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On a differential inequality for
a viscous compressible heat conducting capillary fluid
bounded by a free surface

by EWA ZADRZYNSKA and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. We derive a global differential inequality for solutions of a free bound-
ary problem for a viscous compressible heat concluding capillary fluid. The inequality is
essential in proving the global existence of solutions.

1. Introduction. The motion of a viscous compressible heat conducting
capillary fluid in a bounded domain 2, C R? (which depends on time t €
R}F) is described by the following system with the boundary and initial
conditions (see [2], Chs. 2 and 5):

olve + (v - V)v] + Vp — pAv —vVdive = of in 7,
ot +div(ov) =0 in 07,
0cy (0 +v - V) + Opg dive — kA

3

B (Viz, +vj2,)° — (v —p)(dive)? = or in o7,
(1) 2 ij=1 ’
Tn — ocHn = —pon on §T,
v =—¢/|V| on §7,
d0/n = 6, on ST,
Vlt=0 = vo, 0lt=0 = 00, Oli=0 = o in {2,

where ¢(x,t) = 0 describes S, 7 is the outward vector normal to the bound-

ary (i.e. m = Vo/|V|), 27 = Useo,7) $2ex{t}, £20 = §2is an initial domain,

ST = Useo,7) St x{t}. Moreover, v = v(z,t) (v = (v1, vz, v3)) is the velocity
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24 E. Zadrzyniska and W. M. Zajaczkowski

of the fluid, o = o(z,t) the density, § = (z,t) the temperature, f = f(x,t)
the external force field per unit mass, r = r(z,t) the heat sources per unit
mass, 1 = 01(x,t) the heat flow per unit surface, p = p(o, 0) the pressure, p
and v the viscosity coefficients, k the coefficient of heat conductivity, ¢, =
¢y (0, 0) the specific heat at constant volume, and py the external (constant)
pressure. We assume that the coefficients u, v, k are constants such that
k>0,v> % i > 0 and moreover ¢, > 0, which results from thermodynamic
considerations. Further, T = T(v,p) denotes the stress tensor of the form

T ={Ti} = {=pdij + 1(vi.a; + vja;) + (v = p)8i divo} = {=pdi; + Di; (v)},
where 7,7 =1,2,3, and D = D(v) = {D;,} is the deformation tensor.

Finally, we denote by H the double mean curvature of S; which is neg-
ative for convex domains and can be expressed in the form

Hﬁ:ASt(t)$, xr = ($1,l‘2,$3),
where Ag, (t) is the Laplace-Beltrami operator on S;. Let S; be determined
by x = z(s',s2,t), (s',5?) € R?. Then we have

_ 0 _i,.. O
As,(t) =g 1/28?9 1/2904,8@

= 91/2(;%91/29“58%5 (@, 8 =1,2),
where the convention summation over repeated indices is assumed, g =
det{gopta.5=1.2, Japs = Ta - Tg, (x& = 0x/0s*), {g*F} is the inverse matrix
to {gap} and {gap} is the matrix of algebraic complements of {gag3}.
Assume that the domain (2 is given. Then by (1.1)5, 2, = {z€R3 : z=

x(&,t),€ € 2}, where x = x(,t) is the solution of the Cauchy problem
oz
E :U($7t)7 $|t:0 :ge Q) EZ (51752753)-

Hence
t

(1.2) v =&+ (ul s)ds = Xu(&1),
0
where u(&,t) = v(X, (&, t),t).

Formula (1.2) yields the relation between the Eulerian x and Lagrangian
¢ coordinates. Moreover, the kinematic boundary condition (1.1)5 implies
that the boundary S; is a material surface. Thus, if £ € S = Sy then
Xyu(&t) e Spand S; = {x:z = X, (&, t), £ € S}

By the equation of continuity (1.1)2 and (1.1)5 the total mass of the drop
is conserved and the following relation between g and (2; holds:

S o(z,t)dx = M.
£2¢
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In this paper we prove a global differential inequality for problem (1.1)
(see Theorem 3.13) which we shall use in the next paper to prove the global-
in-time existence of a solution to problem (1.1) close to a constant state. The
paper is divided into three sections. In Section 2 we introduce some notation.
In Section 3 we formulate a series of lemmas (see Lemmas 3.1-3.12) which
are used to derive the differential inequalities (3.46) and (3.47).

Problem (1.1) is also considered in [12]-[17]. In [12] we prove the local
existence of a solution to problem (1.1) in Sobolev—Slobodetskii spaces in
two cases: 0 =0 and o> 0. [14] and [15] are devoted to conservation laws for
problem (1.1) in two cases: without surface tension and with it, respectively.
In [14] and [15] we prove that we can choose g, vo, 0o, 01, po, k, 0 (in the case
o > 0) and the form of the internal energy per unit mass ¢ = (o, #) in such
a way that var, |2 is as small as we need. In [16] the global differential
inequality in the case o = 0, analogous to inequality (3.46) is obtained. [17]
is concerned with the global-in-time existence of solutions to problem (1.1)
when o = 0. Finally, [13] contains a review of results from [12], [1]-[17] and
this paper.

In order to prove the main result of the paper, i.e. Theorem 3.13, we
apply the same method as in [18], [19] and [16], which is very close to the
methods used in [10] and [11] (see also [4]-[7] and [8]).

Papers [18] and [19] of W. M. Zajaczkowski and [9] of V. A. Solonnikov
and A. Tani refer to the problem corresponding to (1.1) for a compressible
barotropic fluid.

In [8] K. Pileckas and W. M. Zajaczkowski proved the existence of sta-
tionary motion of a viscous compressible barotropic fluid bounded by a free
surface governed by surface tension.

Finally, the motion of a viscous compressible heat conducting fluid in a
fixed domain was considered by A. Matsumura and T. Nishida in [3]-[7] and
by A. Valli and W. M. Zajaczkowski in [11].

2. Notation. Let Q=12 or Q@ = S; (t>0). We denote by |- |1, ({>0)
and | - |, (1 < p < 00) the norms in the usual Sobolev spaces W4(Q) and
L,(Q) spaces, respectively.

Next, we introduce the space I ,i(Q) of functions v with the norm

lullr @y = Y N05uli-iq = luliko;
i<i—k

where [ > 0 and k£ > 0.

We shall use the following notation for derivatives of u. If u is a scalar-
valued function we denote by DX ,u or u,. .. ¢ the vector (Dg 0fu) o) +i=k-
’ ——

k times
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Similarly, if u = (uy,us,u3) we denote by DF ,u or u,. .. ¢ the vector
’ ——

k times

(Dgaguj)\a|+i:kyj:17273. Hence
k .
D} ul= > |DSjul.
|| +i=k
We use the following lemma:

LEMMA 2.1. The following imbedding holds:

WHQ) C Ly(Q) (Q CR?),
where |a| +3/r = 3/p < I, 1 € Z, 1 < p,r < oo; Ly(Q) is the space of
functions u such that |DSul,.o < oo, and WH(Q) is the Sobolev space.
Moreover, the following interpolation inequalities are true:
(2.1) D3 ulp.q < ce' | Dyulrq + ce " lulrq,
where k = |a|/l 4+ 3/(lr) —3/(lp) < 1, € is a parameter, ¢ > 0 is a constant
independent of u and ¢;
(2.2) [DZulg00 < CEliﬂ‘Diu‘nQ + CEliﬁ’u‘nQv
where k= |a|/l+3/(lr) —2/(lq) < 1, € is a parameter, ¢ > 0 is a constant

independent of u and €. m

Lemma 2.1 follows from Theorem 10.2 of [1].

