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Evolution equations with parameter in the hyperbolic case

by JAN BOCHENEK and TERESA WINIARSKA (Krakéw)

Abstract. The purpose of this paper is to give theorems on continuity and differ-
entiability with respect to (h,t) of the solution of the initial value problem du/dt =
A(h,t)u+ f(h,t),u(0) = ug(h) with parameter h € 2 C R™ in the “hyperbolic” case.

1. Introduction. We consider the initial value problem

" Z—Z: — A(htu+ f(ht), te[0,T], he
u(0) = ug(h).

It is known that under some assumptions on the family of the operators
{A(h,t)} and on the function f, the problem (1) has the unique solution
given by

t
(2) u(h,t) = U(h,t,0)ug(h) + \U(h,t,5)f(h,s) ds,

0
where, for each h € §2, U is the fundamental solution (or evolution system)
for problem (1) (cf. [3, Ch. 5]).

Analogously to the papers [5] and [6], where the “parabolic” case of

problem (1) was studied, we investigate the continuity and differentiability
of the mapping

(3) 2 x1[0,T] > (h,t) = u(h,t) € X,
where the mapping u is given by (2).

2. Stable approximations of the family of operators. This section
is based on Krein’s monograph [2, Ch. II] and it has the auxiliary character.
To simplify notations we assume that the family {A(h,t)} considered in the
introduction is independent of the parameter h.
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Assuming that X is a Banach space we let B(X) be the Banach space
of all linear bounded operators and C(X) be the vector space of all linear
closed operators from X into itself. If A : X — X is a linear operator then
D(A), N(A), R(A), A, P(A) denote the domain, kernel, range, closure and
resolvent set of A, respectively.

In this section we consider a family of operators {A(t)}, t € [0,T], where
A(t) € C(X), D(A(t)) = D, D = X and 0 € P(A(t)) for every t € [0,T].

We investigate the Cauchy problem

(4) Z—Z;:A(t)u, u(s) =z, 0<s<t<T,

where x € D.

DEFINITION 1 ([2, p. 193]). The Cauchy problem (4) is said to be uni-
formly correct if:

(i) for each s € [0,7] and any = € D there exists a unique solution
u = u(t,s) of (4) on the interval [s, T,
(ii) the function u = wu(t,s) and its derivative u; are continuous in the
triangle Ap = {(t,s) : 0 < s <t <T},
(iii) the solution depends continuously on the initial data.

If the Cauchy problem is uniformly correct, then it is possible to intro-
duce a linear operator U(t, s) for (¢,s) € Ar by the formula

(5) U(t,s)x :=ult,s), (t,s)€ Ap, x €D,

where u(s,s) = . The formula (5) defines the operator U(t, s) on the set D
dense in X. Since for fixed (¢,s) € Ar it is a bounded operator, it admits a
continuous extension to the entire space X.

It is known (cf. [2, pp. 193-194]) that if for each € D the mapping
[0,7] > t — A(t)x is continuous (i.e. the mapping t — A(t) is strongly
continuous on D) and the Cauchy problem (4) is uniformly correct, then
the fundamental solution U has the following properties:

(a) the mapping Ar > (t,s) — U(t,s) € B(X) is strongly continuous
and ||U(t,s)|| < M for (t,s) € Ap,

(b) U(t,t) =T and U(t,s) =U(t,r)U(r,s) for 0 <s<r <t <T,

(c) %U(t, s)r = A)U(t, S)l‘,%U(f, s)x = =U(t,s)A(s)x for (t,s) €
Ar, z € D,

(d) the mappings Ar > (t,s) — %U(t,s) and Ap > (t,s) — %U(t,s)
are strongly continuous on D.

DEFINITION 2 ([4, p. 89]). An operator-valued function U : Ap >
(t,s) — U(t,s) € B(X) satisfying the above conditions (a)-(d) is called
the fundamental solution of problem (4).
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It is known (see [2, Ch. II, §2]) that if the operator A(t) is bounded for
each t € [0,7] and the mapping [0,7] > t — A(t) is strongly continuous,
then problem (4) is uniformly correct and so the fundamental solution U for
this problem exists.

