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On a method of determining supports of Thoma’s
characters of discrete groups

by Ernest P lonka (Gliwice)

Abstract. We present a new approach to determining supports of extreme, normed
by 1, positive definite class functions of discrete groups, i.e. characters in the sense of
E. Thoma [8]. Any character of a group produces a unitary representation and thus a
von Neumann algebra of linear operators with finite normal trace. We use a theorem
of H. Umegaki [9] on the uniqueness of conditional expectation in finite von Neumann
algebras. Some applications and examples are given.

I. It is well known that any positive definite central function α of a group
G yields, via the Gelfand–Segal construction, a unitary representation Uα

of G in a separable Hilbert space and α can be extended to a finite, normal
trace on the von Neumann algebra {Uαg : g ∈ G}′′. Such functions form a
compact convex set in the topology of pointwise convergence and correspond
to the finite traces of the C∗-algebra of the group G. The extreme points of
the sphere {α : α(1) = 1} are called characters in the sense of E. Thoma. If
α is a character, the algebra {Uαg : g ∈ G}′′ is a factor (cf. [8]). If {g ∈ G :
α(g) = 1} = 1, the representation Uα is faithful and so α is called faithful .
It follows from [1] that if α is 0 off some subgroup H of G, then the represen-
tation Uα is the induced representation from the restriction α|H of α to H.

The problem of determining the supports of characters has been stud-
ied in many papers e.g. [2], [4], [5] and [6]. It has been proved in [5] that
under some restrictions on G each faithful character of a nilpotent group
G of class 3 is supported on the normal subgroup Gf of G consisting of
all elements with finite conjugacy classes. Such groups are called centrally
inductive [2]. R. Howe [4] has shown that all finitely generated torsion free
nilpotent groups are centrally inductive. In 1985 A. Carey and W. Moran [2]
have established the same for countable nilpotent groups G such that there
exists an integer n with the property that every finitely generated subgroup
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of G/Gf is contained in a subgroup of G/Gf with n generators. They have
also proved this result for nilpotent complete groups, i.e. groups which con-
tain all nth roots of their elements. The groups of unipotent upper triangular
matrices with coefficients from a field of characteristic 0 are examples of such
groups. Carey and Moran also gave an example of non-centrally inductive
nilpotent groups. All the above papers do not use von Neumann algebras.
We show how from a theorem of H. Umegaki on conditional expectation in
von Neumann algebras one can obtain a result which seems to be a useful
tool in investigating the supports of characters.

Let B be a subalgebra of a von Neumann algebra A with a finite normal
trace τ . In [9], H. Umegaki proves that there is precisely one linear mapping
E : A→ B preserving the trace τ and the involution ∗ such that the equality

E(b1ab2) = b1E(a)b2
holds for all a ∈ A and b1, b2 ∈ B. The mapping E is said to be the
conditional expectation of A with respect to B.

II. We start with a simple

Lemma. Let α be a ∗-preserving automorphism of a von Neumann alge-
bra A with a finite, normal trace τ such that τ(α(a)) = τ(a) for a ∈ A. Let
B be a subalgebra of A, with α(b) = b for b in B. Then for the conditional
expectation E of A with respect to B the mapping Eα defined by

Eα(a) = E(aα)

is again a conditional expectation of A to B and consequently Eα = E.

P r o o f. Straightforward.

Theorem 1. Let H be a normal subgroup of a group G of unitaries in
a separable Hilbert space such that the von Neumann algebra A = G′′ has a
finite, normal trace τ . Let x be an element of G such that [x, g] = x−1g−1xg
commutes with all h in H for g ∈ G. Assume also that [x, h0] 6= 1 for some
h0∈H. If there is no non-trivial G-invariant projection in the von Neumann
subalgebra B = {1− [x, h] : h ∈ H}′′ of the algebra A, then E(x) = 0.

P r o o f. The implementation mapping

A 3 a→ g−1ag = ag ∈ A

is an automorphism of A preserving τ and the involution ∗. Since the element
[x, g] commutes with all h ∈ H for g ∈ G, we have, by the Lemma, Eh = E.
Hence

Eh(x) = E(h−1xh) = E(x[x, h]) = E(x)[x, h],
which implies

E(x)(1− [x, h]) = 0 for all h ∈ H.
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This yields E(x)Pim(1−[x,h]) = 0, where Pim(b) is the projection operator onto
the image of the operator b ∈ B. Since B is commutative, the projection
Pim(1−[x,h]) is the central support c(1−[x, h]) of the element 1−[x, h] (cf. [7]).
Thus we have

E(x)c(1− [x, h]) = 0 for all h ∈ H,
and consequently E(x)P = 0, where P = LUB{c(1− [x, h]) : h ∈ H}.