3. Global differential inequality. In this section we assume that v >
% . Further, assume that the existence of a sufficiently smooth local solution
of problem (1.1) has been proved. To prove the desired differential inequality
we assume that 2; (t < T, T is the time of local existence) is diffeomorphic
to a ball, so S; can be described by

lz| =r = R(w,t), weSt

where S! is the unit sphere.

Moreover, we consider the motion near the constant state v, = 0, po =
po+20/Re, 0 = (1/|2]) §,, 00 d, 0 =M /((47/3)R3), where R, is a solution
of the equation

M
) =
(Obviously, we assume that the above equation is solvable with respect to
R, >0.)
Let

Po=P—P0o—Gqo, Qo=0—0, Yo=0-0, U=0-10g,
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where g = 20 /R, and 0o, = (1/[f2])§,, 0 dx. Then problem (1.1) takes
the form

olve + (v - V)] —divT(v, ps) = of in §2;, t € [0, 7],
ot + div(ov) =0 in (2, te€[0,T],
0¢y(0,0) (Dot +v - Vo) + Opg(p,0) dive
(31) — /{A'ﬂo — g Z(@xﬂ] + 81’jvi)2
i,

— (v — p)(dive)? = or in 2, t€[0,T],
T(v,po) = 0 Ag,x - TR + qol on S, t €1[0,7],
9o /0n = 6, on S;, t€10,7T],

where T(v, po) = {p(0r, v + 0, vs) + (v — p)d;; dive — pgd;} and T is the
time of local existence.
In the sequel we shall use the following Taylor formula for p,:

(3.2) Po = p(0,0) — p(0e; Oe)

= p(0,0) — p(0e,0) + p(0e,0) — p(0e, be)

= (0= 0c) \Poloe +5(0 — 0c),0) ds
0
1

+ (0 — 0c)  poloe, O + 50 — 0c)) ds

0
= P10s + p2Yo.
We shall also use the formula:
(3.3) po = p(0,0) —p(oga,,00,)

1

= (0 — 02,) \Polon, +s(o — 0q,).0) ds
0
1

+(0—00,) \po(0n,. 00, + 56 —0q,)) ds

0
= p30g, + pad,
where the function pg, = g, (t) is a solution of the problem
(34) p(00,,02,) =pe;  02,]t=0 = 0e
and
00, = 0— 00,

The functions p; (i = 1,2,3,4) in (3.4) and (3.5) are positive.
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Set
0« = mino(x,t), 0" =maxg(z,t),
Qr Qr
0, =minf(x,t), 60" =max6(z,t).
Qr Qr

Now we point out the following facts concerning the estimates in Lemmas
3.1-3.12 and Theorem 3.13:

1. We denote by € small constants and for simplicity we do not distinguish
them.

2. We denote by C; and Cy constants which depend on ., 0%, 0., 6%, T,
Sg oI5, 2,/ At'; ||S]la11/2, on the parameters which guarantee the existence
of the inverse transformation to z = x(&,t) and also on the constants of
imbedding theorems and Korn inequalities. C' is always the coefficient of a
linear term, while C5 is the coefficient of a nonlinear term. For simplicity
we do not distinguish different C1’s and Cy’s.

3. We denote by c absolute constants which may depend on such param-
eters as u, v, K, and by ¢y < 1 positive constants which may depend on
W, U, K,y 0%, 0%, 04, 0%. For simplicity we do not distinguish different C’s and
Co’S.

4. We underline that all the estimates are obtained under the assump-
tion that there exists a local-in-time solution of (1.1), so all the quantities
0x, 0%, 0., 0, T, SOT Hngﬂt, dt', ||S||4+1/2 are estimated by the data func-
tions. Moreover, the existence of the inverse transformation to z = x(&,t) is
guaranteed by the estimates for the local solutions (see [12]).

LEMMA 3.1. Let v,0,99 be a sufficiently smooth solution of (3.1).
Then

1d C
(36) - | <gv2+%93+§?% + P28 “ﬁﬁ)dx

2 dt o Pot
od ; 0
+ 3T SS <ga5ﬁ . évsa dt’'m - (S]'Usﬁ dt’> ds + co”””%m

+ (v = ldivol§ o, + collYoslf o,

t

2

< <(IIpa 3., + 190l o, + || § v ]|
0

L FIHC0) +2/R R )

+Ci(lol3,0, + 715,20, + I7llo,0 + 16117 0,
+ 101112, + 11£1I5 0,) + CaXa Y,
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where € > 0 is sufficiently small, s = (s', s?) and
Xy = [[vll3 .0, + lleall3 o, + 190l3 0, + 20,115,

Vx|

2,5,

Proof. Multiplying (3.1); by v, integrating over {2; and using the con-
tinuity equation (3.1)2, boundary condition (3.1)4 and (3.2) we obtain

(3.7)

Q‘|Q‘

C ) otdrt Em( ) + (v = wlldivog o,
Qt

DO =

- S P10s divvdx — S potdg div o dx
024 2

-0 S (Ag,z-m+2/R)n-vds = S ofvdz,
S, 2
where Eq, (v) = §, 377 (02,05 + 0, v:)? da.
First, we consider the sum of the second and third terms on the left-hand

side of (3.7). We have

3.8) LEg () +

- (v = w)div el g,

)+
= & VWi, +v30)?da+ (v = ) S(divv)de

2
ZS Vi, + Vja,) dx—l—uzs vm]—l—v]rl) dx

_H

2 i#] 2 =7 §2

+ (v —p) S (divv)? dx

024
_HZS(’U' tvj.,)2de+ £ ZS( +j,)%d
- 2 1, 7,T; 251 'Uz,xj U],mz- X
i#j 24 =7 2
1—61 428 Vi) dx—l—(u—,u)&(divvfd:pz],
i 2 £2¢

where g1 € (0,1). Since (£1 + & + £3)% < 3(€2 + €3 + £32) the last two terms
in I are estimated from below by

v — (14 221)p/2] | (divv)? da.
£2¢
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Assuming that v = (1 + 2e1)p/3 we obtain €1 = %(V — 1/3), so

3
(3.9) 1> 561 S (’Ui@j + ’Uj@i)Q dz = Z <I/ — %) S (’Ui@], + Uj,ri)Z dx.
.Qt Qt

By the continuity equation (3.1)3, energy equation (3.1)3 and boundary
condition (3.1); we have

(3.10) — S p10s divo de = S ]ﬂgg(ggt +v-Voy)dx
.Qt Qt Q
1d

2
Ld g,
.Qt Q

where
3.11) L] <e(lvellf.q, + 1P02ll5,0,) + CollI7lI3,0, + 1611.2,)
+ Calleollt o, + VI3 o lleslls 0, + 11015 o, 193,

+0ll3,0, 0015 0, + llool13 0, 0o l1T ,)-

Now, we consider the boundary term in (3.7). In the same way as in
Lemma 4.1 of [19] we obtain