DEFINITION 3 ([2, p. 199]). If there exists a sequence of bounded and
strongly continuous operators A, (t),t € [0,T], for which

(6) lim sup [|[A(t) — An(t)]A(t)*le =0, =xz€lX,

and the fundamental solutions of the problems

2—1; = A, (Hu, u(s) =z,
are uniformly bounded, i.e.,
(7) [Un(t,5)[ < M,

where M does not depend on n € N and (¢,s) € Ap, then we say that the
family {A(t)}, t € [0, 7], is stably approzimated by the sequence {A,,(t)}.

In [2, Ch. II] the following sufficient conditions are given for the family
{A(t)}, t € [0,T], to be stably approximated:

(8) the mapping [0,7] > t — A(t) is strongly continuous in D,
_ 1
O IR A@)] =A@ - AN S 5 fr A2 0

The sequence {A, (t)} approximating the family {A(¢)},t € [0,T], has the
form

(10) Ap(t) := —nA(t)R(n; A(t))

(cf. [2, p. 204)).
Our nearest purpose is to give other sufficient conditions for the family
{A(t)}, t € [0,T], to be stably approximated (see Theorems 1 and 2).

DEFINITION 4 ([3, p. 130]). A family {A(¢)},t € [0,T], is called stable if
there are constants M > 1 and w (called the stability constants) such that

(11) (w,00) C P(A(t)) fortel0,T]
and
k
(12) H I1 R()\;A(tj))H < MO —w) ™ for A>w

and for every finite sequence 0 <t; < ... <t <T, k€ N.

LeMMA 1. Let {A(t)}, t € [0,T], be a stable family in the sense of
Definition 4. Then the sequence { A, (t)}, where A, (t) is defined by (10), is
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uniformly stable, i.e., the stability constants for the operators A, (t) do not
depend on n € N.

Proof. From the identity

R(\; An(t)) = (n j_ A)2R<n7:_)\)\;14(t)> n j— A

we have

< |14+ n2 -1 n B k
n+N2) ntal\nt+ar “
—k k —k
- <A—”+Aw> <1—5> :M</\— n w> .
n n n—w

It follows that for n > 2w, the family {4, (¢)}, ¢t € [0,7], is stable with
stability constants M and 2w (n > 2w is fixed).

LEMMA 2. Let {A(t)}, t € [0,T], be a stable family with stability con-
stants M and w. If the mapping [0,T] >t — A(t) € B(X) is strongly con-
tinuous, then the fundamental solution U corresponding to A(t) is strongly
continuous in the triangle Ar and

(13) [U (¢, 8)|| < Me“T for (t,s) € Ar,
where M and w are the stability constants.

Proof. Existence and strong continuity of U follow from boundedness
and strong continuity of the mapping [0,7] > t — A(t).
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In order to prove (13), we start by approximating the family {A(t)},
t € [0,T], by piecewise constant families {A,(¢t)}, t € [0,T], defined as
follows. Let t} := (k/v)T, k=0,1,...,v, v € N, and let (cf. [3, p. 135])

A(ty) forty <t<t{, ,,k=0,1,...,v—1

14 A, (t) = k k= ket 1> T ’
(14) ®) {A(T) fort="T.
From the strong continuity of ¢ — A(t) it follows that
(15) I[A(t) — A, (t)]z]] -0 asv — oo

uniformly with respect to ¢ € [0,7] for each x € X.
Denote by S¢(s), s > 0, the Cyp-semigroup generated by A(t) for t € [0, T]
and let

St;((t —s) for ty <s<t<tl,
k—1
(16)  Uu(t,s) = q Ser(t = Q) [[T;=1 Ser (T/v))Ser (841 — 5)
for k> 1, 4 <t <ty , t/<s<t .

