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Dini continuity of the first derivatives of
generalized solutions to the Dirichlet problem for linear
elliptic second order equations in nonsmooth domains

by MicHAIL BORSUK (Olsztyn)

Abstract. We consider generalized solutions to the Dirichlet problem for linear elliptic
second order equations in a domain bounded by a Dini—Lyapunov surface and containing
a conical point. For such solutions we derive Dini estimates for the first order generalized
derivatives.

1. Introduction. We consider generalized solutions to the Dirichlet
problem for a linear uniformly elliptic second order equation in divergence
form

%(aij (2)ug; + a'(2)u) + b (2)uq, + c(z)u
of’ (x)

8:17]' ’
u(z) = p(zr), x€dG

(summation over repeated indices from 1 to n is understood), where G C R”
is a bounded domain with boundary 0G and 0G is a Dini—-Lyapunov surface
containing the origin O as a conical point. This last means that 0G\ O is a
smooth manifold but near O the domain G is diffeomorphic to a cone.
Hoélder estimates for the first derivatives of generalized solutions to the
problem (DL) are well known in the case where the leading coefficients
a’(z) are Holder continuous (see e.g. [5, 8.11] for smooth domains and [1]
for domains with angular points). Here we derive Dini estimates for the first
derivatives of generalized solutions of the problem (DL) in a domain with a
conical boundary point under minimal smoothness conditions on the leading
coefficients (Dini continuity). It should be noted that interior Dini continuity

(DL)

=g(z) + € d,
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of the first and second derivatives of generalized solutions to the problem
(DL) was investigated in [3, 7] under the condition of Dini continuity of the
first derivatives of the leading coefficients.

We introduce the following notations and definitions:

e [I]: the integral part of [ (if [ is not an integer);

o r =] = (L, 2"

e G' € G: G’ has compact closure contained in G

e mes G: volume of G,

e S”~1: the unit sphere in R";

e B, (z0): the open ball in R™ of radius r centered at xo;

e w, =212 /(nI'(n/2)): the volume of the unit ball in R™;

® 0,, = nw,: the area of the n-dimensional unit sphere;

e R’ : the half-space x,, > 0;

e Y. the hyperplane {x,, = 0};

e Bf = B, NRY, where 2y € R";

e (r,w): the spherical coordinates of € R™ with pole O;

e (2: a domain in S"~! with smooth (n — 2)-dimensional boundary 92;
eGP =GNn{(rw)|0<a<r<b we N}: alayer in R";

e [P =0GN{(r,w)|0<a<r<b, we dN}: the lateral surface of the

layer G%;
® Diu = Uy, = 0u/0r;, Diju = ty,,;, = 82u/8xi8xj;
o Vu =u; = (ugy,...,Uy,): the gradient of u(z);
en = n(z) = {v1,...,v,}: the unit outward normal to dG at the
point x;

e df2: the (n — 1)-dimensional area element of the unit sphere;

e do: the (n — 1)-dimensional area element of 0G;

e A: the Laplacian in R";

e A,: the Laplace-Beltrami operator on the unit sphere S~ 1;

e d(z) = dist(z,0G \ O);

e &(x): any possible extension into G of a boundary function (), i.e.,
O(z) = p(z) for z € OG,

e A(t): a function defined for ¢ > 0, nonnegative, increasing, continuous
at zero, with lim; ¢ .A(t) = 0.

. DEFINITION 1.1. The function A is called Dini continuous at zero if
§ot LA(t) dt < oo for some d > 0.

DEFINITION 1.2. The function A is called an a-function, 0 < a < 1, on
(0,d] if t—*A(t) is decreasing on (0,d], i.e.

(1.1) At) <t*r7%A(1), 0<71<t<d.
In particular, setting t = c¢7, ¢ > 1, we have
(1.2) Aler) < A1), 0<7<c'd
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If an a-function A is Dini continuous at zero, then we say that A is
an a-Dini function. In that case we also define the function B(t) =
SE(A(T) /T)dr. Tt is obvious that B is increasing and continuous on [0, d],
and B(0) = 0. We integrate the inequality (1.1) over 7 from 0 to ¢:

(1.3) A(t) < aB(t).
Similarly from (1.1) we derive
d d d
V(A@) /%) dt = {#272(A®) t2) dt < 67 A(8) |22 dt < (1 — o) A(8)/6,
d é d
whence by (1.3),
d
(14) S\ (A@®)/A) dt < (1 — o) A(S)
d

<a(l —a) 'B(), Vae(0,1), 0<d<d.
DEFINITION 1.3. The function B is called equivalent to A, written
A ~ B, if there exist positive constants C; and C5 such that
C1A(t) < B(t) < CA(t) forallt>0.
An equivalence test is known [4, theorem of Sec. 1]: A ~ B if and only if

(1.5) lim A(20)/A(t) > 1.