(3.12) - S(Astx-ﬁ+2/Re)v-ﬁds
St
Ld S (gaﬁﬂ §fu at'n §U dt’)ds+[
= 35 7 : s : sB 1,
2 dt 3, 5 5
where

2
o FIHC0) +2/Ref 51 + 0]} g,

)

(3.13)  |L| < e(H §v5 dt’
0

t
2
+ Callol g, + o S a||
0

2
NEErR

)

Next, dividing (3.1)3 by 0py, multiplying the result by psty and inte-
grating over {2, we get

2 2
(3.14) | B <atﬁ +v-v%> dz + | pxdodivede

2 Ope 2 2
P2k Ay D2t 2
— S ﬁgdﬂ: — S —_— Z(@xjvi + 8371.’[)]‘) 190 dx
o, Ope 0, 200
- S ]M(diV’U)2190 dx = S pggrﬁo dx.
o Ope o Ope



Differential inequality 31

Therefore, using the same argument as in Lemma 3.1 of [16], by (3.7)—(3.14)
we have

1d > v
(3.15) -—— <gv2 + plj”  P2ec 193) dx

2 dt Ope
od ‘ 0
_|_§d_SS g S'Usad (S] B dt’ ds"i_cOHU“l 824

+ (v = wdivoll§ o, + collYoalIf o,

<<(]f»

+ C1([[v]I§ o, + 17115, + [I7ll0.c2,
+ 161113 o, + 101111.2. + I £1[5,0,) + CoX1Y1.
Finally, by (3.1)2 and (3.5) we have

2
||, +IHC0 + 2/l 52)

1t

(3.16) 0:00, +v-Vog, +odive + 0ion, =0,
where in view of (3.4) we get
(3.17) 00, = — 0% 9.0,

00,

Using the definition of 6, we calculate

(318) 8t9(lt = 190t dx + —

!9\8

— ﬁ(éﬁd:ﬂ)(é divvdm).

t

]_Q] S 0 div v dx
t

Equation (3.16) and formulas (3.17), (3.18) yield
1d ¢ _ _
(3.19) 5 S 04, dz < ([0, 5,2, + 190 1l5,2,)

' + C'1(H”x||g,rzt + H190x||3,9t + ||7‘Hg,m + ||91H%Qt)
+ Ca (0l o, 1001130, + Ilvli2.0, + 20, 111.0,
+lleol3,0, 1930, + [190ll2,0,)-
By (3.3) and the Poincaré inequality

(3.20) 19]l0,2. < [P0z lo,c
we get
(3.21) 120, llo.2. < Ci([[Pozllo.. + lIPello,,)-

The estimates (3.15), (3.19) and (3.21) yield (3.6). =
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LEMMA 3.2. Let v, 0,99 be a sufficiently smooth solution of (3.1). Then

1d 2 | Poo 2 0Cv 42
(322) 5& (§ <Q’Ut + TQo-t + 719[% d.Z'

+ S gaﬁ’l)sa -Twgs - ds + COHUtH%,Qt

St

b 9
S

+ (v = )| dived[5 o, + colldotllF o,
<e([oll?,q, + l1v2z 3,02, + 1902115.2,)
+Ci(lfF 0.0, + I o0 + I7llo.0 + 1611310, + 161111,02,)
+ O X3 (1 + X3),
where Xy = |U|%,1,Qt + |Qa|§,1,nt + |190|%,1,Qt'

Proof. By the same argument as in Lemma 3.2 of [16] we have

1d Do oc
329 g § (ot + T2t S ) e
t

+ (v = ) diver3 o, + [Pocl3 0, = §[T(0,p0)) 072 - w0 ds
St
< e(llootlls. o, + vells. o, + 10050, + 1P0tlld,0,)
+ C1([I7l5.0, + Irellf.o, +16113.1.0,) + Co X3 (1 + Xa).

By the boundary condition (3.1)4 and the same argument as in Lemma 4.2
of [19] we get

d
(3.24) - S [T(v,po)]+7 - Ve ds = %E S 9PV - v - T ds + I,
St St
where
(3.25) 12| < e(llellf o, + 022 ]15,0,) + Callvllg o, + C2 X3
From the continuity equation (3.1)9 it follows that
(3.26) leatlld 2, < Cillvlli o, + Callvl? o, lles 113 o,

and equation (3.1)3 yields

(3:27) [[90ll5, 2, < €lloat 3 2,
+ Ci(llve g, + 1002150, + 17150, + 161113 0,)
+Ca (1013 0, [190]13,0, + 101 o,

+lleall3 o, 1901130, + I190ll2,2,)-
Therefore, taking into account (3.23)—(3.27) we obtain (3.22). =
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Lemmas 3.1 and 3.2 imply
LEMMA 3.3. Let v, 0,% be a sufficiently smooth solution of (3.1). Then

1d 1
5T | [9(@2 +07) + Q(plga + Pool) + 00, + 99 (2232 95 + f/%t)] dx
£2¢

t t
d
+ 22 Vg2 (vge dt' - (ogs dbY 4+ 71 00T - vgs | ds
2 dt
St 0 0
+co(llv]lF o, + lvell3 0,) + (v — w)([divllf o, + ldiv el o,)
+ co([902 15 0, + 190:]13 0,)

t
< e(lles 2, + Nvaz 3 2, + | J s T 1H(0) +2/Rell3 1)
0

9t

+ C1(llvll5 0, + 175 0.0, + I7llo.2, + 101131 0, + 1011112, + [£[1 0.0,)
+ 02[X1Y1 + X22(1 + XQ)] |

In order to obtain an inequality for derivatives with respect to = we
rewrite problem (3.1) in the Lagrangian coordinates and next we introduce
a partition of unity in the fixed domain {2. Thus we have

nuit—Vuijf(u,pa) =ng;, 1=1,2,3,
T,O't +nvu’u:07
neo(n, I)vor — £Viyo = nk — Ipr(n, 1)V, - u

3
ij=1
+ (= p)(Vy - u)?,
WU, po ) = 0Ag,x(&,t) - TR + qoT,
n- Vu’YO = Fl,

where 1(¢,t) = o(x(£,1),1), u(é,t) = v(x(&1),1), g(&1) = f(x(& 1)),
I'(§,t) = 0(x(&, 1), 1), 10(&,t) = Jo(x(& )

n(&,t) and

Tu(uypa) - {Téj(u,pg)} = {_paéz‘j +,Uf(vuluj +Vu]ul) + (V_:u')éijvu ’u}7

Vu, = &k, 0, and div Ty (u, ps) = V- Ty (u, po).
By (3.4) and (3.5) we have respectively

=

Do = P1Ms + P20
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and
Do = P3N, + D47,

where 1, = 0 — ge, 70 = I' = 0o, T, =1 — 02, P1 = (06 + 5710, ') ds,
pa = o pr(0e b + 570) ds, p3 = o poloa, + 5Ta,, ) ds, ps = §opr(0o,,
Oq, +sv)ds, p; >0 (i =1,2,3,4).

