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On a differential inequality for equations of
a viscous compressible heat conducting fluid bounded

by a free surface

by Ewa Zadrzyńska and Wojciech M. Zaja̧czkowski (Warszawa)

Abstract. We derive a global differential inequality for solutions of a free boundary
problem for a viscous compressible heat conducting fluid. The inequality is essential in
proving the global existence of solutions.

1. Introduction. The aim of this paper is to derive a global differential
inequality for the following free boundary problem for a viscous compressible
heat conducting fluid (see [2], Chs. 2 and 5):

(1.1)

%[vt + (v · ∇)v] +∇p− µ∆v − ν∇ div v = %f in Ω̃T ,

%t + div(%v) = 0 in Ω̃T ,

%cv(θt + v · ∇θ) + θpθ div v − κ∆θ

− 1
2µ

3∑
i,j=1

(vi,xj + vj,xi)
2 − (ν − µ)(div v)2 = %r in Ω̃T ,

Tn = −p0n on S̃T ,

v · n = −φt/|∇φ| on S̃T ,

∂θ/∂n = θ1 on S̃T ,

v|t=0 = v0, %|t=0 = %0, θ|t=0 = θ0 in Ω,

where Ω̃T =
⋃
t∈(0,T )Ωt × {t}, Ωt is a bounded domain of the drop at time

t and Ω0 = Ω is its initial domain, S̃T =
⋃
t∈(0,T ) St × {t}, St = ∂Ωt,

φ(x, t) = 0 describes St, and n is the unit outward vector normal to the
boundary (i.e. n = ∇φ/|∇φ|).
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Moreover, v = v(x, t) is the velocity of the fluid, % = %(x, t) the density,
θ = θ(x, t) the temperature, f = f(x, t) the external force field per unit
mass, r = r(x, t) the heat sources per unit mass, θ1 = θ1(x, t) the heat flow
per unit surface, p = p(%, θ) the pressure, µ and ν the viscosity coefficients, κ
the coefficient of heat conductivity, cv = cv(%, θ) the specific heat at constant
volume, and p0 the external (constant) pressure.

We assume that cv > 0, the coefficients µ, ν, κ are constants, and κ > 0,
ν ≥ µ > 0.

Finally, T = T(v, p) denotes the stress tensor of the form

T = {Tij} = {−pδij + µ(vi,xj + vj,xi) + (ν − µ)δij div v}
≡ {−pδij +Dij(v)},

where i, j = 1, 2, 3, and D = D(v) = {Dij} is the deformation tensor. Let
the domain Ω be given. Then by (1.1)5, Ωt = {x ∈ R3 : x = x(ξ, t), ξ ∈ Ω},
where x = x(ξ, t) is the solution of the Cauchy problem

∂x

∂t
= v(x, t), x|t=0 = ξ ∈ Ω, ξ = (ξ1, ξ2, ξ3).

Therefore, the transformation x = x(ξ, t) connects the Eulerian x and
the Langrangian ξ coordinates of the same fluid particle. Hence

(1.2) x = ξ +
t∫

0

u(ξ, s) ds ≡ Xu(ξ, t),

where u(ξ, t) = v(Xu(ξ, t), t). Moreover, the kinematic boundary condition
(1.1)5 implies that the boundary St is a material surface. Thus, if ξ ∈ S = S0

then Xu(ξ, t) ∈ St and St = {x : x = Xu(ξ, t), ξ ∈ S}.
By the continuity equation (1.1)2 and (1.1)5 the total mass of the drop

is conserved and the following relation holds between % and Ωt:∫
Ωt

%(x, t) dx = M.

This paper is divided into three sections. In Section 2 we introduce some
notation. In Section 3 we derive the main result of the paper, i.e. the differ-
ential inequality (3.160) (see Theorem 3.13) which is essential in proving the
global existence of a solution of problem (1.1) (see [19]). In order to obtain
inequality (3.160) we impose the following assumptions:

a) there exists a sufficiently smooth local solution;
b) the transformation (1.2) together with its inverse exist;
c) the volume and the shape of the domain do not change much in time.

Papers concerning problem (1.1) include [15]–[17] and [20]. In [15] the
local-in-time existence and uniqueness of solution to problem (1.1) in the
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Sobolev–Slobodetskĭı spaces is proved. In [17] we prove that under an appro-
priate choice of %0, v0, θ0, θ1, p0, κ and the form of the internal energy per
unit mass ε = ε(%, θ), vart |Ωt| is as small as we need. Paper [20] contains
the global existence theorem for problem (1.1). In [15], [18], [19], [21] we con-
sider the motion of a viscous compressible heat conducting fluid bounded
by a free surface governed by surface tension. Such a motion is described by
equations (1.1)1–(1.1)3 with conditions (1.1)5–(1.1)7 and with the condition

(1.3) Tn− σHn = −p0n

replacing (1.1)4. In (1.3), σ is the constant coefficient of surface tension, and
H is the double mean curvature of St.

Similarly to the case σ = 0, in [15] the local motion of a capillary fluid
(the case σ 6= 0) is considered, while [18], [19] and [21] give, in that case,
analogous to those of [17], the present paper and [20], respectively. In [18]
conservation laws and global estimates for equations (1.1)1–(1.1)3 with con-
ditions (1.3) and (1.1)5–(1.1)7 are presented. Moreover, we prove in [18] that
we can choose %0, v0, θ0, θ1, p0, κ, σ and the form of the internal energy per
unit mass ε = ε(%, θ) such that vart |Ωt| is as small as we need. This result
is used in [21] to prove the global-in-time existence of solutions to problem
(1.1)1–(1.1)3, (1.3), (1.1)5–(1.1)7. Paper [19] is devoted to a differential in-
equality for problem (1.1)1–(1.1)3, (1.3), (1.1)5–(1.1)7 which is analogous to
inequality (3.160). In [21] the global existence theorem for problem (1.1)1–
(1.1)3, (1.3), (1.1)5–(1.1)7 is proved. Finally, [16] contains the review of all
results from [17]–[21] including the main result proved in this paper.

The motion of a viscous compressible heat conducting fluid in a fixed
domain was considered by A. Matsumura and T. Nishida [3]–[7], A.Valli
[13], and A. Valli and W. M. Zaja̧czkowski [14]. Papers [3] and [4] are con-
cerned with the initial value problem for equations (1.1)1–(1.1)3 considered
in R3 × (0,∞). In [4] the existence and uniqueness of a global-in-time clas-
sical solution of system (1.1)1–(1.1)3 is proved for the initial conditions

(1.4) v|t=0 = v0, %|t=0 = %0, θ|t=0 = θ0 in R3.

The solution is obtained in a neighbourhood of a constant state (v, %, θ) =
(0, %, θ), where % and θ are positive constants. In [3] the same type of result is
obtained for a polytropic gas, i.e. under the assumption that ε = cvθ, where
ε is the internal energy. In [7] the global existence theorem is proved for
system (1.1)1–(1.1)3 considered in Ω× (0,∞) (where Ω is a halfspace or an
exterior domain of any bounded region with smooth boundary) with initial
conditions (1.4) and with the boundary conditions of Dirichlet or Neumann
type. Papers [5], [6], [13] and [14] are concerned with the global motion of a
viscous compressible heat conducting fluid in a bounded domain Ω ⊂ R3.

For a compressible barotropic fluid (i.e. when the temperature of the
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fluid is constant) the problem corresponding to (1.1) has been examined by
W. M. Zaja̧czkowski [22]–[25] and V. A. Solonnikov and A. Tani [12]. In
[23]–[24] the local motion of a compressible barotropic fluid bounded by a
free surface is considered, while [22], [25] and [12] are devoted to the global
motion of such a fluid.

In [8] K. Pileckas and W. M. Zaja̧czkowski proved the existence of a
stationary motion of a viscous compressible barotropic fluid bounded by a
free surface governed by surface tension.

Finally, papers of V. A. Solonnikov [9]–[11] concern free boundary prob-
lems for viscous incompressible fluids. In the case of an incompressible fluid
% = const, so the continuity equation (1.1)2 reduces to

(1.5) div v = 0.

Therefore, the problem examined by V. A. Solonnikov [9]–[11] is described
by the Navier–Stokes equations (1.1)1 (where p = p(x, t)) and by (1.5) with
the initial condition v|t=0 = v0 and with the boundary condition being either
(1.1)4 or (1.3).

2. Notation. Let Q = Ωt or Q = St (t ≥ 0). By ‖ · ‖l,Q (l ≥ 0) and
| · |p,Q (1 ≤ p ≤ ∞) we denote the norms in the usual Sobolev spaces W l

2(Q)
and in the Lp(Q) spaces, respectively.

Next, we introduce the space Γ lk(Ω) of functions u with the norm

‖u‖Γ l
k
(Ω) =

∑
i≤l−k

‖∂itu‖l−i,Ω ≡ |u|l,k,Ω , where l > 0, k ≥ 0.

In the sequel we shall use the following notation for derivatives of u.
If u is a scalar-valued function we denote by Dk

x,tu or ux...x t...t︸ ︷︷ ︸
k times

the vector
(Dα

x∂
i
tu)|α|+i=k.

Similarly, if u = (u1, u2, u3) we denote by Dk
x,tu or ux...x t...t︸ ︷︷ ︸

k times

the vector

(Dα
x∂

i
tuj)|α|+i=k,j=1,2,3. Hence |Dk

x,tu| =
∑
|α|+i=k |Dα

x∂
i
tu|.

We use the following lemma.

Lemma 2.1. The following imbedding holds: W l
r(Q) ⊂ Lαp (Q) (Q ⊂ R3),

where |α| + 3/r − 3/p ≤ l, l ∈ Z, 1 ≤ p, r ≤ ∞; Lαp (Ω) is the space of
functions u such that |Dα

xu|p,Ω <∞, and W l
r(Q) is the Sobolev space.

Moreover , the following interpolation inequalities hold :

|Dα
xu|p,Q ≤ cε1−κ|Dl

xu|r,Q + cε−κ|u|r,Q,
where κ = |α|/l + 3/(lr) − 3/(lp) < 1, ε is a parameter , and c > 0 is a
constant independent of u and ε; and

|Dα
xu|q,∂Q ≤ cε1−κ|Dl

xu|r,Q + cε−κ|u|r,Q,
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where κ = |α|/l + 3/(lr) − 2/(lq) < 1, ε is a parameter , and c > 0 is a
constant independent of u and ε.

Lemma 2.1 follows from Theorem 10.2 of [1].

3. Global differential inequality. Assume that the existence of a
sufficiently smooth local solution of problem (1.1) has been proved. To show
the differential inequality we consider the motion near the constant state
ve = 0, pe = p0, θe = θ0 = 1

|Ω|
∫
Ω
θ0 dξ and %e, where %e is a solution of the

equation

(3.1) p(%e, θe) = p0.

Let

(3.2) pσ = p− p0, %σ = %− %0, ϑ0 = θ − θe, ϑ = θ − θΩt ,

where

θΩt =
1
|Ωt|
∫
Ωt

θ dx.

Then problem (1.1) takes the form

(3.3)

%[vt + (v · ∇)v]− div T(v, pσ) = %f in Ωt, t ∈ [0, T ],
%t + div(%v) = 0 in Ωt, t ∈ [0, T ],
%cv(%, θ)(ϑ0t + v · ∇ϑ0) + θpθ(%, θ) div v

− κ∆ϑ0 −
1
2
µ
∑
i,j

(∂xivj + ∂xjvi)
2

− (ν − µ)(div v)2 = %r in Ωt, t ∈ [0, T ],
T(v, pσ)n = 0 on St, t ∈ [0, T ],
∂ϑ0/∂n = θ1 on St, t ∈ [0, T ],

where T(v, pσ) = {µ(∂xivj + ∂xjvi) + (ν − µ)δij div v − pσδij} and T is the
time of local existence.

In the sequel we shall use the following Taylor formula for pσ:

pσ = p(%, θ)− p(%e, θe) = p(%, θ)− p(%e, θ) + p(%e, θ)− p(%e, θe)(3.4)

= (%− %e)
1∫

0

p%(%e + s(%− %e), θ) ds

+ (θ − θe)
1∫

0

pθ(%e, θe + s(θ − θe)) ds ≡ p1%σ + p2ϑ0.

We shall also use the formula
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pσ = p(%, θ)− p(%Ωt , θΩt)(3.5)

= (%− %Ωt)
1∫

0

p%(%Ωt + s(%− %Ωt), θ) ds

+ (θ − θΩt)
1∫

0

pθ(%Ωt , θΩt + s(θ − θΩt)) ds ≡ p3%Ωt + p4ϑ,

where the function %Ωt = %Ωt(t) is a solution of the problem

(3.6) p(%Ωt , θΩt) = p0, %Ωt |t=0 = %e

and

(3.7) %Ωt = %− %Ωt .

The functions pi (i = 1, 2, 3, 4) in (3.4) and (3.5) are positive and p1 =
p1(%, θ), p2 = p2(%e, θ), p3 = p3(%Ωt , %, θ), p4 = p4(%Ωt , θΩt , θ).