In some cases we shall consider functions A such that also
(1.6) sup A(1t)/A(T) < cA(t), Vte (0,d],
0<7<1

with some constant ¢ independent of ¢. Examples of a-Dini functions A
which satisfy (1.5), (1.6) with ¢ =1 are:

o 0<t<oo;
t“In(1/t), te(0,d], d=min(e % e V), el <a<1.
We will consider the following function spaces:
e C'(G): the Banach space of functions having all the derivatives of order
at most [ (if [ = integer > 0) and of order [I] (if [ is noninteger) continuous in
G and whose [[|th order partial derivatives are uniformly Holder continuous

with exponent | — [I] in G; |ul;.¢ is the norm of the element u € CY(G); if
[ # [l] then

[
fulse = 3 sup |Diul + sup sup 2iD) = Duly)]
¢ |or|=[1] x,y;c |z — g1l
TFY

J=0

e CF(G): the set of functions in C*(G) with compact support in G.
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e C*4(G): the set of bounded and continuous functions f on G with

_ |f(@) = f(y)] .
[flac = s%pc Ao <™
Ty

equipped with the norm

1 llo,a6 = [floc + [flase,
this set is a Banach space. We also define the quantity

[f(x) = f()l
e = 0 A= a)
It is not difficult to see that if A ~ B then [f]4 ~ [f]z5-

If k > 1 is an integer then we denote by C*+4(G) the subspace of C*(Q)
consisting of functions whose (k—1)th order partial derivatives are uniformly
Lipschitz continuous and each kth order derivative belongs to C%4(G); it
is a Banach space with the norm

1 £llkac = flsa + Y [D° flac.
|Bl=k
The interpolation inequality (see [8, (10.1)]) will be needed: if the domain

has a Lipschitz boundary, then for any e > 0 there exists a constant c(e, Q)
such that for every f € CHA(Q),

(1.7) Y IDifloe <& [Diflac + e, G)| floc-
i=1 i=1
e L,(G): the Banach space of p-integrable functions u on G (p > 1) with
norm |ul,.c.

Moreover, A = A\(§2) will stand for the smallest positive eigenvalue of the
problem

Auth + A\ — 2 =0, 2 c st
(EVP) { Y+ AA+n—2)Y weNcC

Y(w)=0, weoain,

and c(...) will be different constants depending only on the quantities ap-
pearing in parentheses.

Let T' C OG be a nonempty set. Following [5, Sec. 6.2] and [8, Sec. 3]
we shall say that the boundary portion T is of class C* if for each point
xo € T there are a ball B = B(xg), a one-to-one mapping ¢ of B onto a
ball B’ and a constant K > 0 such that:

(i) BNAG C T, y(BNG) C R,
(ii) (BN IG) C X;
(iii) v € CYA(B), v~ € CYA(B);
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(V) ¥las < K, [0 has < K.

It is not difficult to see that for y = ¢ (x) one has
(1.8) Ky —y|<|e—2'| <Kly—y|, Va,2'€B.

LEMMA [8, Sec. 7, (iv)]. Let A be an a-function and f € C%A(B),
Y~ € CYA(B'). Then foy~™t € CYA(B) and
(1.9) [f o™ ap < K°[flas.

2. Dini estimates of the first derivatives for the generalized
Newtonian potential (cf. [5, Ch. 4]). We shall consider the Dirichlet prob-
lem for the Poisson equation

Av=G+> D;7I, z€Q,
(PE) j=1
v(x) =0, x€dG.

Let I'(x — y) be the normalized fundamental solution of Laplace’s equa-
tion. The following estimates are known (see e.g. [5, (2.12), (2.14)]):

[P(z =)l = |z =y~ /(n(n = 2)wn), n >3,
1Dl (x = y)| < |o—y' "/ (nwn),
Dl (x = y)| < |z —y|™" /wn,
DI (z —y)| < Cn, B)le —y[>"~ 17,

(2.1)

We define the functions

22) 2@ =\I'@-y)Gy)dy, wx)=D;\I(x-y)F(ydy,
G G

assuming that the functions G(z) and F7(z), j = 1,...,n, are integrable
on (G. The function z is called the Newtonian potential with density func-
tion G, and w is called the generalized Newtonian potential with density
function div F. We now give estimates for these potentials.

Let By = Br(wg), Ba = Bag(xg) be concentric balls in R™ and z, w be
Newtonian potentials in Bs.

LEMMA 1. Suppose G € L,(Bz2), p > n/2, and F/ € Ly(B2), j =
1,...,n. Then

(2.3) 2l0;B, < C(p)Rz/pl lnl/p,(l/(QR))lglp;Bz, n=2,
|z|0;31 < C(p,n)R2fﬂ+ﬂ/p/|glp;B2’ n > 37
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(2.4) lwlo;p, < 2RZ |*7:j|0;Bz’
j=1
where 1/p+1/p’ = 1.
Proof. The estimates follow from inequalities (2.1), Holder’s inequality
and [5, Lemma 4.1].

In the following the D operator is always taken with respect to the x
variable.

LEmMMA 2 [5, Lemmas 4.1, 4.2]. Let 0G € C*A, G € L,(G), p > n,
Fi € COAQ), where A is an a-function Dini continuous at zero. Then for
any x € G,

(2.5) = \ Dir(z - y)G(y) dy,
G
(2:6) = | Dy (@ = y)(F(y) - F()) dy
Go
— Fi(x) S D,I'(x — y)vjdyo
0G0
(i = 1,...,n); here Gy is any domain containing G for which the Gauss

divergence theorem holds and F7 are extended to vanish outside G.