Let us introduce a partition of unity ({£2;},{¢}), 2 = U, ;. Let 2 be
one of the (NZZ-,S and ((§) = ¢;(€) be the corresponding function. If 2 is an
interior subdomain then let W be a set such that & C 2 and ¢(§) =1 for

§ € w. Otherwise we assume that ans = P, oNS#0,&C 2. Take any

BednS c2nS =850 and introduce local coordinates {y} associated
with {¢} by the relation

(329) Yk = akl(&l - ﬁl)7 Q3 = nk(ﬁ)) k= 1,2,3,
where {ay;} is a constant orthogonal matrix such that S is described by the
equation y3 = F(y1,y2), F € VV;‘fl/2 and

é = {y : |y7«| < d7 L= 1727 F(y/) <y3 < F(y,) +d7 y/ = (ylva)}'

Next introduce functions «’, o', I, 7, 7', I'|{ by means of the formulas

/

wi(y) = aiui(le=ewy, 7' W) =) le=¢y)
I'"(y) = I'(§)le=¢(y)> Yo¥) = 10(E)le=et)
Y () = Y(E)le=¢(y) I (y) = T(§)le=¢(y)>

where § = £(y) is the inverse transformation to (3.29). Further, we introduce
new variables by

m=y; (i=12), z=ys—Fy), yeL,
which will be denoted by z = ®(y), where F is an extension of F, so F € Wi
Let 2 =&(2) ={z: |zl <d i=12 0< 2 <d}and S = &(5).
Define
u(z) = u'(y)ly=o-1(2), 0(z) =1 (Y)ly=s-1(2):
F(Z) = F/(y)‘y:(:b*l(z)y ;Y\O(Z) = ’Y(l](y)‘y:*?*l(Z)v
) =Y Wly=s-1(z),  T1(2) = T1(Y)|y=o-1(2)-

Set Vi = &1z, (§)2ig, Ve, [emy-1()» Where X(§) = ®(4(€)) and y = 3(€) is
described by (3.29). We also introduce the following notation:

W) =ul€)CE), T =n©)¢©),
(&) =T(€)¢E),  Ao(€) =(£)¢(9),
F(E) = 7)),  T(€) = I ()¢(E)
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forgefz,fZHS:@and
i(2) = i(2)¢(2),

~

L(z) = T(2)¢(2),  Aolz)

Y(2) =7(2)¢(2), ()
forzeﬁzgﬁ(ﬁ),ﬁﬁS#@.

Using the above notation we can rewrite problem (3.28) in the following
form in an interior subdomain :

nﬂit - Vu]T;](av ﬁa) = 7751 - VUj Bij(ua C) - Tij(u7pa)vuj<
En§2+k17 i:172737
ﬁat—H]Vuﬂ:??U’VuCEkz,
neo(n, DAt = KV Y + Tpr(n, 1)V -
3
=~ [
= nk + [5 Z (Eka; Og uj + flmjagkui)2

4,j=1

!

=

—~
N

~
I

I
—

N
S~—
Iy
—~

N
~

)V u>2] C+ Tpr(m u- Vil

— w(VZCy + 2V, C - Viuy) — ney(n, I)¢:00,

= "77{’: + k37
where p, = p,( and
Bu(u,¢) = {By (u, O)} = {n(uiVu; ¢ +u; Vi, ¢) + (v — p)diju - V(.
In boundary subdomains we have
(3:30) Fiise — VT (@, py) = 1gs — V;B7(@, ) = T (@, ps) V,;C
= 09; + ki,
Not + NV -u=nu- V(= ks,
ﬁcv(ﬁ¢1—1)§t - ’{v2§ + pr(’l/’}\,F)V U
3
= [u S~ S~ S 2]
=ik [5 g:l(vz‘uj + Vi) + (v = p)(V - 1)?|¢
+ Ipp(@, D) - V= w(V2(F + V(- V)
— Ty (7, 1)0100,C = Tk + ks,
t
~ -~~~ - 20 ~
T3 po )i — o Ag - AnC — o Ag [’ - i = Z2Ch+ kr + ks,
0
0
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where ki = BY(u,()n;, ks = —o(2V §gudt! V¢ + §gadt! V) - i, ky =

n- @Zﬁ and 'ﬁ', B indicate that the operator V,, is replaced by v.
In the considerations below we denote 21,29 by 7 and z3 by n.

LEMMA 3.4. Let v, 0,9 be a sufficiently smooth solution of (3.1). Then

1d o C
—— S (gvi+&gi+ ¢ Uﬁ%m> dx
.Qt Q

2 dt 0
d 1 ; ‘
+ %E S —5aﬁﬂ's%pa dt'm S’Uppa dt’ ds
S 0 0
t
od _ ik
+§EE§ ‘n-é’uplpz dt‘ ds

2 t 2
od 1_ /
t3d@ §:<?“§%wdt+%H«m+ﬂﬂﬁv “

+ CO(H%H%,Q + ||§Qt‘|g,m + ||an\|g,m + ||Qat\|g,m + ||190m||3,9t)

t
2
< &(lvaeli o, + 190sel3 5, + || Jo
0

+IH(,0) +2/Rell3 g0 + | RC,2) = RC,0)[3 51 )
+ Cl(””ﬁ,o,nt + ”@(zt”ant + Hﬁ”g,nt + HﬁOx”ant
+100cll3, 0, + I1£115, 2, + 171132, + [161113,2,)

+ Co(X3Ys + [|H(-,0) + 2/ Re|l§ 51),

where the summation over the repeated indices (o, 3 = 1,2) and coordinates
(z,p = (p*,p?)) is assumed, 6*° on each boundary part X, = S;N{¢(x) # 0}
(¢ belongs to a partition of unity of (2;) is of the form 5B = 5B 4 268
gof = —Fpa Fpg(l + le + szz)_l, F is the function such that in the local
coordinates {y}, >, is described by the formula

(3.31) yi=p (i=12), ys=F@p',p’t)
and supp C is so small that |F,| < 1/2. Moreover,
X3 = |U|§,1,Qt + |Qa|§,1,nt + |190|%,1,9t + ||?Qt||g,9ta
t

Ys = Xa + oIl o, + 190sl13.0, + 19130, + 120,150, +{lIv]3.0, dt"
0
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Proof. Similarly to [16] (see the proof of Lemma 3.4) we obtain the
following estimate for interior subdomains:

1d ~2 Pon= NCv ~2
0
W Ko~ ~
+ B0 5+ o Feel? 5 + a2

< e(el2 5 + el 5 + el )
+Calluf? 5+ ol g, + ol 5+ 1P 5

+190cl3 2, + 7 12 55+ 1812 5+ IEIE )

t

+@K&@Hyw%wm«®+m@ﬂmﬁﬁ+mﬁm}

where
Xo(2) = luly 5 +losly, 5+ holy, 5+ IMe. I

t
Y3(02) = X5(02) + ”UH;fj + ”’YH;;; + [7g, ”éﬁ + HU”;;; dt’.