From (16) and Theorem 3.1 of [3, p. 135] it follows that U,(t,s) is the
fundamental solution corresponding to A, (t), the mapping

(17) Ar 3 (t,s) = Uy(t,s)
is strongly continuous and
(18) U, (t,s)] < Me* =% for (t,s) € Ap,

where M and w are the constants from (12).
From the equality

%U(t, s)x =A@)U(t,s)x, =€ X,
we obtain
%U(t, s)x =A,()U(t,s)x + [A(t) — AL (1)U (t, s)z.
Hence

(19) Ut,s)z =U,(t,s)x + S U,(t,7)[A(T) — A (1)U (7, s)x dr

S

(cf. [2, p. 195, Th. 3.1]) and so we have
T
MUt 8) = Ut )]l < Me™ {[|[A(r) = A (7)]U (7 5)a]| dr-
0
From (15) and from Lemma 3.7 of [1, p. 151] it follows that ||[U(¢,s) —
U,(t,s)]z|| — 0 as v — oo uniformly in (¢,s) € Ap. By (18), this implies
(13), i.e. the conclusion of Lemma 2.
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THEOREM 1. Suppose that

(i) {A@®)}, t € 10,7, is a stable family in the sense of Definition 4,

(ii) D(A(t)) = D does not depend on t € [0,T],

(iii) the mapping [0,T] >t — A(t) is strongly continuous,

(iv) 0 € P(A(t)) for t € [0,T].
Then the family {A(t)}, t € [0,T], is stably approximated (cf. Def. 3).

Proof. Define A, (t) by (10) for n € N. For each fixed n € N and
t € [0,7] the operator A, (t) commutes with A(¢) on D and A,(t) is a
bounded operator on X.

Let x € D be fixed. We have
ITA(t) — An(B)]A) 2

= [[[A(t) + nA)(A(t) —n) "' JA®) |

= ||z +n(A(t) —n) "z = [|(A(t) —n)" A(t)z]|
I(A®) =)=l - 1A

M M
|A(®)x| < HK’ where K = sup{||A(t)z|| : t € [0,T]}.

IN

<

n—w
This shows that

ITA() — An ()] A() ™ | < M,
where M; does not depend on n > w or t € [0,T]. From this estimate we

get
(20) lim sup ||[A(t) — A, ()]A®H) '] =0

for each x € D, where D = X. By (19) and (20) in view of the Banach—
Steinhaus theorem (cf. [2, p. 9]), the condition (6) of Definition 3 is satisfied.

From Lemma 2 it follows that the sequence {A, ()} is uniformly stable
with stability constants M and 2w for n > 2w. Using Lemma 2 for each
fixed n > 2w, we obtain

(21) |Un(t,8)|| < Me* =5 < pe?eT,
Theorem 1 is proved.

LEMMA 3. Suppose that
(i) the mapping [0,T] >t — A(t)x € X is of class C* for z € D,
(ii) A(t)~! € B(X) emists fort € [0,T],
(iii) the family {A(t)}, t € [0,T], is stably approzimated by the sequence
{A4,,(t)}, where A, (t) is defined by (10).
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Then there exists a constant K independent of n € N and (t,s) € Ap such
that

(22) IA®) U (t,5)A(s) 7| < K,

where Uy (t,s) is the fundamental solution corresponding to A, (t).
Proof. According to Definition 3,

(23) [Un(t,s)|| < M,

where M does not depend on n € N and (¢, s) € Ap.
Consider the equation (cf. [2, p. 200])

Y = )y + A ARy,

By (i) and (ii), the mapping [0,7] 2 t — A’(t)A(t)"! € B(X) is strongly
continuous. In view of the Banach—Steinhaus theorem we get
(25) A" () A@®)H < C,

where C' does not depend on ¢ € [0,T].
Let V,,(t, s) be the fundamental solution of (24). We have

(24)

(26) Vi(t,s) = A()U, (t,8)A(s)"t,  (t,5) € Ar
(cf. [2, p. 201]). From (23), (25) and (26) it follows that

(27) IVa(t, )| = |A@®Un(t, 5)A(s) | < Me“MT = K
(see [2, p. 191]).

THEOREM 2. Suppose that

(i) {A@t)}, t € [0,T), is a stable family in the sense of Definition 4,
(ii) D(A(t)) = D does not depend on t € [0,T],
(iii) the mapping [0,T] >t — A(t)xr € X is of class C' for x € D,
(iv) A(t)~! € B(X) exists for t € [0,T).

Then the family {A(t)}, t € [0,T], is stably approximated by the sequence
{A,(t)} defined by (10), and the sequence {U,(t,s)} of the fundamental
solutions corresponding to {A,(t)} is strongly and uniformly convergent to
Ul(t,s) in Ap.