Now we point out the following facts concerning the estimates in Lemmas
3.1–3.12 and Theorem 3.13:

• By ε we denote small constants and for simplicity we do not distinguish
them.
• By C1 and C2 we denote constants which depend on %∗, %∗, θ∗, θ∗, T ,∫ T

0
‖v‖23,Ωt′ dt

′, ‖S‖4−1/2, on the parameters which guarantee the existence
of the inverse transformation to x = x(ξ, t) and also the constants of the
imbedding theorems and the Korn inequalities. C1 is always the coefficient
of a linear term, while C2 is the coefficient of a nonlinear term. For simplicity
we do not distinguish different C1’s and C2’s.
• By c we denote absolute constants which may depend on µ, ν, κ, and

by c0 < 1 we denote positive constants which may depend on µ, ν, κ, %∗,
%∗, θ∗, θ∗. For simplicity we do not distinguish different c’s and c0’s.
• We underline that all the estimates are obtained under the assump-

tion that there exists a local-in-time solution of (1.1), so all the quantities
%∗, %∗, θ∗, θ∗, T ,

∫ T
0
‖v‖23,Ωt′dt

′, ‖S‖4−1/2 are estimated by the data func-
tions. Moreover, the existence of the inverse transformation to x = x(ξ, t) is
guaranteed by the estimates for the local solution (see [14]).

Lemma 3.1. Let v, %, ϑ0 be a sufficiently smooth solution of (3.3). Then

(3.8)
1
2
d

dt

∫
Ωt

(
%v2 +

p1

%
%2
σ + %2

Ωt +
p2%cv
pθθ

ϑ2
0

)
dx

+ c0‖v‖21,Ωt + (ν − µ)‖div v‖20,Ωt + c0‖ϑ0x‖20,Ωt
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≤ ε(‖pσ‖20,Ωt + ‖ϑ0tx‖20,Ωt)

+ C1(‖v‖20,Ωt + ‖r‖20,Ωt + ‖r‖0,Ωt + ‖θ1‖21,Ωt + ‖θ1‖1,Ωt + ‖f‖20,Ωt)

+ C2(‖%σ‖42,Ωt + ‖%Ωt‖
4
2,Ωt + ‖v‖42,Ωt + ‖ϑ0‖42,Ωt),

where ε > 0 is sufficiently small.

P r o o f. Multiplying (3.3)1 by v, integrating over Ωt and using the con-
tinuity equation (3.3)2 and (3.4) we obtain

(3.9)
1
2
d

dt

∫
Ωt

%v2 dx+
µ

2
EΩt(v) + (ν − µ)‖div v‖20,Ωt

−
∫
Ωt

p1%σ div v dx−
∫
Ωt

p2ϑ0 div v dx =
∫
Ωt

%fv dx,

where EΩt(v) =
∫
Ωt

∑3
i,j=1(∂xivj + ∂xjvi)

2 dx.
By the continuity equation (3.3)2, energy equation (3.3)3 and condition

(3.3)5 we have

−
∫
Ωt

p1%σ div v dx =
∫
Ωt

p1

%
%σ(%σt + v · ∇%σ) dx(3.10)

=
1
2
d

dt

∫
Ωt

p1%
2
σ

%
dx+ I1,

where

|I1| ≤ ε(‖vx‖20,Ωt + ‖ϑ0x‖20,Ωt) + C1(‖r‖20,Ωt + ‖θ1‖21,Ωt)(3.11)

+ C2(‖%σ‖41,Ωt + ‖v‖21,Ωt‖%σ‖
2
2,Ωt + ‖v‖21,Ωt‖ϑ0‖22,Ωt

+ ‖v‖22,Ωt‖%σ‖
2
1,Ωt + ‖%σ‖22,Ωt‖%σ‖

2
1,Ωt).

Next, dividing equation (3.3)3 by θ%θ, multiplying the result by p2ϑ0 and
integrating over Ωt we get

(3.12)
∫
Ωt

p2%cv
θpθ

(
∂t
ϑ2

0

2
+v ·∇ϑ

2
0

2

)
dx+
∫
Ωt

p2ϑ0 div v dx−
∫
Ωt

p2κ∆ϑ0

θpθ
ϑ0 dx

−
∫
Ωt

p2µ

2θpθ

∑
i,j

(∂xivj + ∂xjvi)
2ϑ0 dx−

∫
Ωt

p2(ν − µ)
θpθ

(div v)2ϑ0 dx

=
∫
Ωt

p2%r

θpθ
ϑ0 dx.

Hence applying the boundary condition (3.3)5 we have
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(3.13)
∫
Ωt

p2%cv
θpθ

(
∂t
ϑ2

0

2
+v ·∇ϑ

2
0

2

)
dx+
∫
Ωt

p2ϑ0 div v dx+
∫
Ωt

p2κ

θpθ
|ϑ0x|2 dx

= I2 +
∫
Ωt

p2%r

θpθ
ϑ0 dx+

∫
St

p2κ

θpθ
θ1ϑ0 dx,

where

|I2| ≤ ε(‖vx‖20,Ωt + ‖ϑ0x‖20,Ωt)(3.14)

+ C2‖ϑ0‖21,Ωt(‖v‖
2
2,Ωt + ‖%σ‖22,Ωt + ‖ϑ0‖22,Ωt).

Moreover,∣∣∣∣ ∫
Ωt

p2%r

θpθ
ϑ0 dx

∣∣∣∣ ≤ ∣∣∣∣ ∫
Ωt

p2%r

θpθ
ϑ dx

∣∣∣∣+
∣∣∣∣ ∫
Ωt

p2%r

θpθ
(θΩt − θe) dx

∣∣∣∣(3.15)

≤ ε‖ϑ‖20,Ωt + C1(‖r‖20,Ωt + ‖r‖0,Ωt)

and

(3.16)
∣∣∣∣ ∫
St

p2κ

θpθ
θ1ϑ0 ds

∣∣∣∣ ≤ ε(‖ϑ‖20,Ωt +‖ϑ0x‖20,Ωt)+C1(‖θ1‖21,Ωt +‖θ1‖1,Ωt).

Next, using equations (3.3)2, (3.3)3 and condition (3.3)5 yields

(3.17)
∫
Ωt

p2%cv
θpθ

(
∂t
ϑ2

0

2
+ v · ∇ϑ

2
0

2

)
dx =

1
2
d

dt

∫
Ωt

p2%cv
θpθ

ϑ2
0 dx+ I3,

where

|I3| ≤ ε(‖vx‖20,Ωt + ‖ϑ0x‖20,Ωt) + C1(‖r‖20,Ωt + ‖θ1‖21,Ωt)(3.18)

+ C2‖ϑ0‖21,Ωt(‖ϑ0‖22,Ωt + ‖v‖22,Ωt + ‖%σ‖22,Ωt).

Taking into account (3.9)–(3.11), (3.13)–(3.18), using Lemma 5.2 of [21]
and the Poincaré inequality

(3.19) ‖ϑ‖0,Ωt ≤ C1‖ϑ0x‖0,Ωt
we obtain for sufficiently small ε,

(3.20)
1
2
d

dt

∫
Ωt

(
%v2 +

p1%
2
σ

%
+
p2%cv
θpθ

ϑ2
0

)
dx+ c0‖v‖21,Ωt

+ (ν − µ)‖div v‖20,Ωt + c0‖ϑ0x‖20,Ωt
≤ C1(‖v‖20,Ωt + ‖r‖20,Ωt + ‖r‖0,Ωt + ‖θ1‖21,Ωt + ‖θ‖1,Ωt + ‖f‖20,Ωt)

+ C2[‖%σ‖21,Ωt(‖%σ‖
2
1,Ωt + ‖v‖22,Ωt)

+ ‖%σ‖22,Ωt(‖v‖
2
1,Ωt + ‖ϑ0‖22,Ωt) + ‖ϑ0‖21,Ωt(‖ϑ0‖22,Ωt + ‖v‖22,Ωt)].
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Finally, by (3.3)2 and (3.7) we have

(3.21) ∂t%Ωt + v · ∇%Ωt + %div v + ∂t%Ωt = 0,

where in view of (3.6),

(3.22) ∂t%Ωt = −
pθΩt
p%Ωt

∂tθΩt .

Using the definition of θΩt we calculate

∂tθΩt =
1
|Ωt|
∫
Ωt

ϑ0t dx+
1
|Ωt|
∫
Ωt

θ div v dx(3.23)

− 1
|Ωt|2

( ∫
Ωt

θ dx
)( ∫

Ωt

div v dx
)
.

Consider now

1
2
d

dt

∫
Ωt

%2
Ωt dx = −

∫
Ωt

%2
Ωt%div v dx−

∫
Ωt

%Ωt∂t%Ωt dx(3.24)

+
1
2

∫
Ωt

%2
Ωt div v dx,

where we have used equation (3.21). Since by (3.3)3,

(3.25) ‖ϑ0t‖20,Ωt
≤ ε‖ϑ0xt‖20,Ωt + C1(‖r‖20,Ωt + ‖θ1‖21,Ωt + ‖vx‖20,Ωt + ‖ϑ0x‖20,Ωt)

+ C2(‖v‖21,Ωt‖ϑ0‖22,Ωt + ‖v‖41,Ωt + ‖%σ‖22,Ωt‖ϑ0‖22,Ωt + ‖ϑ0‖42,Ωt),

relations (3.22)–(3.24) give the estimate

1
2
d

dt

∫
Ωt

%2
Ωt dx ≤ ε(‖%Ωt‖

2
0,Ωt + ‖ϑ0tx‖20,Ωt)(3.26)

+ C1(‖r‖20,Ωt + ‖θ1‖21,Ωt + ‖vx‖20,Ωt + ‖ϑ0x‖20,Ωt)
+ C2(‖v‖21,Ωt‖ϑ0‖22,Ωt + ‖v‖42,Ωt + ‖%Ωt‖

4
1,Ωt

+ ‖%σ‖22,Ωt‖ϑ0‖22,Ωt + ‖ϑ0‖42,Ωt).

By (3.5) and the Poincaré inequality (3.19) we have

(3.27) ‖%Ωt‖0,Ωt ≤ C1(‖ϑ0x‖0,Ωt + ‖%σ‖0,Ωt).

The estimates (3.20), (3.26) and (3.27) imply (3.8).

Lemma 3.2. Let v, %, ϑ0 be a sufficiently smooth solution of (3.3). Then
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(3.28)
1
2
d

dt

∫
Ωt

(
%vt +

pσ%
%
%2
σt +

%cv
θ
ϑ2

0t

)
dx

+ c0‖vt‖21,Ωt + (ν − µ)‖ div vt‖20,Ωt + c0‖ϑ0t‖21,Ωt
≤ ε(‖v‖21,Ωt + ‖ϑ0x‖20,Ωt)

+ C1(|f |21,0,Ωt + |r|21,0,Ωt + |θ1|22,1,Ωt) + C2X
2
1 (1 +X1),

where X1 = |v|22,1,Ωt + |%σ|22,1,Ωt + |ϑ0|22,1,Ωt .

P r o o f. Differentiating (3.3)1 with respect to t, multiplying by vt and
integrating over Ωt we obtain

(3.29)
∫
Ωt

(
%∂t

v2
t

2
+ %v · ∇v

2
t

2

)
dx+

µ

2
EΩt(vt) + (ν − µ)‖div vt‖20,Ωt

−
∫
Ωt

p%%σt div vt dx−
∫
Ωt

pθϑ0t div vt dx

+
∫
Ωt

(%tv2
t + %tvt · (v∇v) + %vt · (vt∇v)) dx+

∫
St

(T(v, pσ)nt) · vt ds

=
∫
Ωt

∂t(%f) · vt dx,

where we have used the boundary condition (3.3)4.
The continuity equation (3.3)2 yields

(3.30) −
∫
Ωt

p%%σt div vt dx

=
∫
Ωt

(
p%
%
%σt%σtt +

p%
%
%2
σt div v +

p%
%
%σtvt∇%σ +

p%
%
%σtv∇%σt

)
dx

=
1
2
d

dt

∫
Ωt

p%
%
%2
σt dx+ I4,

where

(3.31) |I4| ≤ ε(‖vt‖21,Ωt + ‖%σt‖20,Ωt)

+C2[‖%σt‖21,Ωt(‖%σ‖
2
2,Ωt + ‖ϑ0t‖21,Ωt + ‖%σt‖21,Ωt + ‖ϑ0‖22,Ωt)].

Using (3.30), (3.31) and Lemma 5.3 of [21] we obtain from (3.29) the
inequality
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(3.32)
1
2
d

dt

∫
Ωt

(
%v2
t +

p%
%
%2
σt

)
dx

+ c0‖vt‖21,Ωt + (ν − µ)‖div vt‖20,Ωt −
∫
Ωt

pθϑ0t div vt dx

≤ ε‖%σt‖20,Ωt + C1|f |21,0,Ωt + C2X
2
1 (1 +X1),

Dividing now (3.3)3 by θ, differentiating with respect to t, multiplying by
ϑ0t, integrating over Ωt and next applying the Hölder and Young inequalities
and the Sobolev lemma gives

(3.33)
1
2
d

dt

∫
Ωt

%cv
θ
ϑ2

0t dx+
∫
Ωt

pθϑ0t div vt dx+
κ

θ∗

∫
Ωt

|ϑ0tx|2 dx

≤ ε(‖%σt‖20,Ωt + ‖vt‖20,Ωt + ‖ϑ0t‖20,Ωt + ‖ϑ0tx‖20,Ωt)

+ C1(‖r‖20,Ωt + ‖rt‖20,Ωt + |θ1|22,1,Ωt) + C2X
2
1 .