LEMMA 3 (cf. [5, Lemma 4.4]). Let G € L,(Bz), p >n, F’ € C’O’A(E_Q),
where A is an a-function Dini continuous at zero. Then z,w € CYB(By)
and

(27) Hz”l,B;Bl < c(n,p, R7 A71(2R))IQIP§BQ7

(28) ”w”LB;Bl < c(n,p,o, R, A_1(2R)7 B(2R)) Z HfjHU,-A§BQ'
j=1
Proof. Let z,7€ By and G = B,. By formulas (2.5), (2.6), taking into
account (2.1) and Hoélder’s inequality and setting |z — y| = ¢, y — 2 = tw,
dy = t"~1dt dSf2, we have
(2.9) 1D;z| < (nwn) ™ | 2z — oI "(G(y)| dy
B

7 _ ’ 1/17,
< (nw,,) 1|Q|p;32{ [ 1oyl dy}

B>

p—1 _ -
=7 n(2R)(p /=G5,

(2.10) IDiw ()| < (nwy) 'R |FN ()| | dyo
j=1 OB
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Tt S P | 2
— 5 |z =yl
J 2
n n 2R
<2 F @)+ 0 [Flas | —Aff) dt
j=1 j=1 0

n

R)> (17 (@) + [F) aa)-
j=1

Taking into account (2.5) we obtain by subtraction

1Diz(z) — Diz(T)| < | |Dil'(z —y) — DiT(T — y)| - |G ()| dy.
B>

We set § = |z — |, £ = 3(z—T) and write By = Bs(£) U{B2\ Bs(£)}. Then
211) | DT (z —y) = DL - y)| - 1G(y)| dy

B;s (&)
< | D@yl 16W)|dy+ | IDI@ - y)l-160)]dy
Bs(8) Bs(€)
<) -yl ewldy + | Ty TG W) dy |
B;s (&) B; (&)
<2nwn)t | eyl MG ()| dy
Bss/2(x)

/ 1/p’
< 2(nwn) ' Gly: . < S = y| P dy)
335/2(90)
1-n/p
) e am
2(nw,) " VP2R) P AT — af) /
< : 1/p+1/p =1
= Tnt (1 —n)yp )/ A(2R) 1Glp:5.,  1/p+1/p

(here we take into account that 6% < (2R)*.A(0)/A(2R) for all o« > 0 by
(1.1), since 0 < 2R). Similarly,

(2.12) | IDil(@—y) - Dil(Z - y)| - |G(y)| dy
B2\Bs ()

< 2(nw,) 716l Bz<

<le—z | DDIE-y)l-1G()ldy
Ba\Bs5(§)
(for some Z between x and T)
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<éw,' | ly—2""|9(y)|dy
ly—¢&|>6

<2%w,' | |y—¢&"G(y)|dy (since |y — | < 2ly —F|)
ly—¢&1>0

;o\
< 20w, Wl (| Iy -7 dy)
ly—¢|>0

< 2", P (p— 1)Y/P S PG,
< 2"w VP(p — 1)V (2R) TP %Iglp,&
From (2.11) and (2.12), taking into account (1.3), we obtain
(2.13)  |D;z(xz) — D;z(Z)|
< c(n,p, R)AT 2R)IG ., A(lz — 7))
< cln,p, YA 2R)|G5,B(z — 7). Va7 € By.

The first of the required estimates, (2.7), follows from (2.3) and (2.13).
Now we derive the estimate (2.8).
By (2.6) for all x,7 € By we have

—fo 2)Jij + (F(x) — FI(T)) Toj) + T

+Js+ Z(J—"j (x) — FI (@) Ts; + T,
j=1
where

Jij = S (Dil’(z —y) — DiI'(T — y))v;(y) dyo,

0B

J2j = S DI (T — y)v;(y) dyo,
0Bs

To= | Dyl —y)(F(w) - Fi(y) dy,
Bs(&)

Ji= | Dyl(@—y)(F (y) - F () dy,
Bs(8)

Ts5 = S Di;I'(z — y) dy,

B>\ Bs(£)
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Jo= | (DiI'(z—y) — Dyl (T - y))(F () — F(y)) dy.
B2\Bs(£)
(Here we set again 6 = |z — Z|, £ = (z — Z) and write By = Bs(§) U{Bs\
Bs()}.)
We estimate these integrals by analogy with [5, pp. 58-59]:
|7 <z -7 | [DDIE —y)|dyo
0B
i (for some point T between z and )

S R N
0B>
<n?2" Yz —7F|R™' (since |7 —y| > R for y € 0By)
<n22" YAz — Z|)R5/A(S)
<n?*2"A(|lz — 7|)/A2R)
(since 0 = |z — 7| < 2R and 6/.A(0) < 2R/A(2R) by (1.1))
< n?2"aB(8)/A(2R) (by (1.3)).