Now, we consider subdomains near the boundary. Differentiate (3.30);

with respect to 7, multiply the result by u,J and integrate over 0 (J is
the Jacobian of the transformation x = z(z)). Next, divide (3.30)3 by I,

differentiate the result with respect to 7, multiply by 7,J and integrate over
(2. Hence using Lemma 5.1 of [18] we get

DO |

1d ~~9 | Pon=2 ﬁcv~2 Ko~ 2
E S <77U7. + 77](3” + ]/—\' Y- Jdz + E”uTHLﬁ
2

K - P - 1=\ -
+ 6_*“77'2”376 - S(nT(u7pU)),TuTJdZ, — K S (n?V’Y> ’YTJdZ/
S S

s T

< E(Hﬂzznaﬁ + ||ﬁ02||§7§ + ||’/7\0zz||§’§)

+Cal(A | 5+ 0l g, + ol 5

FIAIE 5 + 190elB, + W, 12 5+ 112 5+ IR )
t

+@K&@Hym%w%a®+m@wmﬁﬁ+mﬁm}
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where X,(£2) and Y3(2) are defined analogously to X5 (£2) and Y3(£2).
Using the boundary condition (3.30)4 we have

(3.33) = \(AT(@, o)), -iirJ d2’

S
t

§ g’zzppa dt' 7 -\ Ty dt' T 2’
< 0

Q.|g‘

o
2

S
— o {(H(-,0) +2/R)C - iy - 0T d2’
g

¢ 2
ve(|[jmar]
; 2,8

s} 5+ IO, 0) + 2/Re)C]:

w0)

+ IR, ) = R(,0)[3 51 )

)
3,0/

t
112 ~112 ~
+ ol 5 + 15 5§
By the boundary condition (3.30); we get
1 ~
3.34 —r\(7n- 7V‘y\> e JdZ
o3 e (7597)

< elos- 12 5+ CLIRI 5 + 17012 5 + ITLIE )

2
35)'

5

t
+ GalIFI2 5 (IR0l 5 + 1712 5 + 17 12 4 + || far
0

To obtain (3.33) and (3.34) we have applied the interpolation inequality
(2.2) (see Lemma 2.1).
For the quantities

1 d Poiy =2
0
1d ¢ ~
> S s, Jdz + CUH,UBTLHHE’(’?
(0]
- 1d
= 2 ~1 /\~2
||77.QtHU,.Qt7 ||uZTHO Qv HthTHO 97 ‘ nn”o 97 5% S sz
0

1d ~2 2
S 11 = d N nn
2dt§ 7 Azt g =I5 lo.5
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we obtain the same estimates as in the proof of Lemma 3.4 of [16]. Therefore,
we have

1d Dyp~2 NCy ~
3.35)  ——\ (o2 + 2y 321 Jd
(3.35) 2dts<nuz+ nnmﬁp'vz) 2

t t
R N e
g 0 0

SR

+0’
2
t

~ ~_ - W~
+ 2(1(,0) + 2/ Re)Cr - Vi '] 7 42+ E iz 2
0

K |~ jd
e 5+ ol

< (el 5+ e 5+ IF0m2 2 5 + 1Tl 5+ o2

t
+H§ﬂdt’

2 —~ —~
oo IO +2/RE 5+ IRC.6) = B 0)3 1)

+ O 5+ 0l g, + Forl? 5+ A2 5

+ [90:[13, 0, + HmHﬁﬁ + ngiﬁ + Winﬁ)

t
+ Ca | (Xa(@) + [ 2 5 dt') Ya(@) + 512 5 (190tl 0, + 011 )]
0
We estimate the second term on the left-hand side of (3.35) in the same
way as in the proof of Lemma 4.4 of [19]. Going back to the variables &
in (3.35), next from the resulting estimate and (3.32), after summing over
all neighbourhoods of the partition of unity and finally going back to the
variables z and using (3.26) we get

1 d o ()
(3.36) | (gvi + %gim + ﬁ%) dx

2dt 0
£2¢
" ¢
+ %% S %g‘lﬁﬁ- Svppadt’ﬁ- S’Uppﬁ dt' ds
S, 0 0
+ %% | ‘ﬁ.gvplpg dt"2ds
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+_CU(”Ux”%JL +—Hﬁ0mxH3¢z *‘Hﬁrh|%,9t'+ HQUxH%JL +_HQUtH%JL)

2

7St

t
< e (lloatlld.c, + 190utll3.c, + || St
0

+ 1H(,0) +2/Rell3 5, + IR, 1) = R, 0)[351)

+ C1(|vli 0.0, + 120,150, + 1915 o, + 1Pz 5.0,

+190elld . + 11T 2, + II7IIE o, + 1161113, 02,)

+ CyX3Ys + 40% | (H(-,0) + 2/R.)* ds.

St
In virtue of the interpolation inequality (2.2) we have
d
(337) | \ (H(,0) +2/R.)* ds
St

< ellvaall§ o, + Crllvlg o, + C2l H(-,0) + 2/Rellg 51

Writing the boundary condition (3.1)4 locally we obtain
t

~ _ o~ o~ 2 N\~ =~
(3.38) aAgSudt' = —U<A§§ + R—n)( — T (u,po)n + I + I,
0 (5]
where
Ii = —Bi@On;, I = J(QVSﬂdt’ v+ \adr v%).
0 0

Multiply (3.38) by Sg wdt’, next differentiate with respect to 7 and multiply

by SS U, dt’. Integrating the result over S and summing over all neighbour-
hoods of the partition of unity we get

t
2
(3.39) H foar
o 2,5

< e(llvll3,0, + 00z ld 2, + [1902I5,,)

+ (I3 o, + 10, I3 2 + 1913 0,

2
s TIHC0) +2/Belld g1 + [ B(-1) = RC0)l350)

)

t
+ HSvdt’
0

t

+ Co([[vl3,0, + ll00ellF 0, + 20, 15.2, + 19015.0,) V13,0, dt'.
0

From (3.36), (3.37) and (3.39) we obtain (3.31). m
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Now, we formulate Lemmas 3.5-3.7, the proofs of which are similar to
the proofs of Lemmas 3.5-3.7 of [16]. The boundary terms associated with
the boundary condition (3.1)4 are estimated in the same way as in Lemmas
4.5-4.7 of [19] and similarly to Lemmas 4.1, 4.2 and 4.4.

LEMMA 3.5. Let v, 9, 9¢ be a sufficiently smooth solution of problem (3.1).
Then

1d Do oc
5% S <Qvim + TQQ?fxx + TUﬂ%mx> dx
£2¢

t t
od 1~
+ - S _5aﬁﬁ . S'Up'ypﬁpa dt/ﬁ . S'Up'ypﬁpﬁ dt/ dS
2 dt 3 2 5 5
d ‘ 2
+ %a S ‘ﬁ S’Uppopdt/‘ dS
St 0
o d 2 1 t 2
+ oo 1> <§ﬁ- Vvppips dt’ + 2(H(-,0) + 2/Re),,,> ds
S i=1 0
+ CO(H”OMEH%,(A + HQUrH%,Qt + HﬁOxrng,m)

< e([vzat 3,0, + 1P0zat 15,0, + 1H (-, 0) + 2/ Re|[¥ 51
+IR(, 1) = R(- 0)[I5 s1)
+ Cl(””’g,l,m + ”anHg,m + ”QatHg,m + H@mH%,m + ”%x”%,m
H0llf 0, + 19116, + IF1T 2, + I711% 2, + 1161113, 02,)
+ Co[Xa(1 4 X4)Ya + [|[H(-,0) + 2/Re||{ g1,
where the summation over the repeated indices (o, 3,7,0) and coordinates

x, p= (p*,p?) is assumed and

Xy =[vl3.0, + lvellf 0, + 101510, + 1P0l3.1.0, + 19l3.0,
t
+lleg, N80, + VIIvl3,0, dt'
0
Yy = |vllf o, + lvell o, + looall3.0, + 100131.0, + 1Pol3.0,
t
+ 190130, + 122, 15,02, + 1913.0, + S 03,0, dt’. =
0