From the continuity equation (3.3)2 it follows that

(3.34) ‖%σt‖20,Ωt ≤ C1‖v‖21,Ωt + C2‖v‖21,Ωt‖%σ‖
2
2,Ωt .

Finally, adding inequalities (3.32)–(3.33) and using (3.25) and (3.34) we
obtain (3.28).

Lemmas 3.1 and 3.2 imply

Lemma 3.3. Let v, %, ϑ0 be a sufficiently smooth solution of (3.3). Then

(3.35)
1
2
d

dt

∫
Ωt

%(v2 + v2
t ) dx+

1
2
d

dt

∫
Ωt

1
%

(p1%
2
σ + p%%

2
σt) dx

+
1
2
d

dt

∫
Ωt

%2
Ωt dx+

1
2
d

dt

∫
Ωt

%cv
θ

(
p2

pθ
ϑ2

0+ϑ2
0t

)
dx+c0(‖v‖21,Ωt+‖vt‖

2
1,Ωt)

+ (ν − µ)(‖div v‖20,Ωt + ‖div vt‖20,Ωt)

+ c0(‖ϑ0x‖20,Ωt + ‖ϑ0t‖21,Ωt)

≤ ε‖pσ‖20,Ωt+C1(‖v‖20,Ωt+|r|
2
1,0,Ωt+‖r‖0,Ωt+|θ1|

2
2,1,Ωt+‖θ1‖0,Ωt+|f |

2
1,0,Ωt)

+ C2[‖%Ωt‖
4
2,Ωt +X2

1 (1 +X1)],

where X1 is defined in Lemma 3.2.

In order to obtain an inequality for derivatives with respect to x we
rewrite problem (3.3) in the Lagrangian coordinates and next we introduce
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a partition of unity in the fixed domain Ω. Thus we have

(3.36)

ηuit −∇ujT iju (u, pσ) = ηgi, i = 1, 2, 3,
ησt + η∇u · u = 0,

ηcv(η, Γ )γ0t − κ∇2
uγ0

= ηk − ΓpΓ (η, Γ )∇u · u

+
µ

2

3∑
i,j=1

(ξkxi∂ξkuj + ξkxj∂ξkui)
2 + (ν − µ)(∇u · u)2,

Tu(u, pσ)n(ξ, t) = 0,
n · ∇uΓ = Γ1,

where
η(ξ, t) = %(x(ξ, t), t), u(ξ, t) = v(x(ξ, t), t), g(ξ, t) = f(x(ξ, t), t),
Γ (ξ, t) = θ(x(ξ, t), t), γ0(ξ, t) = ϑ0(x(ξ, t), t), Γ1 = θ1(x(ξ, t), t)

and

(3.37)

Tu(u, pσ) = {T iju (u, pσ)}

= {−pσδij + µ(∇ujui +∇uiuj) + (ν − µ)δij∇u · u},

∇u = ξx∂ξ ≡ (ξixk∂ξi)k=1,2,3, ∇ui = ξkxi∂ξk ,

divu Tu(u, pσ) = ∇uTu(u, pσ).

By (3.4), (3.5) we have respectively

(3.38) pσ = p1ησ + p2γ0

and

(3.39) pσ = p3ηΩt + p4γ,

where

ησ = η − %e, γ0 = Γ − θe, ηΩt = η − %Ωt , γ = Γ − θΩt ,
p1 = p1(η, Γ ), p2 = p2(η, Γ ), p3 = p3(%Ωt , η, Γ ),

p4 = p4(%Ωt , θΩt , Γ ), pi > 0 (i = 1, 2, 3).

Let us introduce a partition of unity ({Ω̃i}, {ζi}), Ω =
⋃
i Ω̃i. Let Ω̃ be

one of the Ω̃i’s and ζ(ξ) = ζi(ξ) be the corresponding function. If Ω̃ is an
interior subdomain then let ω̃ be a set such that ω̃ ⊂ Ω̃ and ζ(ξ) = 1 for
ξ ∈ ω̃. Otherwise we assume that Ω̃ ∩ S 6= ∅, ω̃ ∩ S 6= ∅, ω̃ ⊂ Ω̃. Take any
β ∈ ω̃ ∩S ⊂ Ω̃ ∩S = S̃ and introduce local coordinates {y} associated with
{ξ} by

(3.40) yk = αkl(ξl − βl), α3k = nk(β), k = 1, 2, 3,
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where αkl is a constant orthogonal matrix such that S̃ is determined by the
equation y3 = F (y1, y2), F ∈W 4−1/2

2 and

Ω̃ = {y : |yi| < d, i = 1, 2, F (y′) < y3 < F (y′) + d, y′ = (y1, y2)}.

Next, we introduce functions u′, η′, Γ ′, γ′0, γ′, Γ ′1 by

(3.41)

u′i(y) = αijuj(ξ)|ξ=ξ(y), η′(y) = η(ξ)|ξ=ξ(y),
Γ ′(y) = Γ (ξ)|ξ=ξ(y), γ′0(y) = γ0(ξ)|ξ=ξ(y),
γ′(y) = γ(ξ)|ξ=ξ(y), Γ ′1(y) = Γ1(ξ)|ξ=ξ(y),

where ξ = ξ(y) is the inverse transformation to (3.40). Further, we introduce
new variables by

(3.42) zi = yi (i = 1, 2), z3 = y3 − F̃ (y), y ∈ Ω̃,

which will be denoted by z = Φ(y) (where F̃ is an extension of F with
F̃ ∈W 4

2 ).
Let Ω̂ = Φ(Ω̃) = {z : |zi| < d, i = 1, 2, 0 < z3 < d} and Ŝ = Φ(S̃).

Define

(3.43)

û(z) = u′(y)|y=Φ−1(z), η̂(z) = η′(y)|y=Φ−1(z),

Γ̂ (z) = Γ ′(y)|y=Φ−1(z), γ̂0(z) = γ′0(y)|y=Φ−1(z),

γ̂(z) = γ′(y)|y=Φ−1(z), Γ̂1(z) = Γ ′1(y)|y=Φ−1(z).

Set ∇̂k = ξlxk(ξ)ziξl∇zi |ξ=χ−1(z), where χ(ξ) = Φ(ψ(ξ)) and y = ψ(ξ) is
described by (3.40). We also introduce the following notation:

(3.44)

ũ(ξ) = u(ξ)ζ(ξ), η̃(ξ) = η(ξ)ζ(ξ),

Γ̃ (ξ) = Γ (ξ)ζ(ξ), γ̃0(ξ) = γ0(ξ)ζ(ξ),

γ̃(ξ) = γ(ξ)ζ(ξ), Γ̃1(ξ) = Γ1(ξ)ζ(ξ)

for ξ ∈ Ω̃, Ω̃ ∩ S = ∅, and

(3.45)

ũ(z) = û(z)ζ̂(z), η̃(z) = η̂(z)ζ̂(z),

Γ̃ (z) = Γ̂ (z)ζ̂(z), γ̃0(z) = γ̂0(z)ζ̂(z),

γ̃(z) = γ̂(z)ζ̂(z), Γ̃1(z) = Γ̂1(z)ζ̂(z)

for z ∈ Ω̂ = Φ(Ω̃), Ω̃ ∩ S 6= ∅, where ζ̂(z) = ζ(ξ)|ξ=χ−1(z).
Using the above notation and (3.2) we can rewrite problem (3.36) in the

following form in an interior subdomain:
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(3.46)

ηũit −∇ujT iju (ũ, p̃σ) = ηg̃i −∇ujBiju (u, ζ)− T iju (u, pσ)∇ujζ

≡ ηg̃i + k1, i = 1, 2, 3,

η̃σt + η∇u · ũ = ηu · ∇uζ ≡ k2,

ηcv(η, Γ )γ̃t − κ∇2
uγ̃ + ΓpΓ (η, Γ )∇u · ũ

= ηk̃ +
[

1
2
µ

3∑
i,j=1

(ξkxi∂ξkuj + ξkxj∂ξkui)
2 + (ν − µ)(∇u · u)2

]
ζ

+ ΓpΓ (η, Γ )u · ∇uζ − κ(∇2
uζγ + 2∇uζ · ∇uγ)

− ηcv(η, Γ )ζ∂tθΩt ≡ ηk̃ + k3,

where pσ = pσζ and

Bu(u, ζ) = {Biju (u, ζ)} = {µ(ui∇ujζ + uj∇uiζ) + (ν − µ)∂iju · ∇uζ}.

In boundary subdomains we have

(3.47)

η̂ũit − ∇̂j T̂ ij(ũ, p̃σ) = η̂g̃i − ∇̂jB̂ij(û, ζ̂)− T̂ ij(û, pσ)∇̂j ζ̂

≡ η̂g̃i + ki4,

η̃σt + η̂∇̂ · ũ = η̂û · ∇̂ζ̂ ≡ k5,

η̂cv(η̂, Γ̂ )γ̃t − κ∇̂2γ̃ + Γ̂ pΓ (η̂, Γ̂ )∇̂ · ũ

= η̂k̃ +
[

1
2
µ

3∑
i,j=1

(∇̂iûj + ∇̂j ûi)2 + (ν − µ)(∇̂ · û)2
]
ζ̂

+ Γ̂ pΓ (η̂, Γ̂ )û · ∇̂ζ̂ − κ(∇̂2ζ̂ · γ̂ + 2∇̂ζ̂ · ∇̂γ̂)

− η̂cv(η̂, Γ̂ )∂tθΩt ζ̂ ≡ η̂k̃ + k6,

T̂(ũ, p̃σ)n̂ = k7,

n̂ · ∇̂γ̃ = Γ̃1 + k8,

where ki7 = B̂ij(û, ζ̂)n̂j , k8 = n̂·∇̂ζ̂ γ̂, ∇̂ = (∇̂j)j=1,2,3, and T̂ and B̂ indicate
that the operator ∇u is replaced by ∇̂.

In the considerations below we denote z1, z2 by τ and z3 by n.

Lemma 3.4. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.48)
1
2
d

dt

∫
Ωt

(
%v2
x +

pσ%
%
%2
σx +

%cv
θ
ϑ2

0x

)
dx

+ c0(‖vx‖21,Ωt + ‖%Ωt‖
2
0,Ωt + ‖%σx‖20,Ωt + ‖%σt‖20,Ωt + ‖ϑ0x‖21,Ωt)



A differential inequality for fluid bounded by a free surface 155

≤ ε(‖vxt‖20,Ωt + ‖ϑ0xt‖20,Ωt)

+ C1(|v|21,0,Ωt + ‖%Ωt‖
2
0,Ωt + ‖ϑ‖20,Ωt + ‖ϑ0x‖20,Ωt

+ ‖ϑ0t‖20,Ωt + ‖f‖21,Ωt + ‖r‖21,Ωt + ‖θ1‖22,Ωt)

+ C2

(
X2 +

t∫
0

‖v‖23,Ωt′ dt
′
)
Y2,

where

v2
x =

3∑
i,j=1

v2
ixj , %2

σx =
3∑
i=1

%2
σxi , ϑ2

0x =
3∑
i=1

ϑ2
0xi ,

X2 = |v|22,1,Ωt + |%σ|22,1,Ωt + |ϑ0|22,1,Ωt + ‖%Ωt‖
2
0,Ωt ,

Y2 = X2 + ‖v‖23,Ωt + ‖ϑ0x‖22,Ωt + ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt .

P r o o f. First we obtain the estimate in interior subdomains. Differenti-
ating (3.46)1 with respect to ξ, multiplying the result by ũξA (where A is
the Jacobian of the transformation x = x(ξ)) and integrating over Ω̃ we get

(3.49)
1
2
d

dt

∫̃
Ω

ηũ2
ξAdξ +

1
2
µ
∫̃
Ω

(∇ui ũjξ +∇uj ũiξ)2Adξ

+ (ν − µ)‖∇u · ũξ‖20,Ω̃ −
∫̃
Ω

p̃σξ · (∇u · ũξ)Adξ

≤ ε(‖uξξ‖20,Ω̃ + ‖ησξ‖20,Ω̃ + ‖γ0ξ‖20,Ω̃)

+ C1(‖u‖2
1,Ω̃

+ ‖γ0ξ‖20,Ω̃ + ‖ηΩt‖
2
0,Ω̃

+ ‖γ‖2
0,Ω̃

+ ‖g̃‖2
0,Ω̃

)

+ C2

(
X2(Ω̃) +

t∫
0

‖u‖2
3,Ω̃

dt′
)
Y2(Ω̃),

where ‖h‖0,Ω̃ = (
∫
Ω̃
|h|2Adξ)1/2, ũ2

ξ =
∑3
i=1 ũ

2
iξ and

X2(Ω̃) = |u|2
2,1,Ω̃

+ |ησ|22,1,Ω̃ + |γ0|22,1,Ω̃ + ‖ηΩt‖
2
0,Ω̃

,

Y2(Ω̃) = X2(Ω̃) + ‖u‖2
3,Ω̃

+ ‖γ‖2
3,Ω̃

+ ‖ηΩt‖
2
0,Ω̃

.

