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On the class of functions strongly starlike
of order a with respect to a point

by ADAM LECKO (Rzeszéw)

Abstract. We consider the class Z(k;w), k € [0,2], w € C, of plane domains {2
called k-starlike with respect to the point w. An analytic characterization of regular and
univalent functions f such that f(U) is in Z(k;w), where w € f(U), is presented. In
particular, for ¥ = 0 we obtain the well known analytic condition for a function f to
be starlike w.r.t. w, i.e. to be regular and univalent in U and have f(U) starlike w.r.t.

w € f(U).

1. Introduction. Let U,={z€C: |z| <r}, 0 <r <1, denote the disk
of radius r in the complex plane C and U = U; denote the unit disk. We
denote by B(&, ), € € U, o > 0, the hyperbolic open disk with hyperbolic
center at £ and hyperbolic radius . We recall that

B(f>9):{Z€U3D(§,Z)<Q}={ZGU: 12_5 <R:tanhg},
— &z
where
_1 1—&]+]2—¢ z—&
D(,z) = 210 TS E e — = artanh %

denotes the hyperbolic distance on U between £ and z.
For each o € (0,1] we denote by S*(«) the class of functions f regular
in U, normalized by f(0) = f'(0) — 1 = 0 and satisfying

arg{'z}c;g) H < ag for z € U,

called strongly starlike of order a. For each o € (0,1] the class S*(«) is a

subset of the class S* = S*(1) of starlike functions. Therefore each function
in S*(a) is univalent.
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The classes S*(a) were introduced by Brannan and Kirwan [1], and
independently by Stankiewicz [4, 5] (see also [2, Vol. I, pp. 138-139]).

Brannan and Kirwan found a geometric condition called d-visibility which
is sufficient for a function to be in S*(a). Stankiewicz [5] obtained an ex-
ternal geometric characterization of strongly starlike functions. In [3] Ma
and Minda presented an internal geometric characterization of functions in
S*(«) using the concept of k-starlike domains.

Using an idea similar to that in the paper of Ma and Minda we introduce
the class Z(k;w), k € [0,2], w € C, of domains {2 which will be called
k-starlike with respect to w € 2. For w = 0 the class Z(k;0) consists of
the k-starlike domains. For k = 0 the class Z(0;w) consists of the domains
{2 starlike w.r.t. w, which means that the line segment joining w and an
arbitrary point w € {2 lies in (2.

We present an analytic characterization of the class S8(k; &, w) of func-
tions f which are regular and univalent in U and have f(U) € Z(k;w),
where w = f(£) and £ € U. In other words, the internal geometric property
of k-starlikeness w.r.t. an interior point is connected with the class of regular
and univalent functions f satisfying an analytic condition (3.1), which are
called strongly starlike of order o w.r.t. w.

2. Domains and functions k-starlike w.r.t. a point. Let k € (0, 2]
be fixed. We denote by K (k) and Ka(k) two closed disks of radius 1/k each

centered at 1/2 —iy/1/k? —1/4 and 1/2 +i\/1/k? — 1/4, respectively. For

k=0 we set
Ki(0)={veC:Imv<0}UJ[0,1],
K5(0) ={v e C:Imv >0} UJ[0,1].
For each k € [0,2] we define
By = Ki(k) N Ka(k).

Of course, Ey = [0,1]. Each set Ey, k € (0,2], contains the points 0 and 1
on its boundary.
For A, B C C and w € C we define

AB={uweC:ue ANveB}, A+tB={uxtveC:uec AAve B},
wA={w}d4, wtA={w}t+A
For fixed k € [0, 2] define
It =0E, NOK (k) and I, = 0E;NIKy(k).

Then I} ,j and I, for £ > 0, are closed circular arcs in the boundary of
E. with endpoints 0 and 1 and with interiors lying in the upper and lower
halfplane, respectively. Clearly, I';t = I, = [0,1]. Throughout, I} and I’
will be treated as oriented arcs: from 1 to 0 and from 0 to 1, respectively.
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For k£ > 0 this means that the boundary of the set E}, is positively oriented,
i.e. in counterclockwise direction.
For w,w € C let

T ww)=w+ (w—-w)}7, I (ww)=w+w-—wl},
Er(w,w) =w+ (w —w)FE.