Proof. Upon using Theorem 1 and Lemmas 24, the proof is analogous
to the proof of Theorem 3.11 of [2, p. 208]. We omit the details and refer
the reader to [2, Ch. II].

From Theorem 2 and [2, Th. 3.6, p. 200] it follows that if the family
{A(t)}, t € [0,T], satisfies the assumptions of Theorem 2, then the Cauchy
problem

d
(28) d—?:A(t)u, u(s)=z, €D, 0<s<t<T,
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has the unique solution given by

(29) u(t) =Ul(t,s)z,

where U(t, s) is the fundamental solution for (28) defined in Theorem 2.
Remark 1. The set of assumptions (i)—(iii) of Theorem 2 is usually

referred to as the “hyperbolic” case in contrast to the “parabolic” case

where each A(t), t > 0, is assumed to be the infinitesimal generator of

an analytic semigroup. This terminology is justified by applications of the
abstract results to partial differential equations (cf. [3, p. 134]).

3. Dependence of the fundamental solution on parameters. Let
{2 be a compact subset of R™. We shall consider the following initial value
problem with a parameter h € (2:

du
(30) i A(h,t)u, te€l0,T], he {2,

u(s) =z, 0<s<t<T,

where A : 2 x [0,T] > (h,t) — A(h,t) € C(X), D(A(h,t)) = D, D = X,
0 € P(A(h,t)) for (h,t) € 2% [0,T] and x € D.

THEOREM 3. If, for any (h,t) € 2 x [0,T], A(h,t) is bounded and, for
each x € X, the mapping

(31) 2 x100,T] > (h,t) — A(h,t)x € X is continuous,
then the mapping
(32) 2 x Ar > (h,t,s) = U(h,t,s)x € X is continuous.

Proof. It follows from [2, p. 189] that the mapping Ar > (¢,s) —
U(h,t,s)x € X is continuous for any fixed h € 2 and x € X. Hence, by the
Banach—Steinhaus theorem there exists M; = My (h) > 0 such that

|\U(h,t,s)|| < M; for (t,s) € Ap.
To prove the theorem it is enough to show that
U(h,t,s)x — U(hg,t,s)xr  as h — hg,

uniformly in (t,s) € Ap, for any z € X. Since

%U(h,t, s)x = A(h,t)U(h,t,s)x  for h€ 2, (t,s) € Ar, x € X,

and U(h,t,t)x =z for h € 2,t € [0,T], z € X, we have
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” [U(h7 t, 3) - U(h07 t, S)]‘T”
¢
< \I[A(h, 1)U (h,7,5) — A(ho,T)U(ho, 7, 5]z dr
t
< VAN - U (B, 7, 8) = Ulho, 7. 9)) ] dr
t
+ Y I[A(R, 7) = A(ho, DU (ho, . 8)| dr.
By (31) and the Banach—Steinhaus theorem there exists M > 0 such that
JA(h, £)]| < M. Thus,

T
I[U(h,t,5) = U(ho, t, s)]al| < M {[|[U(h,7,5) = U(ho, T, )]|| dr
0
T
+ VI[A(h, 7) = A(ho, 7)]U (ho, 7, 5)a|| dr.
0
By Gronwall’s inequality
T
[T, t,8) = U(ho, t, 8)]l| < "™ \|[[A(h,7) = A(ho, 7)]U (ho, T, 5)x| dr.

0

By (31) the operators A(h,7)— A(hg, T) converge strongly and uniformly
in 7 € [0,T] to zero as h — hg, on the entire space X. This means that they
converge to zero on the compact set of values of the continuous functions
U(ho,T,s)z. It follows that the functions

[A(h,T) — A(hg, 7)|U(ho, T, 8)x

converge to zero uniformly in (7,s) € Ap (cf. [1, p. 151]). Hence
limpp, U(h,t,s)z = U(hg,t,s)z uniformly in (¢,s) € Ar.