Next,
| Tas| < 2n 1
T3] < w [Flue | o=yl A(lr — yl) dy
Bs(§)
<o Flae | -yl Az - yl) dy
Bss/2(x)
35/2

=n[Fla. | tTTAR)dt
0

< (3/2)n[F’]4.B(8)  (by (1.2)).
By analogy with the estimate for J3 we obtain
| T4l < (3/2)°n[F]azB(0),  |Ts5l <2 (see [5, p. 59]),

and

(sl <|lz—z| | |DDyI@E -yl |7 (@) — F (y)ldy
B2\B;(§)

(for some Z between x and T)

Sla—aleln) | 1F@-F @) E-y " dy
ly—¢|=26



138 M. Borsuk

<cm)[Flaz | AlT-y)lF -yl dy

ly—¢&|>6
<2 em)d[Flaz | AB/2)IE—yhlE -yl dy
ly—¢&1>0
(since [T —y| < (3/2)[€ —y| < 3|z —y|)
R
< 2" nwye(n)(3/2)°0[F az | 2 A(t) dt
o

(since A((3/2)t) < (3/2)*A(t) by (1.2))

(01

<

<7z a(3/2)anwn2"+1c(n)[ff]MB(a) (by (1.4)).

Now from (2.14) and the above estimates we obtain

(2.15)  |Dw(T) — Dyw(z)|
<c(n, @) Y (17 (@) A7 2R) + [Flas + [Flaz)B(e - ),
j=1
\V/ﬂf,f S Bl.
Finally, from (2.10) and (2.15) it follows that w € CY5(B;) and the
estimate (2.8) holds. Lemma 3 is proved.

THEOREM 1. Let v be a generalized solution of equation (PE) in By
with G € Ln/(l,a)(B;), FI € COA(BY), where A is an a-function satisfy-

ing the Dini condition at zero, and let v =0 on BoNX. Thenv € CLB(B_T)
and

n
HUHLB;B;r < C<|U|o;32+ + |g|n/(1—a);3; + Z ||]:]||0,A;B;>v
j=1

where ¢ = c¢(n,a, R, A7 (2R), B(2R)).

Theorem 1 follows from (2.7), (2.8), representation of solutions of (PE)
by means of the fundamental solution and by the same argument as in [5,
4.4-4.5] (see also [5, 8.11]).

3. Dini continuity near a smooth portion of the boundary

THEOREM 2 (cf. [5, Corollary 8.36]). Let A be an a-Dini function (0 <
a < 1) satisfying the condition (1.5). Let T C OG be of class C“A. Let
u € WYG) be a weak solution of the problem (DL) with ¢ € CA(9G).
Suppose the coefficients of the equation in (DL) satisfy the conditions
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a"(x)&;&; > vlE?, Vax e, £ €R,
a at, fle COMG) (1,5 =1,...,n),
biyc € LOO(G)7 g e Ln/(l—a)(G)'

Then u € CYB3(GUT) and for every G' € GUT,
(3.1) [ulli,8;,60 < e(n, T, v, kyd')(!ﬂ\o;a +1gln/-ayc

n
+ > 1 o + el aa);

i=1
where d' = dist(G',0G \ T') and

k= . mnax {Haij7ai”07A;G7 ’bivclﬂ;G}'

t,j=1,...,n

Proof. We use the perturbation method. We freeze the leading coeffi-
cients '’ (x) at zop € GUT by setting, without loss of generality, a'/ (z¢) = &7
(see [5, Lemma 6.1]), and rewrite the equation of (DL) in the form (PE) for
the function v(z) = u(x) — ¢(x) with

(32 Gl@) = g(x) - V(@)D + Dyg) — @) o(x) + ().
(3.3) F'(x) = (a¥ (mo) —a"(x))Djv — a’A] (x)Djp
—a'(z)(v(z) + @) + f'(x) (i=1,...,n).

It is not difficult to observe that the conditions on the coefficients of the
equation and on T are invariant under maps of class C1A. Therefore after
a preliminary rectification of T by means of a diffeomorphism ¢ € C1#4 it is
sufficient to prove the theorem in the case T' C Y. This is carried out using
Theorem 1 in a standard way (see [5, Chs. 6, 8]). In this connection we use
the following estimates for the functions (3.2), (3.3):

n
(3.4) 191,.)1—ay;my < l9bj—aymr + k’(E; |1Divlo, g + [Vl

n
+ Z |Di90|0;32+ + |‘10|0732+>
=1
n

< Igln/(lfoé);Bg+ + ]‘5(5 z:[DiU]A;BQ+

i=1

ol + el pr ) (by (LT)),
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J )
35 317 lo.an; S RARR)IVll aipg + 35 1Ditl o
Jj= 1=

n
+ C(k)(‘U‘O;B; + H‘PHLA;B;) + Z HfjHo,A;B;-
j=1

Taking into account once more the inequality (1.7) and the condition (1.5)
that ensures the equivalence [ |4 ~ [ |5, from (3.4)—(3.5) we finally obtain

(36) Igln/(l—a);B; + Z H‘F]'HO,.A;B;L
j=1

< k(e +nAQRR))[|vlly g5y + cc(k)([vlo,pr + 0l a:85)

3 1 o 19l g for all e > 0.
J=1

Since A is continuous, choosing e, R > 0 sufficiently small we obtain the

desired assertion and the estimate (3.1) in a standard way from (2.16) and
(3.6).