Of course, It = I7(0,1), I, = I, (0,1) and Ex, = Ex(0,1).

For w,w € C, w # w, F,j(w,w) will be oriented from w to w, and
I, (w,w) from w to w. For k > 0 this means that the boundary of Ej(w,w)
is positively oriented.

For every z € I\ {0, 1} we denote by 6(z) € [0,7/2] the directed angle
from iz to the tangent vector to I at z. We also set 6(1) zlimrljaz_)ﬁ(z) =
arccos(k/2) and 6(0) = limr,jaz—»O 0(z) =m/2.

Similarly, for every z € I, \ {0,1} we denote by ¥(z) € [—7/2,0] the
directed angle from iz to the tangent vector to I, at z and we set ¥(1) =
limf‘;az—>l ¥(z) = —arccos(k/2) and 9(0) = hmr,;az—@ I(z) = —7/2.

OBSERVATION 2.1. 1. If 2 moves along I}, k € (0,2], from 1 to 0,
then 6(z) strictly increases from 0(1) = arccos(k/2) to 0(0) = 7 /2. For all
z ey, 0(z)=m/2.

2. If z moves along I, k € (0,2], from 0 to 1, then ¥(2) strictly increases
from ¥(0) = —x/2 to ¥(1) = —arccos(k/2). For all z € Iy, 0(z) = —m/2.

DEFINITION 2.2. Fix k € [0,2]. A domain (2 in the plane is called k-
starlike with respect to the point w € {2 provided that Ey(w,w) C 2 for
every w € (2.

The set of all k-starlike domains w.r.t. w € C will be denoted by Z(k;w).
For simplicity of notation we denote the set Z(0;w) by Z(w) and the set
Z(0;0) of all domains starlike w.r.t. the origin by Z.

REMARK 2.3. 1. O-starlikeness of {2 w.r.t. w € (2 is exactly starlikeness
w.r.t. w, i.e. the line segment joining w and an arbitrary point w € {2 lies
in 2.

2. k-starlike domains w.r.t. the origin will be called k-starlike. These
domains were considered in [3].

The following lemma is clear.

LEMMA 24. If 0 < k1 < ky <2, w € C and 2 € Z(ky;w), then
Q€ Z(ky;w).

Since Z(k;w) C Z(w) for all k € (0, 2], every domain in Z(k; w) is simply
connected.
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LEMMA 2.5. If 2 € Z(k;w) fork € (0,2] and w € §2, then Ey(w,w)\{w}
C 2 for every w € 012.

Proof. Fixw € 9f2. By Lemma 2.4, {2 is starlike w.r.t. w so [w,w) C £2.
Take the sequence w, = w + (1 — 1/n)(w — w), n > 2, in [w,w). It is clear
that lim,, . w, = w. Since w,, € §2 it follows that Ej(w,w,) C 2 for all
n > 2. Therefore

(2.1) U Ey(w,wy,) C 2.

n=2
Notice also that
(2.2) Ey(w,wy,) C Ex(w,wp41) forn > 2.
Indeed, let u € Ey(w,w,). Then there exists n € E} such that u = w +
(w, —w)n = w+ (1 —1/n)(w — w)n. By starlikeness of Fj we see that
¢ = (1-1/n?n € Ei. Consequently,

wi (s —w) =wt (1= 7 )= (1= )

n+1
1
:w+<1——>(w—w)n:u,

n

which means that u € Ej(w, w,11), so (2.2) is proved.
Now we prove that

[ee]
(2.3) Int By (w,w) C U Ey(w,wy,).

n=2
To this end, let u € Int Fy(w,w). Thus there exists n € Int Ej such that
u=w+ (w—w)n. Let a € OF%, a # 0, be the point of intersection of OE}
with the straight line joining the origin and 7. It is clear that n # a and
therefore ¢ = nn/(n — 1) € Ej), for some n > 2. Hence

n

Ui

w (= w) =0+ (1= D) - wl =t e - )

=w+ (w—w)n=u.
This means that u € Ej(w,w, ). Therefore (2.3) holds.
From (2.1) and (2.3) we obtain
(2.4) Int By (w,w) C £2.