Now the identity [ab, c] = [a, c][[a, c], b][b, c] (cf. [3]) implies

[x, hg] = [xg, hg] = [x[x, g], hg] = [x, hg][[x, hg], [x, g]][[x, g], hg].

Since hg, [x, hg] ∈ H and [x, g] commutes with h ∈ H, we obtain the equality

[x, h]g = [x, hg] for all h ∈ H and g ∈ G.
Hence

P g = (LUB{c(1− [x, h]) : h ∈ H})g = LUB({c(1− [x, h] : h ∈ H})g

= LUB{(c(1− [x, h]))g : h ∈ H} = LUB{c(1− [x, h])g : h ∈ H}
= LUB{c(1− [x, hg]) : h ∈ H} = P

for all g ∈ G. From our hypothesis it follows that the projection P is not
0, because there is an element h0 in H such that 1− [x, h0] 6= 0. Since P is
G-invariant, it has to be 1 projection. Hence E(x) = 0, as required.

Theorem 2. Let α be a positive definite function on a group G such that
α(xg) = α(x) for all x, g ∈ G and α(1) = 1. Suppose that the restriction
α|H of α to a normal subgroup H of G is a faithful , extreme point of the set
{β : β(1) = 1, β(hg) = β(h), h ∈ H, g ∈ G}. Let x ∈ G be an element such
that [x, g] and h commute for all h ∈ H, g ∈ G and [x, h0] 6= 1 for some
h0 ∈ H. Then α(x) = 0.

P r o o f. Let Uα be the representation of G corresponding to α and A =
{Uαg : g ∈ G}′′ be the von Neumann algebra generated by Uαg , g ∈ G. Then
α is (can be extended to) a finite, normal trace on A. Let B = {1− Uα[x,h] :
h ∈ H}′′. Since α is faithful and 1 6= [x, h0] ∈ H, we have Uα[x,h0]

6= 1
and, consequently, B is a non-trivial commutative subalgebra of A. More-
over, since the restriction α|H is an extreme point of a G-invariant, positive
definite function on H, there is no non-trivial G-invariant projection in B
(Lemma 2 of [8]). Let E be the conditional expectation of A with respect
to B. We see that all assumptions of the previous theorem are satisfied and
therefore E(Uαx ) = 0. Since the mapping E preserves the trace α, it follows
that α(x) = α(Uαx ) = α(E(Uαx )) = α(0) = 0, which completes the proof.

III. The following examples show how Theorem 2 can be used.

Example 1. Let R be a commutative, associative ring with identity e.
The set {Ta,b : a, b ∈ R, a invertible in R} of all transformations Ta,b :
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R → R defined by Ta,b(x) = ax + b forms a group G with multiplication
Ta,bTa′,b′ = Taa′,ab′+b. Obviously, H = {Te,b : b ∈ R} is a normal subgroup
of G with [G,H] = H. Thus the support of any faithful character of G is
contained in H.

Example 2. Let 4k, 0 ≤ k ≤ n, be the set of all n × n matrices A
with entries from a commutative, associative ring with identity such that
A(i, j) = 0 for i > j − k. Let �k, 0 ≤ k ≤ n, be the set of all matrices
A ∈ 41 with A(i, j) = 0 for i > n−k or j ≤ k. It is clear that 4k�n−k = 0
for k = 0, 1, . . . , n and 4k4l ⊆ 4s, where s = k + l (mod n). Hence
(4k)n = 0 and therefore Gk = {I + x : x ∈ 4k}, 1 ≤ k ≤ n, form a group
with (I + x)−1=I − x + x2 − . . . + (−x)n−1. Thus [Gk, G1] ⊆ Gk+1 for
k = 1, . . . , n− 1. Observe that the element I + x belongs to the centralizer
CG1(Gk) of Gk, 1 ≤ k ≤ n, in G1 iff xEr,s = Er,sx for all units Er,s ∈ 4k,
which yields CG1(Gk) = I+�n−k. Similarly, we get CG1(I+�k) = I+�n−k,
1 ≤ k ≤ n. Now it follows from Theorem 2 that any faithful character of
G1 vanishes on the set

⋃n
k=1 ((I +4k)− (I + �n−k)).
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