DEFINITION 5. A family {A(h,t)}, (h,t) € £2 x [0,T7, is said to be uni-
formly stably approximated with respect to h € §2 if there exists a sequence
{A,(h,t)} of bounded linear operators A, (h,t) : X — X, n=1,2,..., such
that

(i) the mapping 2 x [0,T] > (h,t) — A,(h,t)z € X is continuous for
reX, n=12...,

(ii) limy, oo {sup ||[An (h,t)— A(h, t)]A(h,t) 12| : (h,t) € 2x[0,T]} =0
for z € X and the sequence {U,(h,t,s)} of fundamental solutions of (30)
with A(h,t) = A, (h,t), n=1,2,..., is uniformly bounded, i.e. there exists
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K > 0 such that
UL (h,t,s)]| < K for he 2 (t,s)e Ar, n=1,2,...

DEFINITION 6. We say that a family {A(h,t)}, (h,t) € £2 x [0,T], is
uniformly stable in §2 if

(i) {A(h,t)} is stable (in the sense of Def. 4) for any h € {2,
(ii) the stability constants M, w are independent of h.

THEOREM 4. Suppose that

(i) the family {A(h,t)}, (h,t) € 2 x [0,T] is uniformly stably approzi-
mated by {A,(h,t)}, (h,t) € 2 x[0,T],

(i) the mapping 2 x [0,T] > (h,t) — A(h,t)x € X is continuous for
reD,

(iii) the mapping [0,T] > t — A(h,t)x € X is of class C* for h € (2,
reD,

(iv) A, (h,t) commutes with A(h,t) for n € N, (h,t) € 2 x [0,T],

(v) {Un(h,t,s)} strongly and uniformly converges to U(h,t,s) in 2x Ar.

Then U (h,t, s) is the fundamental solution of the problem (30) and the map-
ping (h,t,s) — U(h,t,s)x is continuous.

Proof. It follows from Theorem 3.6 of [2, p. 200] that the problem (30)
is uniformly correct and, for h € §2, U(h,t,s) is its fundamental solution.
By (i), the assumptions of Theorem 3 are satisfied. Thus, for n € N, the
mapping (h,t,s) — U, (h,t,s)x is continuous and the assumption (v) ends
the proof.

THEOREM 5. Suppose that

(i) {A(h,t)}, (h,t) € 22 x[0,T], is stable uniformly in h € {2,

(i) the mapping 2 x [0,T] > (h,t) — A(h,t)x € X is continuous for
reD,

(iii) the mapping [0,T] > t — A(h,t)x € X is of class C' for h € (2,
reD.
Then the problem (30) has, for any h € §2, exactly one solution u(h,-) which
is given by u(h,t) = U(h,t,s)z, where U(h,t,s) is the fundamental solution
of (30). Moreover, the mapping 2 x Ar > (h,t,s) — U(h,t,s)x € X for
z € X is continuous.

Proof. Since for any h € {2, the family {A(h,t)} satisfies the assump-
tions of Theorem 2, it is stably approximated and the approximating se-
quence is given by

(33) A, (h,t) = —nA(h,t)R(n; A(h,t)) = —nI — n*R(n; A(h,t)).
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By (i),
M
s A(h, )] <
| B(n: A1) < -
and so R(n; A(h,t)) is bounded uniformly in (h,t) € £2x [0, T], for any fixed
n € N. Hence the mapping (h,t) — A, (h,t)x for x € X is continuous (see
[2, p. 176]), where A, (h,t) is given by (33). By Theorem 3 the mapping

(h,t,s) = Up(h,t,s)x forze X, n=1,2,...,

is continuous, where U, (h,t,s) is the fundamental solution of (30) with
A(h,t) = A, (h,t) given by (33). By Theorem 2 the sequence {U, (h,t,s)} is
strongly and uniformly convergent to U(h,t,s) in Ap, for h € £2. Since the
family {A(h,t)} is uniformly stably approximated with respect to h € (2,
similarly to the proof of Theorem 3.11 in [2] we conclude that U, (h,t, s)x —
U(h,t,s)z uniformly in (h,t,s) € 2 x Ar.

4. Dependence on parameter of solutions to problem (1). It is
well known that under suitable assumptions the solution of problem (1) is
given by

t
(34) u(h,t) = U(h,t,0)ug(h) + \U(h,t,5)f(h, s) ds.
0
THEOREM 6. Suppose that
(i) the family {A(h,t)} satisfies the assumptions of Theorem 4,

(ii) the mapping 23 h — ug(h) € X is continuous,

(iii) the mapping 2 x [0,T] > (h,t) — f(h,t) € X is continuous.
Then the function u given by (34) is continuous in £2 x [0,T].