LEMMA 3.6. Let v, 0, 9¢ be a sufficiently smooth solution of problem (3.1).
Then

1d Do oc od _ _
3% (§ (gvit + ﬁgixt + 7”19%”> dr + 5 SS go‘ﬁn Uppa Tl - Vpps ds
t t
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+co([[oll3,0, + lloot T 0, + [Poxatllf,,)
< e(varells o, + 190xill5 0, + I1H(,0) + 2/ Re |13 51)
+ Cl(\?f\%,o,nt + ”Qam”g,nt + ”Qot”ant + ”EQtH%,Qt
+ 1902117 0, + 190:11% 02, + 19113, 2, + 1£1% 0,02, + 171 0,02,
+ 1014113, , + 101117 2,) + CoX5(1 + X5)Ys,

where to describe Sy we have used formula (3.31) and
t

X5 = ‘U@,mt + ’Qa‘g,o,(zt + ’190@,1,@ + HEQtHg,Qt + S H")Hg,rzt, dt’,
0

Y5 = |U|421,2,9t + |Qa|§,1,9t + |190t|§,2,9t + ||190x||§,9t + ||19||3,Qt
t

+ 20, 03,0, + S 0] g, dt'.
0

LEMMA 3.7. Let v, 0,9 be a sufficiently smooth solution of problem (3.1).
Then

1d Do oc od o N
5% S <Qvt2t + fgitt + Tvﬁgtt> dr + ~— S gaﬁn *Vgat - Vgpy ds
24 S

+ CO(Hvtt”iQt + +”Qatt”g,(2t + Hﬁﬂtt”iﬂt)
< el|H(-,0) + 2/Re|1} 51 + Crllvell} o, + 100ell3.0, + |73 0.2, + 12215 2
+ 0.0 + I7ells 0, + I7llo,2 +16115,1,0,) + +CaXe(1 + X6)Ys,
where
X6 = |’U|§,1,Qt + |Qa|g,0,0t + |190|§,1,.Qt7

Ye = |U|421,2,Qt + |Qa|§,1,rzt + |190|12l,2,(2t' "

Summarizing, from Lemmas 3.5-3.7 we obtain

LEMMA 3.8. Let v, 0,9 be a sufficiently smooth solution of problem (3.1).
Then

1 d pa QCU
S (g\Di,tvP 2222 g+ rDi,tﬁoP) dz

2.dt g
2
t t
od ¢ 1~
+ 55 S §5a6ﬁ . S’Upwpapa dt’' 7 - S’Upwpépﬁ dt’ ds
Sy 0 0
t
od _ 2
too S ‘n . S'Upplp2 dt" ds

St 0
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2 t 2
od 1_
+ 55 S Z <§’I’L . Svplpzp dt, + Z(H(,O) + 2/Re)7p> ds
S, i=1 0
od _ _
+§d_ S g afy . Vppa T - Vpps ds—l— 2d Sg 'Bn-vsatn-vsatds

St
+ CO(‘U‘g,l,Qt + \Qat\%o,nt + Han”o,Qt + Wﬂt‘%,l,()t + WOxm”%ﬁt)
< e(||H(-0) + 2/Re|f g1 + |R(-,t) — R(-,0)[13.61)
+ Ci(vl3.0,0, + lozlls 0, + lleotld o, + 120,115,
+ [[P0alf o, + 1P0ell3 o, + 1913.0, + 1f13 0.0, + I fell§
0z 11,0, otll1,0, 0,2, 1,0,02, tt110,02,
+ 1713 0.0, + Ireellf 2, + 16113.1.02,)
+ Co[X7(1+ X7)Y7 + || H(,0) + 2/Re |1 5, ],

where
t
X7 = |U|§,1,Qt + |Qa|%,0,9t + |190|§,1,Qt + H@QtH%,Qt + S ||U||§,Qt, dt’,
0
Y7 = ‘U‘iz,nt + ’QU@,LQt + Wﬂt@,Q,Qt + H%x”%,gt + Hﬁ”g,(zt
t

+ 20, 13,0, + S 0]l ¢, dt’.
0

LEMMA 3.9. Let v, o, % be a sufficiently smooth solution of problem (3.1).
Then

t t
g (0%
+ 5 dt S 5 B Svp'yp plpe dt/ (S) pYp p'r/pB dt dS

0
+ Co(”%mH%,Qt + ||anrx||%,ﬂt + ||190xmr||3,9t)

< e(|vaaatlls o, + 0zzatllp o, + IH(-0) +2/Rol3 51
+[R(-,t) = R(- 0|l 51) + C1 <|v|§,2,nt + +leoalT 0, + 20, 115.0,
+ 902113, , + 1190: 113,02, + 191152, + 1£115,2, + [I7]13,2,
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2
. _ . 2
o TIRCD = RO )

)

t
1610 g, + | Jo
0

t

Svdt’ ’
0

+ G [IIH(-, 0) +2/Roll2,s, +IR(,t) = R(- 0)5 1

7St

2
Lo T X0 +X§)Y8},

)

+HIR(, ) = R(0) |34 /2,0

t
Svdt’
0

where the summation over repeated indices (e, 3,7,0 = 1,2) and coordinates
(z,p = (p,p?), i=1,2) is assumed and
t
Xs = [vla.0, + 105320, + 9020, + 120150, + | I05 0, d,
0
Ys = [vli 3.0, + 10013 2,0, + [100:]3,0, + [P0:3,0, + 1913, 0,
t
+ 20, 1I6,0, + {1013 o, dt'.
0

Proof. For interior subdomains we obtain the estimate (see [16], proof
of Lemma 3.9)

1d ~2 Pon=2 NCy o Koy~ 2
\ <77“5§£ 7 Toeee T T Veee Ade + T llueelly 5

B4y 5ol
2

~ K |~
+ ”ﬁngsg”iﬁ + 9_*”’}’5555”35
< e(ltgeeclly 5+ Peeeell” + [Moeeelly )

+ Cl(’“\;zﬁ + H’md@ﬁ + H’Y”iﬁ + H%EHiﬁ

e )2 5+ W0cli o, + 1013, + G2 5+ I 5)
t

+ Co (Xs(2) + [ lul2 5.dt') (1 + X2(2)¥s(2)
0

12 5190lB o, + Nol)].
where

s+ s+ el 5+ ol

Sy 2 — 2
Xs(£2) = [ul 2.0 + ’nﬂt’3,2,n 3,2,0 3,2,02 3,2,0°

3

Y5(£2) = |U|i375 + |ﬁnt|§’275 + |7|4217375 + ||77mt||;(~2
t

tlhorl? 5Vl .
0



Differential inequality 45

For boundary subdomains we have

1d D paﬁ:g ﬁcv ~9
2 dt é<nuTTT n thTTT Yrrr z

o - K~
+ EHUTTTHiﬁ + %H%’TTZ”&@‘

-~ -~

PO - 1~ -
_ S(nT(u,pU))J”uTTTJ dz — K S (n?V7> Vrrrd d2’