4. Dini continuity near the conical point. We consider the problem
(DL) under the following assumptions:

(i) OG is a Dini-Lyapunov surface with conical point O;
(ii) the uniform ellipticity holds:

ng < aij (':U)g’bgj < N£27 Vo € G7 g € an

where v, u = const > 0 and a¥/(0) = 55 (i,j=1,...,n);

(iii) a7, a’ € C%A(G) (i,j = 1,...,n) where A is an a-Dini function on
(0,d], a € (0,1), satisfying the conditions (1.5)—(1.6) and also
(4.1) sup 01/ A(p) < const,
0<p<1

(20 @)+ faf?letw)] < A

(IV) g€ Ln/(l—a)(G)7 wE CLA(aG)a fj € CO7A(G)7 J=1...n

(v) S rAm AR () g2 (1) dz < oo,

n
7“2’”’2)‘7{*1(7“)(2 If71? + | V|2 + 7"72@2) dr < oo,
j=1
where H is a continuous increasing function satisfying the Dini condition at
t=0.

Qe— Q
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THEOREM 3. Let u be a generalized solution of (DL) and suppose that
assumptions (i)—(v) are satisfied. Then there exist d > 0 and a constant
¢ > 0 independent of u and depending only on parameters and norms of the
given functions appearing in assumptions (1)—(v), such that

n
(42)  fu(@)] < calAdz]) (lohoa-are + 3 17 lb.ac + el aoo
=1

+{ ) (F P HT ) @)+ 2R )

XY @) + 2T ()| V)

i=1

+ |ul?® + |Vu|2) dm}l/z), Vz € G,

(43) [Vu(@)] < cAl2l) (gha-are + 3 1 o + el aoc
=1

+ {CS; (7"4*”*2’\7{’1(7“)92(@ —1—7“2’”’”‘7-[*1(7")

n

X DN @)+ TR () Vel

i=1

¥ luf? + |W|2) dx}l/z), V€ G2,

Proof. We use Kondrat’ev’s method of layers: we move away from
the conical point of ¢ > 0 and work in GZ;’ 4; after the change of variables

x = oz’ the layer fo/’ 4 takes the position of a fixed domain G% /4 with smooth
boundary.

1°. We consider a solution u in the domain G3? with some positive d < 1;
then u is a weak solution in G2 of the problem

%(alj (T)ug, + a'(x)u) + b (x)ug, + c(x)u

J
(DLJo2 —g@)+ 2L sean,
Oxj

u(z) = o(x), zelP?caGie

We make the change of variables x = oz’ and set v(z') = o~ * A~ (0)u(oz’),
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€ (0,d), 0 <d < 1. Then v satisfies in G%/4 the problem
0 ‘
o] = (@ (02" )vyy + 0a'(0z")v) + 0b*(0a")vy; + 0%c(oa’)v
_ "L Of7 (ox' _
— a7 @ LD | oagler'), o e R
i=1 J
v(a') = o T AT (0)p(ea), @' e TP,

To solve this problem we use Theorem 2. We check its assumptions. Since
under assumption (ii), A is increasing, o € (0,d) and 0 < d < 1, from the
inequality o~z — y| > |z — y| for o € (0,d) it follows that

Alle" = ') = Ale™ - yl) > A(lz — y|)

and by (iii) we have

ZHa ”0AG§/4+QZ”@ HOAG

<Z|]a3|]0AG2Q —i—dZHa Hwagg < 0.

i,

Further, let @ be a regularity preserving extension of the boundary func-
tion ¢ into a domain GY for ¢ > 0 (such an extension exists; see e.g. [5,
Lemma 6.38]).

Since ¢ € CA(0G) we have

121y, 62, < c(G)llly g p2e < comst.
s e/4

By definition of the norm in C** we obtain

V() - V()
4.4 <||® o <c(G 20 -
GO e T alaan S P, <O,
s /4
aty

Now we show that by (v) and the smoothness of ¢,

45)  p(@)| < caA(lz]),  [VO(2)] < cA(lz]), Ve Gy,

Indeed, from

by Holder’s inequality we have
(4.6) lp(z) = (0)] < V.
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From (iv) it follows that

(4.7) S (r2 ="V 4+ r"|p|?) da

Gg

= | (P @) VO + P () ) (rP H(r)) da
Gg

< const 0> H(o).
Since |(0)| < |p(z)| + |¢(x) — ©(0)|, by (4.6) we obtain
[p(0)] < lp(@)| +r[V|.
Squaring both sides, multiplying by =™ and integrating over G§ we obtain
(4.8) ©*(0) S r~"dr <2 S (r"¢*(z) +r* " VO|*) dr < oo
Ge Ge
by (4.7). Since
dr

S r~"dr =mes 2\ — = oo,

Gg "
the assumption ¢(0) # 0 contradicts (4.8). Thus ¢(0) = 0. Then from (4.4)
we have

|IV®(x) — VP(y)| < const A(|x — y])HcpHLA;ng/QZL, Vr,y € G*¢

o/4’
IVe(y)| < [VO(z) — VE(y)| + [VO(2)|
< cA(lz - y|)||90||1,,4;rj/94 + [VO(2)|.