Proof. By Theorem 4 the mapping 2x A > (h,t,s) — U(h,t,s)z € X
for x € X is continuous and so Theorem 6 is now a simple consequence of
Theorem 1 of [5].

COROLLARY.If the family {A(h,t) : (h,t) € 2 x [0,T]} satisfies the
assumptions of Theorem 5 and the mappings 2 > h — ug(h) € X and

2 x[0,T] 5 (h,t) — f(h,t) € X are continuous then the function given by
(34) is continuous in 2 x [0,T].

Indeed, it is a simple consequence of Theorems 5 and 6.

THEOREM 7. Let the assumptions of Theorem 4 be satisfied. Suppose that
2 C R, hg is an interior point of 2 and

(i) u(h,-) € C([0,T); X) is a solution of the problem (1),
(i) the mappings 2 > h — A(h,-)x € C([0,T}; X), 2> h — f(h,-) €
C([0,T]; X) and 2 5 h — ug(h) € X are differentiable at hy.
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Then the mapping 2> h — u(h,-) € C([0,T); X) is differentiable at hy
and
(35) u (ho,t) = U(hg,t,0)ug(ho)
t
+ S U(h07 t, S)[f/(h07 S) - A,(h’ou S)U(h07 S)] d87
0
where “'”7 denotes differentiation with respect to h.
Proof. Since u(h,-) is a solution of the problem (1), the function
h,t) — u(ho,t)
h — hg
is for h # hg a solution of the problem

for h 75 ho

(36) w(ht) = A

(37) { % = A(h,t)v + F(h,t),
U(O) = wo(h)v
where
F(h,t) = { f(hjtiz : igho’t) B A(h’t})l : :U(ho’t)u(ho,t) for h # hyg,
f'(ho,t) — A’ (ho, t)u(ho,t) for h = ho,
ug(h) — ug(ho)
wo(h) = { T h—he for h # hy,
ug(ho) for h = hyg.

By (ii) the mapping
(h’t) ~ { f(h7t)_f(h07t) fOI'h?ého,

h — hg
f'(ho,t) for h = hy,
is continuous. We have
A(h,t) — A(ho,t)

o, )
_ Al t})l - ﬁ(ho’ D A(ho,0)~" Alho, 0)A(ho, £)~ Alho, Hyu(ho, ).
Since 0
Alho, tyu(ho,t) = W ~ f(hoot)

and by Definition 1, the mapping
[0,T] 5t — A(ho,t)u(ho, t)u
is continuous. Also, the mapping
[0, 7] >t — A(hg,t)A(ho,t) tu
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is continuous (cf. [2, Lemma 1.5]). Therefore

A(h,t) — A(ho,1)
(h,t) — W u(hg,t) for h # hg,

A/(hg,t)u(hg,t) for h = hg,

is continuous. By Theorem 6 the mapping

t
&(h,t) :=U(h,t,0)wo(h) + {U(h,t,5)F(h,s)ds
0
is continuous and
_ w(h,t)  for h # hy,
h,t) =
w(h.?) { u'(hg,t) for h = hg.
Therefore
ul(ho, t) = U(hg, t, 0)11,6(}10)
t
+ S U(h07 t) 8)[f/(h07 8) - A(h07 S)U(h(]v S)] ds.
0

COROLLARY 2. If for any h € {2 the assumptions of Theorem T are
satisfied, then the mapping

235 h—u(h,:) e C(]0,T]; X)

is differentiable and
t
u'(h,t) = U(h,t,0)u)(h) + \U(h,t,5)Fi(h, s) ds,
0

where Fy(h,s) = f'(h,s) — A'(h, s)u(h, s).

Remark 1. Let the assumptions of Theorem 4 be satisfied. If for any
h € {2 the mapping [0,T] >t — f(h,t) € X is of class C!, then the function
u given by (34) is the unique solution of the problem (1) (see [4, Th. 4.52]).

Remark 2. Similarly to [6] one can prove theorems on higher regularity
of the solution of problem (1).
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