< 5(||azzzzn§ 5 + ||'/7\0zzzzn§ 5 + ||7/7\JZZZ||§ 5)

+Ci([ul}, 5+ H%zH;ﬁ + \WHﬁﬁ + Hﬁaz”iﬁ + Mg,

2
3,2,0 ”o,ﬁ

+ 1901l13.c, + 1012, + 1312 5+ 1B 5+ IT3 2 )
t

+ Co (Xs(2) + [ 172 5 d') (1 + XE(2))Vs(2)
0

FIAI2 5100l a0, + 1015 )],

o~ o~ ~ ~

where Xg(2) and Yg(2) are defined analogously to Xs(f2) and Yg(£2). The
boundary conditions (3.30)4 and (3.30)5 yield

- S (ﬁp]/f(ﬂa ﬁU)),TTTaTTTJ dZ/

S
= — 0 \(Ag€ - AAC + (2/R)AC) rrriirrr d2’

S
—o| (A}S Tdr- ﬁﬁ) U d d2' + (k7 + ks) rrtirrrd d2/
0 STTT :g\
t
- S Uy yrpe dt' T - g Uprrpe dt'J d2’

’S\ 0 0
|

IN
|

t

2 ~
2
IO+ 2R

t

~ 2 ~ 14/

+ €<HuTTTHL§ + H Sudt
0

+IRC, 1) = RO 50

t
+ (I 5+ H {adr
0

2
4+ |R(-,t) — R(-,0)||? o
Lo T IRCE — RCOIE 5:)
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+Ca(IR(,t) = RC,0) s

7

+[|R(-,t) — R(-,0 ||4+1/2 51

¢

0

¢ ¢ )
S 4§)’
0 9

A+ a2 | faar
0

and

1 ~
AR 7V3> Nprrd d2’
é\ < r TTT

< 5”%zzzzH§ﬁ + Cl(\WHjﬁ + H:Y\Oz”;ﬁ + (111 ”iﬁ)

t
+ G112 502 5 + 112 5 + 1712 ) + AN || fa
0

2
35]'

)

For the quantities

Poy
7 .Qt’I’LTTJdZ + COHU.QtnTTHO o’

77 nTT']dZ + COHUBnnTTHO o’

|~/

HUZTTTHQ + HT,QtTTT” Y nnTT” o
0, 5] 0,02 0,92

F e d 2t SvWsz,

Q)

ﬁ(ltnnr'] dz + ||ﬁ(ltnn7' ||§7§7

1d
||umm7'||0 o ||7nnm'||0 o 9qt S zzz']dz
.Q

we obtain the same estimates as in the proof of Lemma 3.9 of [16]. Therefore,
from the above considerations we get

1d s Do Cy
(342) a 74 S <nuzzz + ﬁ’? Nozzz + TIFU iz)JdZ

t
: SﬂTTTSO‘ dt/ ﬁ : SaTTTsﬁ dt/JdZ,
0 0

+

2ol Q
= ®

W)

s}

Q

=)

3)
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t
VH(,0) + 2/Re) e - \Tirrrr, dt' T d2/
§ 0

_l’_

| Q
Sl

[~ K ~
+ EHU’ZZZHiﬁ + %”f}/zzzz”aﬁ + cO”thzzzuaﬁ

2
4,5

t
+ €<Hﬁzzzt”§7§ + ”izzztuaﬁ + H Sﬂdt/
0

+I[H(,0) +2/Re3.6 + |R(, 1) — B(,0)[3 61 )

2
0

t
+ Ol o+ || Saar | o+ 1o:l2 5+ 1912 5
0 3 b b

+17o:11} 5 + [T l5 5 + 19oell5, 0, + N0l e,

+IRCH) = R O)E 50+ 1312 5+ IR 5 + 1732 5)
t

+ Co [ (Xs(@) + [ 112 5 dt') (1 + XE(2))Ys ()
0

+ (17612 5+ 1ol 5+ 17113 5+ 17112 51F0l? 5)
3,0 3,02 3,0 3,0 3,0

x (I190ell3 0, + [1013,2,)

t 2 ; 2
~112 =~ J4/ 2 udt’
+||u||3,§H§“dt 5 HIRCO = REO s [ Jade]] g

t 2
+IRC,8) = R0 o, || | ).
O b

Since the sum of the second and third terms on the left-hand side of
(3.42) is equal to
N t t
~0°PT N\ e At/ 0 \ Ty oo ' J 2’

S 0 0
t

| ‘ﬁ N 12 dt"Qsz’

2 t 2
od 1 ~ 77
-%Ezg§:(§ﬁ@uwﬂwdﬂ+z«H«mw+WRaoMJ J '
gt 0

— o LA (,0) +2/Ro)2, T 2,
5
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going back to the variables £ in (3.42), next summing up the resulting in-
equality and (3.41) over all neighbourhoods of the partition of unity and
finally going back to the variables x we get

1d Do oc
(343) §d_ <vamx + ﬁggxmx HU ﬁOmxm) dx

24
t t
d ¢ 1~
d_ S 6C¥ﬁ— S'Up'ypspnpa dt, ﬁ . S'Up'ypﬁpnpﬁ dt/ ds
St 0 0

¢ 2
S ‘ S’Uppplpz dt/‘ ds
0

t

_l’_

2ol Q

w|q
&.|Q‘

t

d = (1_
dt > <§n Vopppips dt’ + 2(H (- 0) +2/Re) p)* ds
St

i=1 0

_l’_

ol Q

<

t
< & (vsstl? g, + Wossatl 0, + | §
0

7St

+H(0) + 2/ el g1 |R(£) = R(,0) 1 )

t
2
+Ci(IoB o0, +||§vat||  +120,lE 0, +llew? o
0 t

19182, + 102130, + [90c]13 2,

+IRCH) = RC 0G50 + 1150, + 715 0, + H91IIZ,9t>
t

|

e [Xga X2+ ol
0 b

t

+HIIR(, 1) = R(- 0)5 50

0t

¢
Sfudt’ ’
0

|

+[|R(-,t) — R(‘ao)”421+1/2,31

3,5

+ ‘% SXﬁ(H(-, 0) +2/R.)2,, ds

In view of the interpolation inequality (2.2) we have

4 \ (H(-,0) +2/Rc)?, ds

(3.44) ' )

<elvlliq, + C2l H(-0) +2/Rell3 51
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Using (3.38) yields

5(||Urxrx||g,9t + ||Qarxr||g,(zt + ||190xrx||g,(lt)

o) ||

ot

t
+ Gy (1013 0, + 1122, I3 + 1918, + || S
0

7 t

+I[H(,0) +2/Rel3 6 + |R(, 1) — B(,0)[3 61 )

i

+Ca(|[v3 g, + 120, 15,0, + lle]3,0,)

3.Qt)

From (3.43)—(3.45) we obtain (3.40). m

7~Qt

(1 + H {odt’

The proofs of Lemmas 3.10-3.12 (formulated below) are similar to the
proofs of Lemmas 3.10-3.12 of [16]. To estimate the boundary terms associ-
ated with the boundary condition (3.1)4 we use the arguments from Lemmas
4.10-4.12 of [19].