Next, we have

−
∫̃
Ω

p̃σξ(∇u · ũξ)Adξ = −
∫̃
Ω

pσξγ̃ξ(∇u · ũξ)Adξ(3.50)

−
∫̃
Ω

pσξη̃Ωtξ(∇u · ũξ)Adξ + I5,
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where

(3.51) |I5| ≤ ε‖ũξξ‖20,Ω̃ + C1(‖γ‖2
0,Ω̃

+ ‖ηΩt‖
2
0,Ω̃

).

In order to consider −
∫
Ω̃
pσξη̃Ωtξ(∇u ·ũξ)Adξ we rewrite equation (3.21)

in the Lagrangian coordinates to obtain

(3.52) ∂tη̃Ωt + η∇u · ũ = ηu · ∇uζ − ζ∂t%Ωt .

Differentiating (3.52) with respect to ξ yields

∇u · ũξ = −
∂tη̃Ωtξ
η

+
ησξ∇u · ũ

η
− ξ′x

t∫
0

uξξ dt
′ ũξ +

ησξ
η
u · ∇uζ

+ uξ∇uζ + uξ′x

t∫
0

uξξ dt
′ ζξ + u∇uζξ −

ζξ
η
∂t%Ωt .

Hence

−
∫̃
Ω

pσξη̃Ωtξ(∇u · ũξ)Adξ =
1
2
d

dt

∫̃
Ω

pσξ
η
η̃2
ΩtξAdξ(3.53)

+
∫̃
Ω

pσξη̃Ωtξ
ζξ
η
∂t%Ωt dξ + I6,

where

|I6| ≤ ε‖ησξ‖20,Ω̃ + C1(‖ηΩt‖
2
0,Ω̃

+ ‖u‖2
1,Ω̃

)(3.54)

+ C2

[
‖ησ‖22,Ω̃‖u‖

2
2,Ω̃

+ ‖u‖2
2,Ω̃

∥∥∥ t∫
0

u dt′
∥∥∥2

3,Ω̃

+ ‖ηΩt‖
2
2,Ω̃

(|ησ|22,1,Ω̃ + |γ0|22,1,Ω̃ + ‖u‖2
2,Ω̃

)
]

and by (3.22) and (3.23),

(3.55)
∫̃
Ω

∣∣∣∣pση η̃Ωtξ ζξη ∂t%Ωt
∣∣∣∣ dξ

≤ ε‖ησξ‖20,Ω̃ + C1(‖ηΩt‖
2
0,Ω̃

+ ‖ϑ0t‖20,Ω̃ + ‖v‖2
1,Ω̃

).

Next, dividing (3.46)3 by Γ , differentiating the result with respect to ξ,
multiplying by γ̃ξA and integrating over Ω̃ yields

(3.56)
1
2
d

dt

∫̃
Ω

ηcv
Γ
γ̃2
ξAdξ +

∫̃
Ω

pσΓ∇u · ũξγ̃ξAdξ +
∫̃
Ω

κ

Γ
|∇uγ̃ξ|2Adξ
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≤ ε(‖ησξ‖20,Ω̃ + ‖γ̃ξξ‖20,Ω̃ + ‖ũξξ‖20,Ω̃)

+ C1(‖γ0ξ‖20,Ω̃ + ‖γ‖2
0,Ω̃

+ ‖ϑ0t‖20,Ωt + ‖u‖2
1,Ω̃

+ ‖v‖21,Ωt + ‖k̃‖2
0,Ω̃

)

+ C2

[(
X2(Ω̃) +

t∫
0

‖u‖2
3,Ω̃

dt′
)
Y2(Ω̃) + ‖γ‖2

2,Ω̃
(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)

]
.

Consider now the Stokes problem

(3.57)

µ∇2
uũ− ν∇u∇u · ũ+ pση∇uη̃Ωt
= ηg̃ − ηũt − p̃σΓ∇uγ0 − pση∇uζηΩt + k1,

∇u · ũ = ∇u · ũ,
ũ|∂Ω̃ = 0.

For ũ and η̃Ωt satisfying (3.57) we have

(3.58) ‖ũ‖2
2,Ω̃

+ ‖η̃Ωt‖
2
1,Ω̃

≤ C1(|u|2
1,0,Ω̃

+ ‖γ‖2
0,Ω̃

+ ‖γ0ξ‖20,Ω̃ + ‖ηΩt‖
2
0,Ω̃

+ ‖g̃‖2
0,Ω̃

)

+ C2

[
(‖u‖2

2,Ω̃
+ ‖γ0‖22,Ω̃ + ‖ησ‖21,Ω̃)

∥∥∥ t∫
0

u dt′
∥∥∥2

3,Ω̃

]
+ c‖∇u · ũ‖21,Ω̃ .

Summing up inequalities (3.49)–(3.51), (3.53)–(3.55), (3.56), (3.58) and us-
ing Lemma 5.1 of [21] in the case G = Ω, v = ũξ we obtain

(3.59)
1
2
d

dt

∫̃
Ω

(
ηũ2

ξ +
pση
η
η̃2
Ωtξ +

ηcv
Γ
γ̃2
ξ

)
Adξ

+
1
2
µ‖ũξ‖21,Ω̃ +

κ

θ∗
‖γ̃ξξ‖20,Ω̃ + ‖η̃Ωt‖

2
1,Ω̃

≤ ε(‖ũξξ‖20,Ω̃ + ‖ησξ‖20,Ω̃ + ‖γ̃ξξ‖20,Ω̃)

+ C1(|u|2
1,0,Ω̃

+ ‖v‖21,Ωt + ‖γ0ξ‖20,Ω̃ + ‖γ‖2
0,Ω̃

+ ‖ϑ0t‖20,Ωt + ‖ηΩt‖
2
0,Ω̃

+ ‖g̃‖2
0,Ω̃

+ ‖k̃‖2
0,Ω̃

)

+ C2

[(
X2(Ω̃) +

t∫
0

‖u‖2
3,Ω̃

dt′
)
Y2(Ω̃) + ‖γ‖2

2,Ω̃
(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)

]
.

Now we consider subdomains near the boundary. Differentiate (3.47)1
with respect to τ , multiply the result by ũτJ and integrate over Ω̂ (J is the
Jacobian of x=x(z)). Next, divide (3.47)3 by Γ̂ , differentiate the result with
respect to τ , multiply by γ̃τJ and integrate over Ω̂. Hence using Lemma 5.1
of [21] and equation (3.47)2 we get
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(3.60)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

τ +
pση̂
η̂
η̃2
Ωtτ +

η̂cv

Γ̂
γ̃2
τ

)
J dz + c0(‖ũτ‖21,Ω̂ + ‖γ̃τz‖20,Ω̂)

−
∫̂
S

(T̂(ũ, p̃σ)n̂),τ ũτJ dz′ − κ
∫̂
S

(n̂ · Γ̂−1∇̂γ̃),τ γ̃τJ dz′

≤ ε(‖ũzz‖20,Ω̂ + ‖η̂σz‖20,Ω̂ + ‖γ̂0zz‖20,Ω̂)

+ C1(|û|2
1,0,Ω̂

+ ‖v‖21,Ωt + ‖γ̂0τ‖20,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖η̂Ωt‖
2
0,Ω̂

+ ‖g̃‖2
1,Ω̂

+ ‖k̃‖2
1,Ω̂

)

+ C2

[(
X2(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)
Y2(Ω̂) + ‖γ̂‖2

2,Ω̂
(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)

]
,

where X2(Ω̂) and Y2(Ω̂) are defined analogously to X2(Ω̃) and Y2(Ω̃).
Using the boundary conditions (3.47)4 and (3.47)5 we have

(3.61) −
∫̂
S

(T̂(ũ, p̃σ)n̂),τ ũτJ dz′

≤ ε‖ûzz‖20,Ω̂ + C1‖û‖21,Ω̂ + C2‖û‖22,Ω̂
∥∥∥ t∫

0

û dt′
∥∥∥2

3,Ω̂

and

(3.62) − κ
∫̂
S

(n̂ · Γ̂−1∇̂γ̂),τ γ̃τJ dz′

≤ ε‖γ̂0zz‖20,Ω̂ + C1(‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖20,Ω̂ + ‖Γ̃1‖22,Ω̂)

+ C2‖γ̂‖22,Ω̂
(
‖γ̂0‖22,Ω̂ + ‖γ̂‖2

2,Ω̂
+ ‖η̂σ‖22,Ω̂ +

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂

)
.

To obtain (3.61) and (3.62) we have applied the interpolation inequality (see
Lemma 2.1).

Writing equation (3.52) in the coordinates z we obtain

(3.63) ∂tη̃Ωt + η̂∇̂ · ũ = η̂û · ∇̂ζ̂ − ζ̂∂t%Ωt .

Applying now the operator (µ + ν)∇zi to (3.63), dividing the result by η̂,
adding to (3.47)1 and multiplying both sides of the result by pση̂ gives

(3.64)
(µ+ ν)pση̂

η̂
∇zi∂tη̃Ωt + p2

ση̂∇̂iη̃Ωt

= p3pση̂ η̂Ωt∇̂iζ̂ − pση̂pσΓ̂ ζ̂∇̂iγ̂0 − p2
ση̂∇̂iζ̂ η̂Ωt − p3pση̂∇̂iζ̂ γ̂ − pση̂ η̂ũit
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+ pση̂ η̂g̃i −
(µ+ ν)

η̂
pση̂∇zi η̂∇̂ · ũ+

(µ+ ν)
η̂

pση̂∇zi(η̂û · ∇̂ζ̂)

+ µpση̂(∇̂2ũi − ∇̂i∇̂ · ũ) + (µ+ ν)pση̂(∇̂i −∇zi)∇̂ · ũ

− (µ+ ν)
η̂

pση̂∇zi ζ̂∂t%Ωt + pση̂k
i
4.

Multiplying the normal component of (3.64) by η̃σnJ and integrating over
Ω̂ implies

(3.65)
1
2
d

dt

∫̂
Ω

pση̂
η̂
η̃2
ΩtnJ dz + c0‖η̃Ωtn‖

2
0,Ω̂

≤ (ε+ cd)(‖η̃Ωtn‖
2
0,Ω̂

+ ‖ũnn‖20,Ω̂)

+ C1(‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖20,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖ϑ0t‖20,Ωt
+ |û|2

1,0,Ω̂
+ ‖v‖21,Ωt + ‖ũzτ‖20,Ω̂ + ‖g̃‖2

0,Ω̂
)

+ C2

[
‖η̂σ‖22,Ω̂‖û‖

2
2,Ω̂

+ ‖η̂Ωt‖
2
2,Ωt

×
(
‖η̂σt‖21,Ω̂ + ‖û‖2

2,Ω̂
+ ‖γ̂0t‖21,Ω̂ +

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂

)

+ ‖û‖2
2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂
+ ‖û‖2

3,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

2,Ω̂

]
.

Now, write (3.47)1 in the form

(3.66) η̂ũit − µ∆ũi −∇zi∇ · ũ = ∇̂ip̃σ + η̂g̃i + ki4 − ki9,
where

ki9 = (µ∆ũi + ν∇zi∇ · ũ)− (µ∇̂2ũi + ν∇̂i∇̂ · ũ).
Multiplying the third component of (3.66) by ũ3nnJ and integrating over

Ω̂ yields

(3.67)
1
2
d

dt

∫̂
Ω

η̂ũ2
3nJ dz + c0‖ũ3nn‖20,Ω̂

≤ (ε+ cd)‖ũnn‖20,Ω̂ + ε‖ũ3nt‖20,Ω̂
+ C1(‖ũzτ‖20,Ω̂ + ‖û‖2

1,Ω̂
+ ‖ũt‖20,Ω̂ + ‖η̃Ωtn‖

2
0,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖20,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
0,Ω̂

)

+ C2

(
‖η̂σt‖21,Ω̂‖ũ‖

2
2,Ω̂

+ ‖ũ‖4
2,Ω̂

+ ‖ũ‖2
2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂

)
.



160 E. Zadrzyńska and W. M. Zaja̧czkowski

To estimate ũinn (i = 1, 2) and η̃Ωtτ we rewrite (3.66) as

−µ∆ũi +∇zi(pση̂ η̃Ωt) = η̂g̃i − η̂ũit + ki4 − ki9 +∇zi(pση̂ η̃Ωt)(3.68)

− ∇̂ip̃σ + ν∇zi div ũ

≡ f̃i + ν∇zi div ũ

and the boundary condition (3.47)4 as

(3.69)
∂ũi
∂z3

= −∂ũ3

∂zi
+
(
∂ũi
∂z3

+
∂ũ3

∂zi
− µ−1τ̂iT̂ n̂

)
+ µ−1k7 · τ̂i ≡ h̃i,

i = 1, 2, z3 = 0,

where we have also used the fact that τ̂i · n̂ = 0, i = 1, 2. When considering
problem (3.68)–(3.69) in Ω̂ we have to add the boundary conditions

(3.70) ũi||z′|=d = 0, ũi|z3=d = 0, i = 1, 2,

η̃Ωt ||z′|=d = 0, η̃Ωt |z3=d = 0.