It remains to prove that if v € 0F,(w,w), v # w, then v € (2. Suppose,
on the contrary, that there exists v € F,j(w, w), v # w, such that v ¢ 2. By
(2.4) we can assume that v € 952.

Let wg be an arbitrary point lying on the open subarc of F,j (w,w) joining
w and v, so wy = w+ (w—w)n for some 7 € F,j. The directed angle from the
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vector i(wp — w) to the tangent vector to I (w,w) at wy is equal to 6(n).
From Observation 2.1 and since k > 0 it follows that 6(n) > arccos(k/2).
But considering the set Ejy(w,wy) we see that the directed angle from the
vector i(wg — w) to the one-sided tangent vector to I (w,wp) at wp is
equal to arccos(k/2). Hence the open subarc of I (w,w) joining w and wy
is contained in the interior of Ej(w,wp). Thus v € Int Ex(w,wp). If now
wp € 2, then Ej(w,wy) C 2, s0 v € 2. If wy € 012, then by (2.4) we have
Int By (w,wg) C §2, so v € §2 also. Both cases contradict the assumption
that v € 012.

If we assume that v € I, , v # w, and v € {2, then a similar analysis
leads to a contradiction once again. This ends the proof of the lemma.

Let £ € U and w € C. The set of all functions f regular in U such that
(&) = w will be denoted by A(&, w).

DEFINITION 2.6. Fix k€[0,2]. A function f € A(,w), where { €U and
w € C, univalent in U will be called k-starlike w.r.t. w if the domain f(U)
is k-starlike w.r.t. w, i.e. f(U) € Z(k;w).

The set of all functions f € A(&, w), w = f(§), which are k-starlike w.r.t.
w will be denoted by S&(k; &, w).

We write S8(&,w) for S8(0;&,w). If £ = 0 and w = f(§) = 0, then
k-starlike functions w.r.t. the origin will be called k-starlike (see [3]). For
kE=0,¢=0and w= f(§) = 0 we obtain the well known class S&(0,0;0) of
starlike functions. This class will be denoted by S%.

Let us also introduce the following classes:

S¥(kw) = () S8(k:gw),  SE(k) = (| S8(k:& ).
3% weC
The basic property of these classes is preservation of k-starlikeness w.r.t.
w on each hyperbolic disk centered at &, which can be formulated as follows:

THEOREM 2.7. A regular and univalent function f isin S&(k; &, w), where
k €10,2], £ € U and w € C, if and only if for every o > 0 the domain
f(B(&,0)) is in Z(k;w), where w = f(§).

Proof. Suppose first that f € S8(k;&,w), where k € [0,2], £ € U
and w = f(£). Hence 2 = f(U) € Z(k;w). Fix o > 0 and set 2(&,0) =
f(B(&, 0)). We will show that Ej(w,w) C £2(€, o) for all w € £2(&, o).

Since {2 is k-starlike domain w.r.t. w, we see that w + (w — w)v € {2 for
all w € 2 and v € E}. Thus the function

(2.5) 9(2) = fTHw + (f(2) —w), =€,

is well defined for each v € E, regular in U and g(U) C U. Since g(§) = &,
Pick’s Theorem, the invariant formulation of Schwarz’s Lemma, shows that
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9(B(¢,0)) C B(&, 0). Moreover, g(B(¢, 0)) = B(¢, 0) only if g is a M&bius
transformation which maps the unit circle into itself. From (2.5) we now get
+ (£2(§, 0) —w)v = f(9(B(&, 0))) C £2(&, 0)

for all v € Fj,. This implies that w+(£2(§, 0)—w)Ex C 2(&, 0). Consequently,
w+ (w—w)Ey = Ex(w,w) C 2(&,p) for all w € 2(, p). This means that
2§, 0) € Z(k;w).
Conversely, suppose that f(B(&,0)) is in Z(k;w), where w = f(&), for
every o > 0. Since
=J fB

0>0
the assertion is immediate. This ends the proof of the theorem.