O e IO

Hence considering y to be fixed in GZ? 4 and x variable, we get

|v¢(y)|2 S ,r,2—" dz < 262‘|(10H1,A;F5/g4 S T2_nA2(|3§‘ —y|)dﬂj‘

Gola Gola
+2 | ?TVO(2) da
Gl
or by (4.7),
P*IVe(y)]* < c(mes 2,k1) (A% (0) + 0P H(0)), Yy € G2,

Hence the assumption (4.1) yields the second inequality of (4.5). Now the
first inequality of (4.5) follows from (4.6) and ¢(0) = 0. Thus (4.5) is proved.
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Now we obtain
(4.9) o "A ()lle(e ) ar

1/4

<co ' AT )lIP(e ), a2

1/4

=cg—1A—1<g>{ sup |B(ex')| + sup |[V'B(oa!)]

2 2
2'eG? 2'E€G?

V'®(px") — V'P(0y'
+ s | (Qrc)/ / (@y)!}
x/7yleG§/4 A(|$ _y |)
z'#y’

_ V& (x) — VP
<orrer (o) sp YO VE0)
roeers Al e~ y)

- A(t)
_ V], ggre A Al 11
ca+ ]O,A;GQ/4 () 0<Sll<]:)4g A(o1t)
< const, Vo€ (0,d),
by (4.5), since by (1.6),

A(t) A(To)
- < cA(o).
oS Ao h) oS, Ap = AW

In the same way we have
(4.10) A7 Nlo. 462

1/4
(i )
AP, + ot Ao ) )
TFY
Since f7 € COA(G), we get
411)  [f@) - Pl <GA(e —y), Va,yeGis,
@12) [ @) de = | (T PH )| ()P (H(r)r?) da
Gg Gg
< const > H(p)
by (v). Now fix y in GZ%. Then
W) < 1 @)+ 17 (@) = F ()] < |7 ()] + Az —y]).
Hence

|7 (y)? S r2 " dr < 2 S TQ*"]fj(m)\de—F?cV? S 27" A% (| — y|) de.

20 20 20
Gg/4 Gg/4 Gg/4
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Calculations and (4.12) give

AW < (@, kr,mes 2)(0*A%(0) + ™ H(0), Wy € G2,

Hence by the assumption (4.1) it follows that

(4.13) (@) < cjAle), VreGl,, j=1,....n.
Further, in the same way as in the proof of (4.9),
(@) — [/ (y)] : Alt)
4.14 sup ————— < [f) ~2e  SUp ————
W e, e Ty = Vi 22, 20
Ty
S CA(Q) [f]]O’A;GZ%'

Now from (4.10), (4.13) and (4.14) we obtain
(4.15) A" (o) Z |fj|07A;G§/4 < const.

j=1

It remains to verify the finiteness of IQ.A(Q)719(Q$/)|n/(1_a);cf/4. We
have
(1—a)/n
oA () | lgtox) ) ax')
G2
1/4
(1-a)/n
= oA )( ] lg(@) ) dx)
Gola
(1-a)/n
<a A @( g0 dx)
G2

< const, Vp € (0,d),
by the condition (1.1). Thus the conditions of Theorem 2 are satisfied.

By this theorem we have

(4.16)  [[vll1 86

1/2

< el G, max (Ja”(e)loacz,, ella(e)lloacz ) Al2e)}

, 1/4 1/4

X (!v!o;cz +o ' AT lle(e )l arz, + AT (lg(e)nsa-ayer

1/4 1/4

+ A D) I (@ loucz ) Ve e (0,d).
j=1
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2°. To estimate ]v[o;giﬂ we use the local estimate at the boundary of

the maximum of the modulus of a solution [5, Theorem 8.25]. We check the
assumptions of that theorem. To this end, set

2(2) = v(a') — 07 AT (0)P(0x”)
and write the problem for the function z:
(a0 + 0a'(0')2) + b (022, + elow’)2
ozl
2(z') =0, 2’ € F12/4,
where
417)  G(a) = oA N 0)g(ex") — A7 (0)b' (02") Py (02”)
— 0A™ (0)c(o" )P (o),
(4.18)  F'(z') = A" Y(o)f (0a") — 0~ AT (0)a" (0a") Py (02")
— A o)a (0 )P(0x') (i=1,...,n).

First we verify the smoothness of the coefficients (see the remark at the end
of [5, 8.10]). Let ¢ > n. We have

(4.19) V loa' (o) da’ = 0" | |a'(w)|? da
CY‘§/4 ng/74

< e2(G)da’[|§ ayer Vo € (0,d).
By (iii) we also obtain

(420) | [ob'(ea")|da’ = o | [p(x)|Pda <4907 | |rb(z)|*da
G2 G29 GQQ

1/4 e/4 e/4
<4lp™" S Al(r)de < 224 S r~"Al(r) dz
Gyl Gt
T AY)
= 224 eg 2 S — dr
0/4
2d
< 220 mes 2 - A1 (2d) S AY) dr,
0

(421) | [QPc(ox))|¥? da’ = o | |e(2)|? da

2 20
CY‘1/4 GQ/4



Dini continuity for equations in nonsmooth domains 147

< 47" S [r2e(x)|?? dx

20
GQ/4

< 9%atn S r_"Aq/Q(T)da:

Gola
2d
< 2%+ mes 2 - A9=2/2(24) S Alr) dr,
r
0

for ¢ > n and all g € (0,d).
In the same way from (4.17) we get

(4.22) oA N (NG, .02

1/4

:QA_1(9)< | Q_n{|9(517)|Q/2

20
GQ/4

+ (2”: !bi(az)y>q/2’v¢,q/2 4 !c(a;)]q/2y¢(x),q/2} d:c) 2/q.