Multiplying (3.68) by ũi, summing over i = 1, 2, integrating over Ω̂ and
using the boundary conditions (3.69) and (3.70) yields

(3.71) ‖ũ′z‖20,Ω̂ ≤ ε‖η̃Ωt‖
2
0,Ω̂

+ c(‖f̃ ′‖2
0,Ω̂

+ ‖h̃′‖2
0,Ω̂

) + C1‖div ũ‖2
0,Ω̂

,

where the prime indicates that only two components (i = 1, 2) are taken
into account.

In order to estimate ‖η̃Ωt‖0,Ω̂ consider the problem

(3.72)
divw = pση̂ η̃Ωt , w3|z3=0 = χ(z′)

∫̂
Ω

pση̂ η̃Ωt dz,

w|∂Ω̂\Ŝ = 0, wi|z3=0 = 0, i = 1, 2,

where χ(z′) is a smooth function such that
∫
Ŝ
χ(z′) dz′ = 1, χ(z′) ≥ 0,

χ||z′|=d = 0, 1 ≤ 4d2|χ|∞,Ŝ . Moreover, we assume that χ vanishes only

in a neighbourhood of Ŝ, min|z′|≤d/2 χ(z′) > 0 and χ(z′) ≤ c/d2. By [21]
(Lemma 4.4) there exists a solution of (3.72) such that w ∈W 1

2 (Ω̂) and

(3.73) ‖w‖1,Ω̂ ≤ C1‖η̃Ωt‖0,Ω̂ .

Now, multiply (3.68) by w and integrate over Ω̂ to get

(3.74) − µ
∫̂
Ω

∆ũ · w dz +
∫̂
Ω

∇(pση̂ η̃Ωt) · w dz

=
∫̂
Ω

f̃ · w dz + ν
∫̂
Ω

∇ div ũ · w dz.
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Applying the same argument as in [21] (see the proof of Lemma 4.4) and
using (3.73) we get

(3.75) ‖η̃Ωt‖
2
0,Ω̂
≤ ε‖η̃Ωtz‖

2
0,Ω̂

+ C1(‖f̃‖2
0,Ω̂

+ ‖ũz‖20,Ω̂ + ‖div ũ‖2
1,Ω̂

).

Now, instead of problem (3.68)–(3.70) we consider the problem

(3.76)
− µ∆ũiτ +∇zi(pση̂ η̃Ωt),τ = f̃iτ + ν∇zi div ũτ , i = 1, 2, 3,

∂z3 ũiz = h̃iτ , i = 1, 2.

Multiplying (3.76)1 by ũiτ , summing over i = 1, 2 and integrating over Ω̂
yields

‖ũ′zτ‖20,Ω̂ ≤ ε‖η̃Ωtτ‖
2
0,Ω̂

+ c(‖f̃ ′‖2
0,Ω̂

+ ‖h̃′z′‖20,Ω̂) + C1‖div ũτ‖20,Ω̂(3.77)

+ C2‖η̃Ωt‖
2
1,Ω̂

(‖η̃Ωt‖
2
2,Ω̂

+ ‖γ̂0‖22,Ω̂).

Next, consider the problem

(3.78) divw1 = (pση̂ η̃Ωt),τ , w1|∂Ω̂ = 0.

Since
∫
Ω̂

(pση̂ η̃Ωt),τ dz = 0 there exists a solution w1 ∈ W 1
2 (Ω̂) of problem

(3.78) such that

(3.79) ‖w1‖1,Ω̂ ≤ C1[‖η̃Ωtτ‖0,Ω̂ + (‖η̂στ‖1,Ω̂ + ‖γ̂0τ‖1,Ω̂)‖η̃Ωt‖1,Ω̂ ].

Multiplying (3.76)1 by w1 and integrating over Ω̂ gives

‖η̃Ωtτ‖
2
0,Ω̂
≤ C1(‖f̃‖2

0,Ω̂
+ ‖ũzτ‖20,Ω̂ + ‖div ũ‖2

1,Ω̂
)(3.80)

+ C2(‖η̂σ‖22,Ω̂‖η̃Ωt‖
2
1,Ω̂

+ ‖γ̂0‖22,Ω̂‖η̃Ωt‖
2
1,Ω̂

).

Now we estimate ‖ũ′nn‖20,Ω̂ . From (3.68) we obtain

‖ũ′nn‖20,Ω̂ ≤ C1(‖η̃Ωtτ‖
2
0,Ω̂

+ ‖ηΩt‖
2
0,Ω̂

+ ‖γ̃0τ‖20,Ω̂(3.81)

+ ‖γ̂‖2
0,Ω̂

+ ‖ũzτ‖20,Ω̂ + ‖f̃‖2
0,Ω̂

+ ‖div ũ‖2
1,Ω̂

).

From the form of f̃ and h̃′ we have

‖f̃‖2
0,Ω̂
≤ (ε+ cd)(‖ũzz‖20,Ω̂ + ‖η̃Ωtz‖

2
0,Ω̂

)(3.82)

+ C1(|û|2
1,0,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖20,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
0,Ω̂

)

+ C2

[
‖û‖2

2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂
+‖η̃Ωt‖

2
1,Ω̂

(‖η̂σ‖22,Ω̂+‖γ̂0‖22,Ω̂)
]

and

(3.83) ‖h̃′‖2
1,Ω̂
≤ C1

(
‖ũ3zτ‖20,Ω̂ + ‖ũ‖2

2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂
+ ‖û‖2

1,Ω̂

)
.
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In order to estimate γ̃nn we rewrite (3.47)3 as

(3.84) η̂cvγ̃t − κ∆γ̃ = κ∇̂2γ̃ − κ∆γ̃ − Γ̂ pΓ̂ ∇̂ · ũ+ η̂k̃ + k6.

Dividing (3.84) by Γ̂ , multiplying the result by γ̃nnJ and integrating over
Ω̂ we get

(3.85)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
nJ dz +

κ

θ∗
‖γ̃nn‖20,Ω̂

≤ (ε+ cd)‖γ̃nn‖20,Ω̂ + ε(‖η̂Ωtn‖
2
0,Ω̂

+ ‖γ̃nt‖20,Ω̂)

+ C1(‖ũ‖2
1,Ω̂

+‖γ̂0t‖20,Ω̂+‖γ̂0z‖20,Ω̂+‖γ̂‖2
0,Ω̂

+‖γ̃zτ‖20,Ω̂+‖ϑ0t‖20,Ωt+‖v‖
2
1,Ωt)

+ C2

[
‖γ̂0t‖21,Ω̂‖γ̂‖

2
2,Ω̂

+ ‖γ̂‖2
2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂
+ ‖ũ‖4

2,Ω̂

+ ‖û‖2
2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂
+ ‖γ̂‖2

3,Ω̂
‖û‖2

2,Ω̂
+ ‖η̂σt‖21,Ω̂‖γ̂‖

2
2,Ω̂

+ ‖γ̂‖2
3,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

2,Ω̂
+ ‖γ̂‖2

2,Ω̂
(‖v‖21,Ωt + ‖ϑ0t‖20,Ωt)

]
.

Finally, we have

(3.86)
d

dt

∫̂
Ω

η̂ũ2
nJ dz ≤ ε‖ũnt‖20,Ω̂ + c‖u‖2

1,Ω̂
.

Now, taking into account inequalities (3.60)–(3.62), (3.65), (3.67), (3.71),
(3.72), (3.77), (3.80)–(3.83), (3.85) and (3.86) we get

(3.87)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

z +
pση̂
η̂
η̃2
Ωtz +

η̂cv

Γ̂
γ̃2
z

)
J dz

+ c0(‖ũz‖21,Ω̂ + ‖η̃Ωt‖
2
0,Ω̂

+ ‖η̃σz‖20,Ω̂ + ‖γ̃zz‖20,Ω̂)

≤ ε(‖ũzt‖20,Ω̂ + ‖γ̃0zt‖20,Ω̂)

+ C1(|û|2
1,0,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖20,Ω̂

+ ‖γ̂0t‖20,Ω̂ + ‖g̃‖2
0,Ω̂

+ ‖k̃‖2
0,Ω̂

+ ‖Γ̃1‖22,Ω̂)

+ C2

[(
X2(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)
· Y2(Ω̂)

+ ‖γ̂‖2
2,Ω̂

(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖γ̂‖2
2,Ω̂

)
]
.
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Going back to the variables ξ in (3.87), summing over all neighbourhoods
of the partition of unity (where we use (3.59) for interior subdomains),
assuming that ε and d are sufficiently small and using (3.34), we obtain
(3.48).

Lemma 3.5. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.88)
1
2
d

dt

∫
Ωt

(
%v2
xx +

pσ%
%
%2
σxx +

%cv
θ
ϑ2

0xx

)
dx

+ c0(‖vxx‖21,Ωt + ‖%σx‖21,Ωt + ‖ϑ0xxx‖20,Ωt)

≤ ε(‖vxxt‖20,Ωt + ‖ϑ0xxt‖20,Ωt)

+ C1(|v|22,1,Ωt + ‖%σx‖20,Ωt + ‖%σt‖20,Ωt + ‖%Ωt‖
2
0,Ωt + ‖ϑ0x‖21,Ωt

+ ‖ϑ0t‖21,Ωt + ‖ϑ‖20,Ωt + ‖f‖21,Ωt + ‖r‖21,Ωt + ‖θ1‖23,Ωt)

+ C2

(
X3 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X3)Y3,

where

v2
xx =

3∑
i,j,k=1

v2
ixjxk

, %2
σxx =

3∑
j,k=1

%2
σxjxk

, ϑ2
0xx =

3∑
j,k=1

ϑ2
0xjxk

,

X3 = ‖v‖23,Ωt + ‖vt‖21,Ωt + |%σ|22,1,Ωt + |ϑ0|22,1,Ωt + ‖ϑ0‖23,Ωt + ‖%Ωt‖
2
0,Ωt ,

Y3 = ‖v‖24,Ωt + ‖vt‖21,Ωt + ‖%σx‖22,Ωt + |%σ|22,1,Ωt + ‖ϑ0x‖23,Ωt + ‖ϑ0t‖21,Ωt
+ ‖%Ωt‖

2
0,Ωt + ‖ϑ‖20,Ωt .

P r o o f. The proof is similar to that of Lemma 3.4. We use the introduced
partition of unity. Differentiating (3.46)1 and (3.46)3 (divided by Γ ) twice
with respect to ξ, multiplying the results by uξξA and γ̃ξξA, respectively,
next integrating over Ω̃ and summing up we get

(3.89)
1
2
d

dt

∫̃
Ω

(
ηũ2

ξξ +
pση
η
η̃Ωtξξ +

ηcv
Γ
γ̃2
ξξ

)
Adξ

+
1
2
µ‖ũξξ‖21,Ω̃ + ‖η̃Ωt‖

2
2,Ω̃

+
κ

θ∗
‖γ̃ξξξ‖20,Ω̃

≤ ε(‖ũξξξ‖20,Ω̃ + ‖γ̃ξξξ‖20,Ω̃ + ‖η̃σξξ‖20,Ω̃)

+ C1(|u|2
2,1,Ω̃

+ ‖γ0ξ‖21,Ω̃ + ‖γ‖2
0,Ω̃

+ ‖ησξ‖20,Ω̃
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+ ‖ηΩt‖
2
0,Ω̃

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
1,Ω̃

+ ‖k̃‖2
1,Ω̃

)

+ C2

[(
X3(Ω̃) +

t∫
0

‖u‖2
3,Ω̃

dt′
)

(1 +X3(Ω̃))Y3(Ω̃)

+ ‖γ‖2
3,Ω̃

(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)
]
,

where we have used equation (3.52), Lemma 5.1 of [21] and the estimate for
the solution u, ηΩt of the Stokes problem (3.57), i.e. the estimate of ‖ũ‖3,Ω̃
and ‖η̃Ωt‖2,Ω̃ , respectively and

(3.90)

X3(Ω̃) = ‖u‖2
3,Ω̃

+ ‖ut‖21,Ω̃
+ |ησ|22,1,Ω̃ + ‖γ0‖23,Ω̃ + |γ0|22,1,Ω̃ + ‖ηΩt‖

2
0,Ω̃

,

Y3(Ω̃) = ‖u‖2
4,Ω̃

+ ‖ut‖21,Ω̃ + ‖ησx‖22,Ω̃ + |ησ|22,1,Ω̃
+ ‖γ0x‖23,Ω̃ + ‖γ0t‖21,Ω̃ + ‖ηΩt‖

2
0,Ωt + ‖γ‖20,Ωt .