3. An analytic characterization of the class S&(k;&,w). In this
section we present an analytic characterization of functions f € S&(k; &, w).
The main theorem of this paper is the following.

THEOREM 3.1. If f € S&(k;&,w) for k €10,2), £ € U and w € C, then
(1-&2)(z=9f'(2)
ar
g{ FG) —w

where o = (2/7) arccos(k/2).

Conversely, let a € (0,1], £ € U and w € C. If (3.1) is satisfied for a
function f regular in U, then f € S8(k; &, w) for k = 2cos(an/2).

Proof. For f regular in U and £ € U we set 2 = f(U), 2(§,0) =
f(B(&,0)) and C(0) = 0B(¢; ) for 0 > 0.

1. We first consider the case k = 0.

(i) Assume that f € S8(¢,w), where £ € U and w € C. Thus w = f(§)
and 2 € Z(w). By Theorem 2.7, also 2(&,0) € Z(w) for every o > 0.
Therefore arg(f(z) — w) is well defined locally on the circle C(p). Let us
parametrize C'(p) as follows:

Re' + ¢

(3.2) Clo): z=2z(t)= m,

where R = tanh p € (0,1). Hence we get
; _ 2 it o 2 it

(3.3) sy < W ERRT 1 J6F  Re?
(1 + EReit)2 1+ ERe?t 1+ ERett
_ Z<1 _ Rezt +£ > Reit _ |£|2Reit

1+ EReit ) (1 —|€2)(1 + EReit)
i1-E):-8

1—[¢[?

(3.1)

s
< a=, e,

€ [0,2m),
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By starlikeness of C'(p) w.r.t. w it follows that the function
(3.4) [0,27) 5t — arg(f(2(t)) — w)

is nondecreasing. Hence and by (3.3) we have

(35) L arg(f(2(t) —w) =

d
o Imlog(f(z(t)) — w)

dt

SAVETET)

e {UBE0rO)

for all z € U\ {¢}. As w = f(£) the function

_0-8)E-9rG)
(3.6) Qe ==

has a removable singularity at z = £ with

. (1-&2)(z =9 f'(2) 1
Q(&,¢) = lim = ;
ST e TR
where we used the fact that f/(§) # 0 since f is univalent in U. Hence
the inequality (3.5) holds for z = ¢ also. Since Q(¢,§) > 0, the minimum
principle for harmonic functions shows that for all z € U the inequality (3.5)
is strict, i.e.

(3.7) ReQ(z,&) >0 for ze U,
which is equivalent to (3.1) for a = 1.

(ii) Conversely, let (3.1) be satisfied for @ = 1 and fixed f regular in U,
i.e. (3.7) holds. From (3.7) we see that @ has no pole and no zero in U. But
this holds only when w = f(§) and f’(z) # 0 for all z € U. In consequence,
f e A&, w) and f is locally univalent in U. Moreover, from (3.7) we have
f(z) #w = f(&) for all z € U\ {{}. We conclude that the equation f(z)—
= 0 has a unique simple zero at z = £ on U. The argument principle now
shows that

ze U\ {¢}

Acpyarg(f(z) —w) = Im{ S ffi dz} =27

ol TP~

for every o > 0. Hence applying once more the argument principle we deduce
that the equation f(z) —w = 0 has a unique solution for each w € £2(&, o),
which implies univalence of f in B(¢, ) for every ¢ > 0. In consequence, f
is univalent in U.

Further, from (3.7) and (3.5) it follows that the function (3.4) is increas-
ing so the curve f(C(p)) and consequently the domain 2(&, o) are starlike
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w.r.t. w for every o > 0. In this way, by Theorem 2.7 we see that f(U) is
starlike w.r.t. w, which means that f € S&(&, w).