By (iv) setting ¢ = n/(1 — «) > n and applying Hoélder’s inequality we
obtain

@) oA | oo dr)”

2/q
<co” A o)( | oIyl de)
G?¢

e/4

< " A7H@)lgl 2, (mes 21n8) /1

< e(d, o,q,mes 2, AW@)lgl, 0
since by (1.1), ¢*A™'(¢) < d*A~!(d) for all ¢ € (0,d). Similarly,
(420) oA ()( §

20
G9/4

% {(Zn:‘bi(x)‘)q/?‘v@q/%r‘c(x)‘qm@(x)‘q/g}dx>2/q

20
—A(T) dr.
r

< ¢(mes 9)2/q|!90|’1,A;G354A(q_2)/q(0) S
o0/4
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From (4.22)—(4.24) we obtain

(4.25)  1G(e)yzc2,

20
< const <q,a,d, mes 2, A(d), S AY) d7‘>

o/4
X (Iglq;GZiL + ||(’D||1,A;Fj/g4)’ q= ’I’L/(l — OZ) > n.

Finally, in the same way from (4.18) we have

n

(426) > | [Fi@)eda’

2
=1 G1/4

< (0.6, max {ZWHOAG,ZHOL 18 4 })

< § AT (Z|f )17+ [Vl + [9]7) d.

20
GQ/4

It follows from (4.5) as ¢ — +0 that |[V®(0)| = 0. Therefore

V()| = [V(x) - VEO)| < Al o, o€ G,
and hence

[2(2) < 7|V < |2l AllzDllly arze, Vo € Gy

Similarly it follows from (4. 13) as o — +0 that f7(0) =0forj=1,...,n
Therefore we have for all z € G*¢ 0/40

[/ (@) = [ (z) = 7 (0)] < A(T)[fj]o,A;G§§4'

Consequently, estimating the right side of (4.26) and taking into account
the inequalities obtained, we have

(427) Yo1Flye, < (.G max {ZHGUHOAG,ZHG o4 })

=1
X mes 2. (Z 1o e, + lelly oz )-
— o/4 o/4

So all conditions of [5, Theorem 8.25] are satisfied. By this theorem we get
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(4.28) sup |z(z)]

1
x’€G1/2

n

< C<|Z|2;G§/4 + IGIn/(Q(lfa));GfM + Z IFZIn/(lfa);GfM)
=1

< C<IZ|2;G$/4 + Igln/(l—a);GZ§4

n
+ 21 o aes, + Il aor, ).

i=1

Setting w(x) = u(z) — ¢(x) we have for w(x) the problem

ai' (a (2)wy, + a'(z)w) + b’ (2)wy, + c(z)w
(DL)O,Qd = G(m) + @ = G%d
8:13] ) )

w(z) =0, =€lZ?caGi,
where
G(x) = g(x) = b'(2)Ps, — c(x)P(),
F'(z) = f'(z) — a" (2)®,, — a'(z)P ().
Moreover, by assumptions (i), (ii),
ja (x) = 6]] < lla" o, a6 A(a]), =€ G.

By [6, Theorem 1] there is a constant ¢ > 0 independent of w, G, F* such
that

(4.20) | | Vol? de < co® | {]w(az)]Q+\Vw\2+G2(x)+Z\Fi(x)\2
G§ G2d i=1

+ 7"4_n_2)\H_1(T’)G2($) + 7,,2—71—2)\
xH ()Y \Fi(a;)P} dz, Yo (0,d).
1=1

Our assumptions guarantee that the integral on the right side is finite. Since
z(z') = 07 * A7 (o)w(oz’) we obtain from (4.29),

(4.30) S V2|2 da’ <2722 A72(p) S r? "\ Vw|? dx

2 2
G1/4 Ggé/)ll

< c0®2A7%(0) [ { Il + |Vul® + G2 (a)
G
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+Z|Fz |2—|—7‘4 n— 2)\H ( )G2(:E)

n

+ 2 AR ()Y |Fi(x)|2} dz.

i=1
By assumptions (i)—(iv) we have

G(@)? < cflgl* + A% (r)(r 2|V + r~i0?)},

Zm |2<c{2|f

+, max (la]lo.ac. o' lo.ac)(VEP +97)}.