In the same way as (3.60) we obtain the following inequality:

(3.91)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

ττ+
pση̂
η̂
η̃2
Ωtττ+

η̂cv

Γ̂
γ̃2
ττ

)
J dz+

1
2
µ‖ũττ‖21,Ω̂+

κ

θ∗
‖γ̃ττz‖20,Ω̂

≤ ε(‖ûzzz‖20,Ω̂ + ‖γ̂0zzz‖20,Ω̂ + ‖η̂σzz‖20,Ω̂)

+ C1(|û|2
2,1,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖ησz‖20,Ω̂ + ‖ηΩt‖
2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
1,Ω̂

+ ‖k̃‖2
1,Ω̂

+ ‖Γ̃1‖23,Ω̂)

+ C2

[(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂)

+ ‖γ̂‖2
3,Ω̂

(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖γ̂‖2
3,Ω̂

)
]
,

where we have used the boundary conditions (3.47)4 and (3.47)5, and where
X3(Ω̂) and Y3(Ω̂) are defined by (3.90) with Ω̃, u, ηΩt , γ replaced by Ω̂, û,
η̂Ωt , γ̂, respectively.

Differentiating the third component of (3.64) with respect to τ , multi-
plying the result by η̃ΩtnτJ and integrating over Ω̂ yields

(3.92)
1
2
d

dt

∫̂
Ω

pση̂
η̂
η̃2
ΩtnτJ dz + c0‖η̃Ωtnτ‖

2
0,Ω̂

≤ (ε+ cd)(‖η̃Ωtzz‖
2
0,Ω̂

+ ‖ûzzz‖20,Ω̂) + C1(|û|2
2,1,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂
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+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖ũzτ‖20,Ω̂ + ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
1,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

Next, differentiating the third component of (3.66) with respect to τ ,
multiplying the result by ũ3nnτJ and integrating over Ω̂ gives

(3.93)
1
2
d

dt

∫̂
Ω

η̂|ũ3nτ |2J dz + c0‖ũ3nnτ‖20,Ω̂

≤ (ε+ cd)(‖ũzzz‖20,Ω̂ + ‖η̃Ωtzz‖
2
0,Ω̂

)

+ C1(‖ũzττ‖20,Ω̂ + ‖η̃Ωtnτ‖
2
0,Ω̂

+ ‖û‖2
2,Ω̂

+ ‖ũt‖21,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖g̃‖2
1,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

Similarly, we obtain the estimate

(3.94)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
nτJ dz +

κ

θ∗
‖γ̃nnτ‖20,Ω̂

≤ (ε+ cd)(‖γ̃zzz‖20,Ω̂ + ‖η̂σzz‖20,Ω̂) + C1(‖ũ‖2
2,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖γ̂0t‖20,Ω̂ + ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖k̃‖0,Ω̂)

+ C2

[(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂)

+ (‖η̂σ‖21,Ω̂ + ‖γ̂0‖21,Ω̂)(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)
]
.

Next, using problem (3.68)–(3.69) we have

(3.95) ‖ũ′zττ‖20,Ω̂ + ‖η̃Ωtττ‖
2
0,Ω̂

≤ (ε+ cd)(‖ũzzz‖20,Ω̂ + ‖η̂σzz‖20,Ω̂)

+ C1(‖div ũτ‖21,Ω̂ + ‖ũt‖20,Ω̂ + ‖û‖2
2,Ω̂

+ ‖γ̂0z‖21,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖g̃‖2
1,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂)
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and

‖ũ′nnτ‖20,Ω̂ ≤ (ε+ cd)(‖ûzzz‖20,Ω̂ + ‖η̂Ωtzz‖
2
0,Ω̂

)(3.96)

+ C1(‖û‖2
2,Ω̂

+ ‖ũt‖21,Ω̂ + ‖η̂σz‖20,Ω̂
+ ‖η̂Ωt‖

2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
1,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

Hence, taking into account (3.91)–(3.96) we get

(3.97)
1
2
d

dt

∫̂
Ω

[
η̂(ũ2

ττ + ũ2
3nτ )+

pση̂
η̂

(η̃2
Ωtττ + η̃2

Ωtnτ )+
η̂cv

Γ̂
(γ̃2
ττ + γ̃2

nτ )
]
J dz

+ c0(‖ũτ‖22,Ω̂ + ‖η̃Ωtτ‖
2
1,Ω̂

+ ‖γ̃zzτ‖20,Ω̂)

≤ (ε+ cd)(‖ûzzz‖20,Ω̂ + ‖γ̂0zzz‖20,Ω̂ + ‖η̂σzz‖20,Ω̂)

+ C1(|û|2
2,1,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂0t‖21,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
1,Ω̂

+ ‖k̃‖2
1,Ω̃

)

+ C2

[(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂)

+ (‖η̂σ‖21,Ω̂ + ‖γ̂0‖21,Ω̂ + ‖γ̂‖2
3,Ω̂

)(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt) + ‖γ̂‖4
3,Ω̂

]
.

Differentiating the third component of (3.64) with respect to n, multi-
plying the result by η̃ΩtnnJ and next integrating over Ω̂ implies

(3.98)
1
2
d

dt

∫̂
Ω

(µ+ ν)pση̂
η̂

η̃2
ΩtnnJ dz + c0‖η̃Ωtnn‖

2
0,Ω̂

≤ (ε+ cd)(‖ũzzz‖20,Ω̂ + ‖η̃Ωtzz‖
2
0,Ω̂

)

+ C1(|û|2
2,1,Ω̂

+ ‖ũτ‖22,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
1,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

Now, we rewrite (3.47)1 in the form
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(µ+ ν)∇zi div ũ = − µ(∆ũi −∇zi div ũ) + η̂ũit − η̂g̃i − ki4(3.99)

− (µ∇2ũi + ν∇zi div ũ− µ∇̂2ũi − ν∇̂d̂ivũ)

− (pση̂∇̂iη̃Ωt − pση̂ η̂Ωt∇̂iζ̂ + p̃σΓ̂ ∇̂iγ̂0).

Differentiating the third component of (3.99) with respect to n gives

(3.100) ‖(div ũ),nn‖20,Ω̂
≤ (ε+ cd)‖ũ‖2

3,Ω̂
+ C1(|û|2

2,1,Ω̂
+ ‖ũτ‖22,Ω̂ + ‖γ̂‖2

0,Ω̂

+ ‖γ̂0z‖20,Ω̂ + ‖γ̂0nn‖20,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂Ωtnn‖
2
0,Ω̂

+ ‖g̃‖2
0,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

Next, differentiating (3.68) with respect to n yields

(3.101) ‖ũnnn‖20,Ω̂
≤ (ε+ cd)‖ũ‖2

3,Ω̂
+ C1(|û|2

2,1,Ω̂
+ ‖ũττ‖21,Ω̂ + ‖(div ũ),n‖21,Ω̂

+ ‖η̃Ωtn‖
2
1,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖g̃‖2
1,Ω̂

)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

In order to estimate ‖γ̃nnn‖20,Ω̂ we use (3.84). We get

‖γ̃nnn‖20,Ω̂ ≤ (ε+ cd)‖γ̃‖2
3,Ω̂

+ C1(‖û‖2
2,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂(3.102)

+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂0t‖21,Ω̂ + ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)

+ C2

(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂).

Finally, we have

(3.103)
1
2
d

dt

∫̂
Ω

η̂ũ2
zzJ dz ≤ ε‖ũzzt‖20,Ω̂ + C1‖ũzz‖20,Ω̂

and
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
zzJ dz ≤ ε‖γ̃zzt‖20,Ω̂ + C1(‖γ̂‖2

0,Ω̂
+ ‖γ̂0z‖21,Ω̂)(3.104)

+ C2(‖û‖2
2,Ω̂

+ ‖γ̂0t‖21,Ω̂ + ‖η̂σt‖21,Ω̂)‖γ̂‖2
3,Ω̂

,

where we have used the relations

η̂σt + η̂∇̂ · û = 0 and Jt = J∇̂ · û.
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From (3.97)–(3.104) we obtain

(3.105)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

zz +
pση̂
η̂
η̃2
σzz +

η̂cv

Γ̂
γ̃2
zz

)
J dz

+ c0(‖ũ‖2
3,Ω̂

+ ‖η̃Ωtz‖
2
1,Ω̂

+ ‖γ̃zzz‖20,Ω̂)

≤ (ε+ cd)(‖ũ‖2
3,Ω̂

+ ‖γ̂0zzz‖20,Ω̂ + ‖η̂σzz‖20,Ω̂ + ‖ûzzt‖20,Ω̂ + ‖γ̂0zzt‖20,Ω̂)

+ C1(|û|2
2,1,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂0t‖21,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
1,Ω̂

+ ‖k̃‖2
1,Ω̂

)

+ C2

[(
X3(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X3(Ω̂))Y3(Ω̂)

+ (‖ησ‖21,Ω̂ + ‖γ̂0‖21,Ω̂ + ‖γ̂‖2
3,Ω̂

)(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt) + ‖γ̂‖4
3,Ω̂

]
.

Hence, applying the same argument as in Lemma 3.4 we get (3.88).

Lemma 3.6. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.106)
1
2
d

dt

∫
Ωt

(
%v2
xt +

pσ%
%
%2
xt +

%cv
θ
ϑ2

0xt

)
dx

+ c0(‖vt‖22,Ωt + ‖%σt‖21,Ωt + ‖ϑ0xxt‖20,Ωt)

≤ ε(‖vxtt‖20,Ωt + ‖ϑ0xttt‖20,Ωt) + C1(|v|22,0,Ωt + ‖%σx‖20,Ωt
+ ‖%σt‖20,Ωt + ‖%Ωt‖

2
0,Ωt + ‖ϑ0x‖21,Ωt + ‖ϑ0t‖21,Ωt + ‖ϑ‖20,Ωt

+ |f |21,0,Ωt + |r|21,0,Ωt + ‖θ1t‖22,Ωt + ‖θ1‖21,Ωt)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4,

where

X4 = |v|23,1,Ωt + |%σ|22,0,Ωt + |ϑ0|23,1,Ωt + ‖%Ωt‖
2
0,Ωt ,

Y4 = |v|24,2,Ωt + |%σ|23,1,Ωt + |ϑ0t|23,2,Ωt + ‖ϑ0x‖23,Ωt + ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt .

P r o o f. We use the partition of unity introduced in Lemma 3.4. First we
consider interior subdomains. Differentiating (3.46)1 with respect to t and
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ξ, multiplying the result by ũtξA and integrating over Ω̃ yields

(3.107)
1
2
d

dt

∫̃
Ω

ηũ2
tξAdξ +

1
2
µ
∫̃
Ω

(∇ui ũjtξ +∇uj ũitξ)2Adξ

+ (ν − µ)‖∇u · ũtξ‖20,Ω̃ −
∫̃
Ω

p̃σtξ∇u · ũtξAdξ

≤ ε(‖utξ‖21,Ω̃ + ‖ησtξ‖20,Ω̃ + ‖γ0tξ‖20,Ω̃)

+ C1(‖ut‖21,Ω̃ + ‖ησξ‖20,Ω̃ + ‖ησt‖20,Ω̃ + ‖ηΩt‖
2
0,Ω̃

+ ‖γ‖2
0,Ω̃

+ ‖γ0ξ‖20,Ω̃ + ‖γ0t‖20,Ω̃ + |g̃|2
1,0,Ω̃

)

+ C2

(
X4(Ω̃) +

t∫
0

‖u‖2
4,Ω̃

dt′
)

(1 +X4(Ω̃))Y4(Ω̃),

where

X4(Ω̃) = |u|2
3,1,Ω̃

+ |ηΩt |
2
2,0,Ω̃

+ |γ|2
3,1,Ω̃

+ |ησ|22,0,Ω̃ + |γ0|23,1,Ω̃ ,

Y4(Ω̃) = |u|2
4,2,Ω̃

+ |ηΩt |
2
3,1,Ω̃

+ |γ|2
4,2,Ω̃

+ |ησt|22,1,Ω̃ + |γ0t|23,2,Ω̃ .