2. (i) Let now k € (0,2) and o = (2/7) arccos(k/2). Let f € S8(k; &, w)
with w = f(§). Hence 2 = f(U) € Z(k;w). We will prove that (3.1)
holds, i.e.

(3.8) larg Q(z,€)| < ozg for z € U,

for a = (2/m) arccos(k/2).

For z = £ the inequality (3.8) is clear since Q(&,€) = 1/(1 — [£]?) is a
positive real number.

Now we prove that (3.8) is true for all points on C(p) for every ¢ > 0.
Let ~, denote the curve 0f2(&, o) positively oriented. For each z € C(p) we
denote by 7(z) the tangent vector to v, at w = f(2), i.e.

7(2) = 2/ () f'(2(2)),
where z = z(t) is given by (3.2). From (3.3) we get

o) = =B E)
e

Let ¢(z), z € C(p), denote the directed angle from the vector i(f(z) —w)
to 7(z), i.e.

(3.9) p(2) = arg{7(2)} —arg{i(f(2) —w)}

=)0
- g{u—mmuﬂ@—f@»}

IO GLE IR T O N
~n{ g ) - e

Let z € C(p) and w = f(z). By Theorem 2.7 the domain 2(¢, p) is in
Z(k;w). Therefore by a limit argument Ey(w,w) C £2(¢, o).

As was mentioned in Section 2, the boundary of the set Ej(w,w) is
positively oriented. Let s; and so be one-sided tangent vectors to the arcs
IF(w,w) and I, (w,w) at w, respectively, and let p; and ps be the half-
lines starting from w with directional vectors s; and so, respectively. We
denote by V the closed sector bounded by p; and ps with vertex w for which
Int VN Int B (w,w) = (. The normal line to the vector joining w and w and
going through w divides the plane into two closed half-planes, one of them
containing Ej(w,w). Consequently, one of the two closed half-lines starting
from w and normal to the vector joining w and w lies in V; denote it by p.
Then p divides V into two closed sectors with vertex at w: V; bounded by
p1 and p, and V5 bounded by py and p. Since Fjy(w,w) is symmetric w.r.t.
the straight line going through w and w which is normal to p, we see that p

z € C(p).
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bisects V. From the assumption that £2(¢, o) is k-starlike w.r.t. w it follows
that the tangent line to 7, at w cannot intersect the interior of Ejy(w,w).
Therefore the tangent vector 7(z) lies in V.

If 7(2) lies in Vi, then ¢(z) is nonnegative and in view of (3.9) we obtain

k T

(3.10)  (2) = arg{s1} —arg{i(f(2) - f(§))} = 0(1) = arccos 5 = a .

If 7(2) lies in V5, then ¢(z) is nonpositive and using again (3.9) we have
™

(311) (z) > arg{sa) — arg(i(/(2) ~ F(€))} = V(1) = —arceos & = ~aZ

In consequence, the inequalities (3.10) and (3.11) are true for every point
in C(p). As o was arbitrary, they are satisfied in U.

Suppose that equality holds in (3.10). Then by the maximum principle
for harmonic functions it holds for every point in U. But this is impossible
since Q(&,€) is a real number. Therefore the inequality (3.10) is strict, and
similarly for (3.11).

(ii) Conversely, let o € (0,1) and assume that (3.1) is satisfied for f
regular in U, i.e. (3.8) holds. As in Part 1(ii) we can prove that w = f(&)
and therefore f € A(&, w).

The inequality (3.8) is clearly true for v = 1 also. But, as was shown in
Part 1(ii), this implies that f € S8(£,w) and therefore f is univalent in U.
Thus we need to prove that f(U) € Z(k;w) for k = 2cos(an/2).

Suppose, on the contrary, that f(U) is not k-starlike w.r.t. w for k =
2cos(an/2). By Theorem 2.7 there exists p > 0 such that 2(§, p) is not
k-starlike w.r.t. w. This means that there exists wy € 2(&, o) such that
Ex(w,wp) is not contained in £2(&, o).