LEMMA 3.10. Let v, 0,9 be a sufficiently smooth solution of problem
(3.1). Then

1d Do oc
5% S (Q Uzt +— . ngmt + 911 ﬂ%x:ct) dx
£2¢

af — —
+ Sg Upypope * MUy po s - T dS

St

o[ Q
Sl

+ CO(HUmxtH%,Qt + ”anzct”g,()t + Hﬁoﬂﬂmt”am)
< e([vawtel§ 0, + [Vzzaz 5,2, + 190szezld, 0,
+ [90azte§ 0, + I H(-,0) +2/Re||F 51)
+C1(103 1,0, + 1002117 0, + 00t 15,0, + [20,115,2,
+ Hﬁong,nt + Hﬁot”g,rzt + Hﬁ”g,nt + ’f’g,Lnt
+ 1310, + 1013 o, + 101115 o,) + CaXo (1 + X§)Ys,

where the summation over repeated indices (e, 3,7,0 = 1,2) and coordinates
x s assumed and



50 E. Zadrzyniska and W. M. Zajaczkowski

t

X9 = ‘U‘g,Q,Qt + ’Qa@,l,nt + ’ﬁo,g,l,ﬂt + H@)J\%,Qt + S H’UH%,Qt, dt’,
0

Yo = [vlisq, +1000510, T [P0al3 0, + 1903 o, + IVIIE o,
t

+ 20, 03,0, + S 0]l g, dt'.
0

LEMMA 3.11. Let v, 0,9y be a sufficiently smooth solution of problem

(3.1). Then
1d Do oc od _ _
3 dt (§ <Qvitt + f@?mtt + Tvﬁ%xtt> dx + Sdi 55 gaﬁn “Vtppa Tl * Vypps dS
t t

+ CO(H’”tth%,nt + HQattH%,nt + Hﬁotthg,nt)
< 5(vath%,Qt + vattt”%ﬂt + Hﬁﬁmmt”%ﬂt
+ [90aueell, 0, + I1H(-,0) + 2/ Rell3 g1)
+ G113 0,0, + 1002117 0, + ll00tl§ 0, + 120, 115,0,
+ 19021130, + 100e[5.0,0, + 19115 2, + 1£15.0.0,
+ 30,0, + 1016]13,0, + 101:]13,0, + 161113.2,)
+ CoX10(1 + X7p) Yo,

where
t

Xi10 = |U|§,0,Qt + |Qa|§,0,9t + |190|§,0,Qt + H?QtH%,Qt + S ||U||§,Qt, dt',
0

Yio = ‘U‘?m,rzt + ’QU@,LQt + H%x”%,gt + ’ﬁﬂt,g,l,(lt + Hﬁ”g,(zt
t

+ 20, 13,0, + V1vl3 .0, dt'.
0

LEMMA 3.12. Let v, 0,9y be a sufficiently smooth solution of problem
(3.1). Then

1d Do oc od _ _
5& (§ (Qthtt + fgittt + THﬁ%ttt> d$ + 5% SS goéﬁn c Uttsa T * Uypgp dS
t t

+ CU(”Uttt”%,Qt + ”QatttH%,m + ”790tttH%,Qt)
< Cilllvully o, + 190ull3 0, + 1 feeelld., + 1f13.0.0,
+llraelld.o, + 30,0, + 101131.0,) + CoaX11 (1 + X7))Y11,

where ) ) )
X1 = |v[3,0,0, + 10015002, T |Y0l5,0,0,

Y = ‘U‘?m,rzt + ‘Qa@,o,nt + ‘790’?1,1,@- "
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Estimating [[0[7 o, + 20, I3 o, by [90:(13 o, + [1Ps 15, ¢, (by using (3.20)
and (3.21)) from the above lemmas for sufficiently small € we obtain

THEOREM 3.13. Let
ot)= o 3 DO dr+ | (pgl 2 4 Qt+p;é’;f”z93> dz
6

2 0<|a|+i<3 2
P : oc :
+ | % Z{ D20} 05| dx + | . Z' | D209 |? da
2 1<]|a|+i<3 £2¢ 1<|ee|+i<3
t
9 5 = k
+3 S 5P Z 88 Vprpe dE' T - Sapl)pwpﬁ dt' ds
St lk|<2 0 0

Z ‘_ afuppzdt‘ ds

S, k<2

2 2
o 1_
AP <§n.§a§vpipi dt’ + 20 (H(-,0) +2/Re)> ds
Sy k<2 i=1 0
(o L ¢
aB (. ) —
+ ) S g <n évsa dt'm Svsg dt’ + ;21) P Uga nD Vg - T

0
+ Z D];'Upa -ﬁD’;vsa ﬁ) ds

(go‘ﬁ is defined in Lemma 3.4),
D(t) :|'U|421,1,.Qt + |Qa|§,o,rzt - ||Qa||g,9t + ||§Qt||g,9t
+90l31,0, — 19050, + 19130,
U(t) = [vll5, 2, + I 15,0, + IR(,t) — R(,0)I[5 51,
F(t) = | fuells o, + ’f’%,o,nt + HrtttH%,Qt + \Tg,o,nt
+rllo,0. + 16115 1.0, + 101]1,0.-

Assume that v > %,u. Then for sufficiently smooth solutions of problem (3.1)
the following estimate holds:

(3.46) Cfl—f +c® < P(X)X(1+ X*) (X +Y) +coF
+ c3p + [ H(+,0) + 2/Re ||3 51
+ecs(|H(-,0) + 2/Rell3 51 + | R(, 1) — ( 0)[%5)

(-
fvat
0

+ e (|1R( 1) = B 0) 112,50 s
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2
).
4,5

)

t

+ ”R(7t) - R(.70)|’§,Sl S’Udt,
0

where 0 < ¢g < 1 is a constant depending on 0., 0%, 04, 0%, u, v and K, ¢;
(i=1,...,6) depend on o, 0*, 0., 0*, T, 8(7; Hngﬂt, dt', ||S||la41/2, constants
from the imbedding lemma and the Korn inequalities (see Section 5 of [18]),
€ 1s a small parameter and
t
X =00, +losl30,0, +100l30.0, + 100,116,0, + S 0113, dt’.
0
Y = |’U|12l,1,.Qt + |Qat|g,0,(lt + ||QU$||37.Qt + |"‘90t|§,1,0t + ||"‘90$||§7Qt
t
19130, + B0, B 0 + {030, . m
0
A slight modification of the proof of Theorem 3.13 yields

THEOREM 3.14. Assume that v > %,u. For sufficiently smooth solutions
of problem (3.1) we have

do

t t

(347) T+t < erP(F+ ol g, dt') (6+VI0]3 0, dt')
0 0
t t
e 2 / 3 e 2 /
x |1+ (64 fll g, at') | (2+ 6+ (v, av')
0 0
+ csF + cotp + 1ol H(-,0) + 2/ Rell5 51
+ecii(|H (-, 0) + 2/Rell3 s1) + [ R(-,) — R(-,0)|[7 s1)
t
2
+eaz([R(,8) = R 0) 3 o0 || o
0 3,51
¢ 2
+IRCH) = RO s | foar| ),
L 4,8,
where € is a small parameter, ¢y and ¢; (i =7,...,12) have the same prop-
erties as in Theorem 3.13 and ¢(t) = |[v[54 o, + 001520, + [P0l32.0, +
||§Qt||% 20
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