Next, dividing (3.46)3 by Γ , differentiating with respect to t and ξ, mul-
tiplying the result by γ̃tξA and integrating over Ω̃ we obtain

(3.108)
1
2
d

dt

∫̃
Ω

ηcv
Γ
γ̃2
tξAdξ +

∫̃
Ω

pσΓ∇u · ũtξγ̃tξAdξ +
κ

θ∗

∫̃
Ω

|∇uγ̃tξ|2Adξ

≤ ε(‖ũtξ‖21,Ω̃ + ‖γ̃tξ‖21,Ω̃ + ‖ϑ0xtt‖20,Ωt)

+ C1(‖ut‖21,Ω̃ + ‖γ0t‖21,Ω̃ + ‖ησξ‖20,Ω̃ + ‖ησt‖20,Ω̃
+ ‖ηΩt‖

2
0,Ω̃

+ ‖γ0ξ‖20,Ω̃ + ‖γ‖2
0,Ω̃

+ ‖ϑ0t‖21,Ωt + ‖vt‖21,Ωt

+ ‖v‖21,Ωt + ‖rt‖20,Ωt + ‖r‖20,Ωt + ‖θ1t‖21,Ωt + |k̃|2
1,0,Ω̃

)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4,

where to estimate
∫
Ω̃

(
ηcv
Γ ζ∂tθΩt

)
,tξ
γ̃tξAdξ we have used

‖∂2
t θΩt‖20,Ω̃ ≤ ε‖ϑ0xtt‖20,Ωt + C1(‖vt‖21,Ωt + ‖v‖21,Ωt(3.109)

+ ‖ϑ0t‖21,Ωt + ‖rt‖20,Ωt + ‖r‖20,Ωt + ‖θ1t‖21,Ωt)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4.
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Since

p̃σtξ = p̃σηηησξησt + p̃σηΓ (ησξγ0ξ + ησtγ0t) + p̃σΓΓ γ0ξγ0t

+ pση η̃Ωtξt + pσΓ γ̃ξt − (pσηησ + pσΓ γ)ζξt − pση(ζtησξ + ζξησt)

− pσΓ (ζtγ0ξ + ζξγ0t),

using (3.107), (3.108), equation (3.52), (3.109) and Lemma 5.1 of [21] with
G = Ω̃, v = ũtξ we get

(3.110)
1
2
d

dt

∫̃
Ω

(
ηũ2

tξ +
pση
η
η̃2
Ωttξ +

ηcv
Γ
γ̃2
tξ

)
Adξ

+ c0(‖ũt‖22,Ω̃ + ‖γ̃tξξ‖20,Ω̃ + ‖η̃Ωttξ‖
2
0,Ω̃

)

≤ ε(‖utξ‖21,Ω̃ + ‖ησtξ‖20,Ω̃ + ‖γ0tξξ‖20,Ω̃ + ‖ϑ0xtt‖20,Ωt)

+ C1(|u|2
2,0,Ω̃

+ ‖ησξ‖20,Ω̃ + ‖ησt‖20,Ω̃ + ‖ηΩt‖
2
0,Ω̃

+ ‖γ0ξ‖21,Ω̃
+ ‖γ0t‖21,Ω̃ + ‖γ‖2

0,Ω̃
+ ‖vt‖21,Ωt + ‖v‖21,Ωt + ‖ϑ0t‖21,Ωt

+ |g̃|2
1,0,Ω̃

+ |k̃|2
1,0,Ω̃

+ ‖rt‖20,Ωt + ‖r‖20,Ωt + ‖θ1t‖21,Ωt)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4,

where we have also used the following estimate for a solution ũ, ησ of the
Stokes problem (3.57):

‖ũt‖22,Ω̃ + ‖η̃Ωttξ‖
2
0,Ω̃
≤ C1(‖ũtt‖20,Ω̃ + |u|2

2,1,Ω̃
+ |ησ|21,0,Ω̃ + ‖γ0ξ‖21Ω̃

+ ‖γ0t‖21,Ω̃ + ‖γ‖2
0,Ω̃

+ |g̃|2
1,0,Ω̃

)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt, dt
′
)
Y4 + c‖(∇u · ũ),t‖21,Ω̃ .

For subdomains near the boundary we obtain the inequality

(3.111)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

tτ +
pση̂
η̂
η̃2
Ωttτ +

η̂cv

Γ̂
γ̃2
tτ

)
J dz

+ c0(‖ũττ‖21,Ω̂ + ‖γ̃tτz‖20,Ω̂ + ‖η̃Ωttτ‖
2
0,Ω̃

)

≤ ε(‖ũtz‖21,Ω̂ + ‖η̂σtz‖20,Ω̂ + ‖γ̃tz‖21,Ω̂ + ‖ϑ0xtt‖20,Ωt)

+ C1(|û|2
2,0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂σt‖20,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂
+ ‖γ̂0t‖21,Ω̂ + ‖γ̂‖2

0,Ω̂
+ ‖vt‖21,Ωt + ‖v‖21,Ωt + ‖ϑ0t‖21,Ωt + |g̃|2

1,0,Ω̂
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+ |k̃|2
1,0,Ω̂

+ ‖rt‖20,Ωt + ‖r‖20,Ωt + ‖ϑ1t‖21,Ωt + ‖Γ̃1t‖22,Ω̂ + ‖Γ̃1‖21,Ω̂)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4,

where we have used the following estimates:∫̂
S

|(T̂(ũ, p̃σ)n̂),tτ ũtτJ | dz′

≤ ε(‖ûtτ‖21,Ω̂ + ‖ûtzz‖20,Ω̂) + C1|û|22,1,Ω̂

+ C2

[
‖û‖4

2,Ω̂
+ |û|2

3,2,Ω̂

∥∥∥ t∫
0

û dt′
∥∥∥2

3,Ω̂
(1 + ‖û‖2

3,Ω̂
)
]

and ∫̂
S

|(n̂ · Γ̂−1∇̂γ̃),tτ γ̃tτJ | dz′

≤ ε(‖γ̃tτ‖21,Ω̂ + ‖γ̃tzz‖20,Ω̂)

+ C1(‖γ̂0t‖21,Ω̂ + ‖v‖22,Ωt + ‖ϑ0t‖21,Ωt + ‖Γ̃1t‖22,Ω̂ + ‖Γ̃1‖21,Ω̂)

+ C2

[(
X4(Ω̂) +

t∫
0

‖û‖24,Ωt′ dt
′
)

(1 +X4(Ω̂))Y4(Ω̂)

+
t∫

0

‖û‖2
4,Ω̂

dt′(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)
]
.

Next, differentiating the third component of (3.63) with respect to t,
multiplying the result by η̃ΩtnJ and integrating over Ω̂ yields

(3.112)
1
2
d

dt

∫̂
Ω

pση̂
η̂

(ν + µ)η̃2
ΩtntJ dz + c0‖η̃Ωtnt‖

2
0,Ω̂

≤ (ε+ cd)(‖ũzzt‖20,Ω̂ + ‖η̃Ωtzt‖
2
0,Ω̂

) + ε‖ϑ0xtt‖20,Ωt
+ C1(‖ũtτ‖20,Ω̂ + |û|2

2,0,Ω̂
+ ‖η̂σt‖20,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0t‖21,Ω̂ + ‖vt‖21,Ωt + ‖ϑ0t‖21,Ωt
+ ‖rt‖20,Ωt + ‖r‖20,Ωt + ‖θ1t‖21,Ωt + |g̃|2

1,0,Ω̂
)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4,

where we have used (3.109).
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Differentiating the third component of (3.66) with respect to t, multi-
plying the result by ũ3nntJ and integrating over Ω̂ implies

(3.113)
1
2
d

dt

∫̂
Ω

η̂|ũ3nt|2J dz + c0‖ũ3nnt‖20,Ω̂

≤ (ε+ cd)(‖ũzzt‖20,Ω̂ + ‖η̃Ωtzt‖
2
0,Ω̂

) + ε‖ũztt‖20,Ω̂

+ C1(‖ũzτt‖20,Ω̂ + ‖η̃Ωtnt‖
2
0,Ω̂

+ |û|2
2,0,Ω̂

+ ‖η̂σt‖20,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖γ̂0t‖21,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |g̃|2
1,0,Ω̂

+ |k̃|2
1,0,Ω̂

)

+ C2

(
X4(Ω̂) +

t∫
0

‖û‖2
4,Ω̂

dt′
)

(1 +X4(Ω̂))Y4(Ω̂).

Differentiating (3.68) with respect to t and τ , multiplying by ũ′tτJ , inte-
grating over Ω̂ and using (3.69) gives

(3.114) ‖ũ′ztτ‖20,Ω̂ + ‖η̃Ωttτ‖
2
0,Ω̂

≤ (ε+ cd)(‖ũzzt‖20,Ω̂ + ‖η̂σzt‖20,Ω̂)

+ C1(‖(div ũ′),τt‖20,Ω̂ + |û|2
2,0,Ω̂

+ ‖η̂σt‖20,Ω̂ + ‖η̂σz‖20,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂0t‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |g̃|2
1,0,Ω̂

)

+ C2

(
X4(Ω̂) +

t∫
0

‖û‖2
4,Ω̂

dt′
)

(1 +X4(Ω̂))Y4(Ω̂).

Moreover, from (3.68) we get

(3.115) ‖ũ′nnt‖20,Ω̂ ≤ (ε+ cd)(‖ũzzt‖20,Ω̂ + ‖η̂σzt‖20,Ω̂)

+ C1(‖ũztτ‖20,Ω̂ + ‖η̃Ωttτ‖
2
0,Ω̂

+ |û|2
2,0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂σt‖20,Ω̂

+ ‖η̂Ωt‖0,Ω̂ + ‖γ̂0z‖21,Ω̂ + ‖γ̂0t‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |g̃|2
1,0,Ω̂

)

+ C2

(
X4(Ω̂) +

t∫
0

‖û‖2
0,Ω̂

dt′
)

(1 +X4(Ω̂))Y4(Ω̂).

Next, we have

(3.116)
d

dt

∫̂
Ω

η̂ũ2
ztJ dz ≤ ε‖ũztt‖20,Ω̂ + C1‖ũt‖20,Ω̂ .
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Finally, by using (3.109) we obtain

(3.117)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
ntJ dz +

κ

θ∗
‖γ̃nnt‖20,Ω̂

≤ (ε+ cd)(‖γ̃zzt‖20,Ω̂ + ‖η̃Ωtzt‖
2
0,Ω̂

) + ε(‖γ̂0ztt‖20,Ω̂ + ‖ϑ0xtt‖20,Ωt)

+ C1(‖γ̃tτ‖21,Ω̂ + |û|2
2,1,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂σt‖20,Ω̂
+ ‖η̂Ωt‖

2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂ + ‖γ̂0t‖21,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖vt‖21,Ωt + ‖ϑ0t‖21,Ωt + ‖rt‖20,Ωt + ‖r‖20,Ωt)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4.

Taking into account inequalities (3.111)–(3.117) we get

(3.118)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

zt +
pση̂
η̂
η̃2
Ωtzt +

η̂cv

Γ̂
γ̃2
zt

)
J dz

+ c0(‖ũtz‖21,Ω̂ + ‖γ̃tzz‖20,Ω̂ + ‖η̃Ωtzt‖
2
0,Ω̂

)

≤ ε(‖ũtz‖21,Ω̂ + ‖η̂σzt‖20,Ω̂ + ‖γ̃tz‖21,Ω̂ + ‖ũztt‖20,Ω̂ + ‖γ̃ztt‖20,Ω̂ + ‖ϑ0xtt‖20,Ωt)

+ (ε+ cd)(‖γ̃zzt‖20,Ω̂ + ‖η̃Ωtzt‖
2
0,Ω̂

+ ‖ũzzt‖20,Ω̂ + ‖η̂σzt‖20,Ω̂)

+ C1(|û|2
2,0,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂σt‖20,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖21,Ω̂
+ ‖γ̂0t‖21,Ω̂ + ‖γ̂‖2

0,Ω̂
+ ‖ũtτ‖21,Ω̂ + ‖vt‖21,Ωt + ‖ϑ0t‖21,Ωt

+ ‖v‖21,Ωt + |g̃|2
1,0,Ω̂

+ |k̃|2
1,0,Ω̂

+ ‖Γ̃1t‖22,Ω̂

+ ‖Γ̃1‖21,Ω̂ + ‖θ1t‖21,Ωt + ‖rt‖20,Ωt + ‖r‖20,Ωt)

+ C2

(
X4 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X4)Y4.

Inequalities (3.110) and (3.118) yield the assertion of the lemma.

Lemma 3.7. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.119)
1
2
d

dt

∫
Ωt

(
%v2
tt +

pσ%
%
%2
σtt +

%cv
θ
ϑ2

0tt

)
dx

+ c0(‖vtt‖21,Ωt + ‖%σtt‖20,Ωt + ‖ϑ0tt‖21,Ωt)
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≤ C1(‖vt‖21,Ωt + ‖ϑ0t‖21,Ωt + |f |21,0,Ωt
+ ‖ftt‖20,Ωt + |r|21,0,Ωt + ‖rtt‖20,Ωt + |θ1|23,1,Ωt)

+ C2X5(1 +X5)Y5,

where

X5 = |v|23,1,Ωt+|%σ|
2
2,0,Ωt+|ϑ0|23,1,Ωt , Y5 = |v|24,2,Ωt+|%σ|

2
3,1,Ωt+|ϑ0|24,2,Ωt .

P r o o f. Differentiating (3.3)1 twice with respect to t, multiplying by vtt
and integrating over Ωt yields

(3.120)
1
2
d

dt

∫
Ωt

%v2
tt dx+

µ

2
EΩt(vtt) + (ν − µ)‖div vtt‖20,Ωt

−
∫
Ωt

pσ%%σtt div vtt dx−
∫
Ωt

pσθϑ0tt div vtt dx−
∫
St

(niT ij(v, pσ)),ttvitt ds

≤ ε(‖vtt‖21,Ωt + ‖%σtt‖20,Ωt) + C1(|f |21,0,Ωt + ‖ftt‖20,Ωt) + C2X5(1 +X5)Y5.