Suppose that

I (w,wo) Ny, # 0.

Thus there exists wy € (I} (w,wp) \ {w,wo}) N, such that the subarc
of F,j (w,wp) joining wy and wy without the endpoint w; is contained in
2(€, 0). Since wy € 7,, there exists z; € C(p) such that wy; = f(z1). Let
©(z1) denote the directed angle defined by (3.9), where z is replaced by z;.
The tangent line to the convex set Ej(w,wq) at w; is the boundary of two
closed half-planes denoted by H; and Hs. One of them, say Hy, supports the
set Ej(w,wp), the other Hy contains it. Since 7, is positively oriented, from
the definition of w; it follows that the tangent vector 7(z;) lies in Ho, and
the vector i(w; — w) lies in Hy. Hence the angle ¢(z1) is positive. Further,
using Observation 2.1, the fact that w; # wy and (3.9) we have

a@@uhazwunzeunze(

wp —w

> >0(1) = arccosg = ai,

Wy — W 2

contrary to (3.8).
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Suppose now that
I (w,wo) Ny, # 0.

Thus there exists we € (I, (w,wp) \ {w,wo}) N, such that the subarc
of I (w,wp) joining we and wy without the endpoint w, is contained in
2(&,0). Let zg € C(o) be such that we = f(z2). Since 7, is positively
oriented, we see that the tangent vector 7(z2) lies in the closed half-plane
supporting Ej(w,wp) at we, and i(f(z2) — w) lies in the complementary
closed half-plane. In consequence, the angle (z2) is negative. Moreover, by
Observation 2.1, the fact that we # w and (3.9) we have

Wo — W

arg Q(z2,8) = ¢(22) < V(22) = ﬂ(wo — w> <9(1) = — arccosg = —ag,

which contradicts (3.8).

So f € S8(k;&,w) with k = 2cos(an/2), which ends the proof of the
theorem.

4. Remarks. Taking into account (3.1) we can introduce the following

DEFINITION 4.1. For each a € (0,1] and £ € U we denote by S*(a;€)
the class of all functions f regular in U satisfying the condition

N R

(4.1)

From Theorem 3.1 it follows that every function in S*(a;€) is univalent
and belongs to the unique class S&(k; &, w) for k = 2 cos(an/2).

Theorem 3.1 gives an equivalence between k-starlikeness with respect
to a fixed point w € C, a property which defines the class S&(k; ¢, w),
and an analytic condition (4.1) which describes the class S*(«; &), where
a = (2/m)arccos(k/2). For £ = 0 and w = f(£) = 0 we get the results of
Ma and Minda [3]. Then the inequality (4.1) reduces to (1.1) and with the
normalization f’(0) = 1 defines the class S*(a) of strongly starlike func-
tions, which coincides with the subclass of S&(k;0,0), k = 2 cos(an/2), with
standard normalization.

The subclass of S*(1;¢) with normalization f(0) = 0 is known. For
details about this class see [2, Vol. I, pp. 155-164]. But this normalization
seems to be unnatural. It excludes situations like £ = 0 and w = f(§) # 0

or{ #0and w= f(§) =0.

It is also natural to consider the subclass of S*(«; §) with normalization

f1(€) =1
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It is worth noticing that the condition (3.7) was obtained in 1978 by
Wald [6], who transformed the condition

2f'(2)

(4.2) Re{f(z)—f(ﬁ)}>0’ zeU,
into the form (3.7). The inequality (4.2) says geometrically that the domains
f(U,) are starlike with respect to w = f(§) for all r such that [{| < r < 1.
Since at z = £ the expression on the left side of (4.1) has a pole, this
condition fails to characterize the class Z(w).

Looking at Theorem 2.7 it is clear that starlikeness of f with respect to
w = f(§) is not connected with the family U,, r € (0,1), of Euclidean disks
but rather with the family of hyperbolic disks B(&, o) where ¢ > 0. This
last family is transformed by every function f in S*(1;¢) onto a family of
starlike domains with respect to f(&).
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