(4.31)

Applying now the Friedrichs inequality and taking into account (4.1), we
obtain from (4.30), (4.31),

(4.32) |Z|2 2, <CUIV/Z|§;G§/4

< o™ 2A72(0) § {Jwl? + |Vul + ¢*(x)
G

+Z|f WP+ VO + & + 7P 1 (r) g ()
+ 7,271172)\7_‘71(74) Z \fl(x) 2
i=1
2R () [V 4 A ()| VO | de
< const {19121y + 2 118 ac + 19l a

i=1

+ (W |V + 2 () g2 ()
G

TR ) Y IS @)

7’2_"_2’\7'{_1(7“)\V§l5\2> daj}

_|_

by assumptions (iii)—(v). By the definition of z(z’), inequalities (4.28), (4.32)
and assumptions (i)—(v) we finally obtain

(4.33) vlocz, < lzlocz , + 0 AT (0)le(e )0

1/4 M1/4 1/4
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< c<|g|n/(1fa);a + Z 0.4 + l@ll1.a.06
=1

+ { é (\w\Q + [Vw|? + r4 21 ) g2 ()

2R HN ) Y | ()P
i=1

+ rH*”H*l(r)\ng\?) dm}1/2).

3°. Returning to the variables x,u(x), we now obtain from inequalities
(4.16), (4.33),

(4.34) o 'A7 (o) sup |u(z)|+ A" (e) sup |[Vu(z)|
xeGg/z meGg/z
[Vu(z) — Vu(y)|

+ sup
x,yer/Q A(Q)B(‘l'—y‘)

TFy

< C(Igln/(lfoz);G + Z £ l0.a:c + lell1.a00

i=1

+ { CS; (]u\Q + [Vul? + "2, () 6 ()

PR () | )
=1

2 ()| Vo) dx}l/2>.

Setting |z|=20/3 we deduce from (4.34) the validity of (4.2), (4.3). This
completes the proof of Theorem 3.

REMARK. As an example of A that satisfies all the conditions of Theo-
rem 3, besides the function r®, one may take A(r) = r*In(1/r), provided
A > 14 a. In the case of A(r) = r“ the result of [1] follows from Theorem 3
for a single equation and the estimate (4.2) coincides with [6, (10)].

5. Global regularity and solvability

THEOREM 4. Let A be an a-Dini function (0 < a < 1) that satisfies
the conditions (1.5),(1.6), (4.1). Let G\ {O} be a domain of class C*A, and
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O € 0G be a conical point of G. Suppose that assumptions (i)—(iv) are valid
and

(vi) S(c(a:)n —a'(x)Din)dr <0, V>0, neCHa).
G

Then the generalized problem (DL) has a unique solution v € C“A(G) and

we have the estimate

n
(5.1 lulae < c(lglaa-are + DI o + Iel,an
=1

+{ ! (F 2K ()9 ()

PR () Y )
=1

2B () Vo) dx}l/Q).

Proof. The inequality (4.34) implies that
(5.2)  [Vu(z) = Vu(y)|
< cB(|x — y|)<|g|n/(1—a);G + Z £ llo,4:c
i=1
+ el aoc + { § (1l +1Vul? + "2 1 () g (@)
G

n

+ T27n72)\H71(7,) Z ’fi(ﬂf)fz + 7,27n72)\H71(T)‘V¢‘2> dx}l/z)
i=1

for all z,y € GZ/Q and all g € (0,d).

From (4.34), (5.2) we now infer that u € C’l’B(G_gl). Indeed, let z,y € G_g
and o € (0,d). If z,y € G§/2 then (5.2) holds. If |z — y| > |o| = |z| then by
(4.34) we obtain
[Vu(z) = Vu(y)]

B(lz - yl)

< 26A(l)B (2]) (Igbnj1-ara + el 06

3 oac + { § (Jul? + [Vl + 14720 () g ()
=1 G
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+ 2R () 3| @) 4 2R ()| Vel dw}1/2>
i=1

n
< 2ca(lglns1-ayc + el aoc + D 1 lo.ac
=1

+{ ng (1ul? + [Tl 4+ 742 () g2 (@)

Hr? TR D | fi )P+ TQ—H—”H*(T)IV@IQ) dw}1/2>
i=1

in view of (1.3). Because of the condition (1.5) for the equivalence of A and
B, we derive u € CA(GE&) and the estimate

n
(5:3)  lulaeg < (loba-are + 3 1 loac + el aoc
=1

+ { é <|u|2 + |Vul|? + "= H (1) 6% (2)

) 3| i)
i=1

+ 2R () Vo) dm}l/Q),

following from the above arguments.
By means of a partition of unity, from the bounds (3.1) of Theorem 2
and (5.3) we derive

n
(54)  lullyae < C(IQIn/(lfoz);G + ) 1 loae + lelaoc
=1

+ luloi + { | (|u|2 V2 4+ 2 () g2 ()
G

PR () 0 )
=1

2B () Vo) dm}l/Q).

By the assumption (vi) that guarantees the uniqueness of the solution
for the problem (DL), we have the bound [5, Corollary 8.7]

[l + [Vu?) do < € | (¢ + D If72 + VP +@%) da,
G G i=1
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which together with the global boundedness of weak solutions [5, Theorem
8.16], and the bound (5.4), leads to the desired estimate (5.1).

Finally, the global estimate (5.1) leads to the assertion on the unique
solvability in C'A(G). This is proved by an approximation argument using
the relevant propositions from [8] in the same way as in [5, Theorem 8.34].

REMARK. The conclusion of Theorem 4 is best possible. This is shown
for A(r) =7, A>1+a, a € (0,1), in [6] (see also examples in [2]).
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