/2)
and by = A(1 — itanyn/2). Let f : A — T be a conformal map. (One can
take

fwy=C f (a1 — )"~ ag — )~/ (g — £~ (/2 gp 4
0

where f(a;) = b; for j = 1,2,3.)

For each p € 8D one defines ¥, : T — ] — 00,0 by ¥,(u) = (p(p+um).
This is possible because of condition Cy. By applying the Poisson integral
formula to ¥, and using obvious estimates for f one easily gets

In

) plo+ TG =27 [ olot ST ] = Mot
0 .

for 2 > 0. Since y is continuous on IJ, M is continuous on 8D. So M = w1
and (1) becomes

(2) Vpe dD: <p(p+mN(p5)5—:c”” for z €0, A].

Finally, for each 2 € D sufficiently close to 8D condition C; provides a,

unique z € [0, )] and a unique p € 8D such that z = p+ zN(p). Then
d(z,0D) > (tan-yr/2)z and the lemma directly follows from (2). m

We now sketch the proof of Proposition 3.2 Let ¢ be a pluri-
subharmonic fanction on Dy which satisfies 0 < —g1(w) S d(w,8D1)%. As-
sume F' : Dy -+ Dy is a proper holomorphic map. By applying Lemma
3.1 to the plurisubharmonic function §(z) = sup{e1(w) : F(w) = z}, one
gets $(z) < —d(z,8D3)*/?. On the other hand, if F(w) = z one bas o{w) =
~d(w,dD1)*. Comparing these inequalities one finds d(F(w),0D;) =
d(w,8D,)*" and the proposition is proved (see (1], p. 140, for more de-
tails), w
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4, Proofs of Theorems 1-3. We first prove Theorem 1.
‘ Let D4, Dy be domains in C™ with piecewise smooth boundaries. Assume
that 8D; satisfies the attraction property of order a and that (Dy, Dy)g is
fulfilled. Let F': Dy — D; be a proper holomorphic map. Let 2 € D{. We
shall write £ for d(z,dD;) and we choose 5 € D, such that [F(z) — 5| =
Now we define an analytic disk ¢ : A — D; by g(u) = F(z + Leu@)
where 7 is a fixed unit vector in C".
It follows from (Dy, D;) that

(1) d(F(2),0Dy) < €.
Since 8D, satisfies the attraction property of order a one gets
(2) lul <1/2 = |g(u) -] = [9(0) — 9]~ = &P

We have af < 1 and so
@) [ 21/2 = |g(u) - ¢(0)] < lg(u) - 7| + |9 — g(0)} S P
Hence by Cauchy’s inequality

0N FOEEEN

Denote the holomorphic tangent map of F by F! . We have Fl -7 = g'(0)
and therefore

(58)  IF,lll = [|S"I|TE1 7 - &l < d(20,0D:)*"1  forall z€ Dy.

Finally, the Holder continuity of F with exponent a8 is obtained from (5)
by a classical integration argument for which we refer to (8] or [7], p. 62.
Theorem 1 is proved. w

We now explain how Theorems 2 and 3 are obtained from Theorem 1.

Proof of Theorem 2. Assume that D, and Dy are elementary-
pseudoconvex domains, D; is hyperconvex of order a and D, satisfies the
cone property of order . Then, by Proposition 3.2, (D1, D)4y is fulfilled.

On the other hand, it follows from a result of Forness and Sibony ([6])
that if D; is an intersection of domains of finite type (convex if n > 2)
then the-assumptions of Proposition 3.1 are satisfied for some integer k.
Therefore Theorem 2 is directly obtained by applying Proposition 3.1 and
Theorem 1,

(In the case n > 2 the peak functions of Fornass—Sibony satisfy slightly
different conditions than the conditions P, and Py described in Proposi-

tion 3.1 (see [6], p. 651). However, one easily sees that this does not modify
our result.) m .
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Proof of Theorem 3. Under the assumptions of Theorem 3 one
can apply Theorem 2 to F and F~1. So F extends to an homeomorphism
F : Dy — Dj. Then it is possible to use a suitable version of Proposition 3.2
based on local plurisubharmonic exhausting functions instead of global ones,
and to take the constant e arbitrarily close to 1. This leads to the estimates
of Theorem 3. m
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