Next, dividing (3.3)3 by θ, differentiating twice with respect to t, multi-
plying by ϑ0tt and integrating over Ωt yields

(3.121)
1
2
d

dt

∫
Ωt

%cv
θ
ϑ0tt dx+

κ

θ∗

∫
Ωt

|∇ϑ0tt|2 dx

+
∫
Ωt

pσθϑ0tt div vtt dx−
∫
St

(
n · ∇ϑ0

θ

)
,tt

ϑ0tt ds

≤ ε(‖vtt‖21,Ωt + ‖%σtt‖20,Ωt + ‖ϑ0tt‖21,Ωt)

+ C1(|r|21,0,Ωt + ‖rtt‖20,Ωt + ‖ϑ1tt‖21,Ωt) + C2X5(1 +X5)Y5.

Moreover, we have

(3.122) ‖%σtt‖20,Ωt ≤ c‖vt‖
2
1,Ωt + C2X5(1 +X5)Y5

and

‖ϑ0tt‖20,Ωt ≤ ε‖ϑ0xtt‖20,Ωt + C1(‖vt‖21,Ωt + ‖ϑ0t‖21,Ωt + ‖rt‖20,Ωt(3.123)

+ ‖r‖20,Ωt + ‖θ1t‖21,Ωt)

+ C2

(
X5 +

t∫
0

‖v‖23,Ωt′ dt
′
)

(1 +X5)Y5,

where we have used the continuity equation (3.3)1 and energy equation
(3.3)2, respectively.

From (3.120)–(3.123), using the continuity equation (3.3)2 and Lem-
ma 5.4 of [21] we get (3.119).
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Summarizing, from Lemmas 3.5–3.7 we obtain

Lemma 3.8. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.124)
1
2
d

dt

∫
Ωt

(
%|D2

x,tv|2 +
pσ%
%
|D2

x,t%σ|2 +
%cv
θ
|D2

x,tϑ0|2
)
dx

+ c0(|v|23,1,Ωt + |%σt|21,0,Ωt + ‖%σx‖20,Ωt + |ϑ0t|22,1,Ωt + ‖ϑ0xxx‖20,Ωt)

≤ C1(|v|22,0,Ωt + ‖%σx‖20,Ωt + ‖%σt‖20,Ωt + ‖%Ωt‖
2
0,Ωt + ‖ϑ0x‖21,Ωt

+ ‖ϑ0t‖21,Ωt + ‖ϑ‖20,Ωt + |f |21,0,Ωt + ‖ftt‖20,Ωt + |r|21,0,Ωt
+ ‖rtt‖21,0,Ωt + ‖r‖0,Ωt + |θ1|23,1,Ωt + ‖θ1‖1,Ωt)

+ C2

(
X6 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X6)Y6,

where

X6 = |v|23,1,Ωt + |%σ|22,0,Ωt + |ϑ0|23,1,Ωt + ‖%Ωt‖
2
0,Ωt ,

Y6 = |v|24,2,Ωt + |%σ|23,1,Ωt + |ϑ0t|23,2,Ωt + ‖ϑ0x‖23,Ωt + ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt .

Finally, we obtain inequalities for the fourth derivatives.

Lemma 3.9. Let v, %, ϑ0 be a sufficiently smooth solution of (3.3). Then

(3.125)
1
2
d

dt

∫
Ωt

(
%v2
xxx +

pσ%
%
%2
σxxx +

%cv
θ
ϑ2

0xxx

)
dx

+ c0(‖vxxx‖21,Ωt + ‖%σxxx‖20,Ωt + ‖ϑ0xxxx‖20,Ωt)

≤ ε(‖vxxxt‖20,Ωt + ‖ϑ0xxxt‖20,Ωt)

+ C1(|v|23,2,Ωt + ‖%σx‖21,Ωt + ‖%Ωt‖
2
0,Ωt + ‖ϑ0x‖22,Ωt

+ ‖ϑ0t‖22,Ωt + ‖ϑ‖20,Ωt + ‖f‖22,Ωt + ‖r‖22,Ωt + ‖θ1‖24,Ωt)

+ C2

(
X7 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X2
7 )Y7,

where

X7 = |v|23,2,Ωt + |%σ|23,2,Ωt + |ϑ0|23,2,Ωt + ‖%Ωt‖
2
0,Ωt ,

Y7 = |v|24,3,Ωt + |%σ|23,2,Ωt + ‖ϑ0x‖23,Ωt + ‖ϑ0t‖23,Ωt + ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt .

P r o o f. We use the partition of unity. Differentiating (3.46)1 and (3.46)3
(divided by Γ ) three times with respect to ξ, multiplying by ũξξξA and
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γ̃ξξξA, respectively and next integrating over Ω̃ we get the estimate

(3.126)
1
2
d

dt

∫̃
Ω

(
ηũ2

ξξξ +
pση
η
η̃2
Ωtξξξ +

ηcv
Γ
γ̃2
ξξξ

)
Adξ

+
1
2
µ‖ũξξξ‖21,Ω̃ + ‖η̃Ωtξξξ‖

2
0,Ω̃

+
κ

θ∗
‖γ̃ξξξξ‖20,Ω̃

≤ ε(‖ũξξξξ‖20,Ω̃ + ‖γ̃ξξξξ‖20,Ω̃ + ‖η̃σξξξ‖20,Ω̃)

+ C1(|u|2
3,2,Ω̃

+ ‖γ0ξ‖22,Ω̃ + ‖γ‖2
0,Ω̃

+ ‖ησξ‖21,Ω̃
+ ‖ηΩt‖

2
0,Ω̃

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
2,Ω̃

+ ‖k̃‖2
2,Ω̃

)

+ C2

[(
X7(Ω̃) +

t∫
0

‖u‖2
3,Ω̃

dt′
)

(1 +X2
7 (Ω̃))Y7(Ω̃)

+ ‖γ‖2
4,Ω̃

(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)
]
,

where we have used equation (3.52), Lemma 5.1 of [21] in the case G = Ω̃,
v = ũξξξ and the estimate for the solution u, ηΩt of the Stokes problem
(3.57), i.e. the estimate of ‖ũ‖4,Ω̃ and ‖η̃Ωt‖3,Ω̃ respectively and

(3.127)
X7(Ω̃) = |u|2

3,2,Ω̃
+ |ηΩt |

2
3,2,Ω̃

+ |γ|2
3,2,Ω̃

+ |ησ|23,2,Ω̃ + |γ0|23,2,Ω̃ ,

Y7(Ω̃) = |u|2
4,3,Ω̃

+ |ηΩt |
2
3,2,Ω̃

+ |γ|2
4,3,Ω̃

+ |ησt|22,1,Ω̃ + ‖γ0t‖23,Ω̃ .

For boundary subdomains we obtain

(3.128)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

τττ +
pση̂
η̂
η̃2
Ωtτττ +

η̂cv

Γ̂
γ̃2
τττ

)
J dz

+
1
2
µ‖ũτττ‖21,Ω̂ +

κ

θ∗
‖γ̃τττz‖20,Ω̂

≤ ε(‖ûzzzz‖20,Ω̂ + ‖γ̂0zzzz‖20,Ω̂ + ‖η̂σzzz‖20,Ω̂)

+ C1(|û|2
3,2,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖η̂σz‖21,Ω̂ + ‖ηΩt‖
2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
2,Ω̂

+ ‖k̃‖2
2,Ω̂

+ ‖Γ̃1‖24,Ω̂)

+ C2

[(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

+ ‖γ̂‖2
4,Ω̂

(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)
]
,

where we have used the boundary conditions (3.47)4 and (3.47)5, and where
X7(Ω̂) and Y7(Ω̂) are defined by (3.127) with Ω̃, u, ηΩt , γ replaced by Ω̂,
û, η̂Ωt , γ̂, respectively.
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In the same way as (3.92) and (3.93) we obtain the following estimates:

(3.129)
1
2
d

dt

∫̂
Ω

pση̂
η̂
η̃2
ΩtnττJ dz + c0‖η̃Ωtnττ‖

2
0,Ω̂

≤ (ε+ cd)(‖η̃Ωtnττ‖
2
0,Ω̂

+ ‖ũzzττ‖20,Ω̂)

+ C1(‖ũτττ‖21,Ω̂ + |û|2
3,2,Ω̂

+ ‖η̂σz‖21,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
2,Ω̂

)

+ C2

[(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

+ (‖η̂σ‖22,Ω̂ + ‖γ̂0‖22,Ω̂ + ‖η̂σ‖42,Ω̂

+ ‖η̂σ‖22,Ω̂‖γ̂0‖22,Ω̂ + ‖γ̂0‖42,Ω̂)(‖ϑ0t‖20,Ωt + ‖v‖21,Ωt)
]

and

(3.130)
1
2
d

dt

∫̂
Ω

η̂|ũ3nττ |2J dz + c0‖ũ3nnττ‖20,Ω̂

≤ (ε+ cd)(‖ũzzττ‖20,Ω̂ + ‖η̃Ωtzττ‖
2
0,Ω̂

) + ε‖ũnττt‖20,Ω̂

+ C1(‖ũzτττ‖20,Ω̂ + ‖η̃Ωtnττ‖
2
0,Ω̂

+ |û|2
3,2,Ω̂

+ ‖η̂σz‖21,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
2,Ω̂

)

+ C2

(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂).

Next, differentiating (3.68) three times with respect to τ , multiplying by
ũ′τττJ , integrating over Ω̂ and using the boundary condition (3.69) we get

(3.131) ‖ũ′zτττ‖20,Ω̂ + ‖η̃Ωtτττ‖
2
0,Ω̂

≤ (ε+ cd)(‖ûzzzz‖20,Ω̂ + ‖η̂Ωtzzz‖
2
0,Ω̂

) + C1(‖div ũττ‖21,Ω̂ + |û|2
3,2,Ω̂

+ ‖η̂σz‖21,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
2,Ω̂

)

+ C2

(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂).

Moreover, from (3.68) we find
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(3.132) ‖ũ′nnττ‖20,Ω̂ ≤ (ε+ cd)(‖ũzzzz‖20,Ω̂ + ‖η̂Ωtzzz‖
2
0,Ω̂

)

+ C1(‖ũ′ττττ‖20,Ω̂ + ‖(div ũ),τττ‖20,Ω̂ + ‖η̃Ωtτττ‖
2
0,Ω̂

+ |û|2
3,2,Ω̂

+ ‖η̂σz‖21,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
2,Ω̂

)

+ C2

(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂).

Next, dividing (3.84) by Γ̂ , differentiating twice with respect to τ , mul-
tiplying the result by γ̃nnττJ and integrating over Ω̂ gives

(3.133)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
nττJ dz +

κ

θ∗

∫̂
Ω

γ̃2
nnττJ dz

≤ (ε+ cd)(‖γ̃zzzz‖20,Ω̂ + ‖η̃Ωtzzz‖
2
0,Ω̂

) + ε‖γ̃nττt‖20,Ω̂
+ C1(‖ũ‖2

3,Ω̂
+ ‖γ̃zτττ‖20,Ω̂ + ‖γ̂0z‖22,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
2,Ω̂

)

+ C2

[(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

+ (‖η̂σ‖22,Ω̂ + ‖γ̂0‖22,Ω̂ + ‖η̂σ‖42,Ω̂

+ ‖η̂σ‖22,Ω̂‖γ̂0‖22,Ω̂ + ‖γ̂0‖42,Ω̂)(‖ϑ0t‖21,Ωt + ‖v‖22,Ωt)
]
.

Differentiating the third component of (3.64) with respect to n and τ ,
multiplying by η̃ΩtnnτJ and integrating over Ω̂ yields

(3.134)
1
2
d

dt

∫̂
Ω

%ση̂
η̂
η̃ΩtnnτJ dz + c0‖η̃Ωtnnτ‖

2
0,Ω̂

≤ (ε+ cd)(‖ũzzzτ‖20,Ω̂ + ‖η̃Ωtzz‖
2
0,Ω̂

)

+ C1(‖ũzzττ‖20,Ω̂ + |û|2
3,2,Ω̂

+ ‖η̂σz‖21,Ω̂ + ‖η̂σt‖21,Ω̂ + ‖ηΩt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
2,Ω̂

)

+ C2

[(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

+ (‖η̂σ‖22,Ω̂ + ‖γ̂0‖22,Ω̂ + ‖η̂σ‖42,Ω̂

+ ‖η̂σ‖22,Ω̂‖γ̂0‖22,Ω̂ + ‖γ̂0‖42,Ω̂)(‖ϑ0t‖21,Ωt + ‖v‖22,Ωt)
]
.
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Differentiating the third component of (3.76) and next (3.68) with re-
spect to n and τ we have respectively

(3.135) ‖(div ũ),nnτ‖20,Ω̂
≤ (ε+ cd)‖ũzzzz‖20,Ω̂ + C1(‖ũzzττ‖20,Ω̂ + ‖η̃Ωtnnτ‖

2
0,Ω̂

+ |û|2
3,2,Ω̂

+ ‖η̂σz‖20,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

)

+ C2

(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

and

(3.136) ‖ũnnnτ‖20,Ω̂
≤ (ε+ cd)(‖ũzzzz‖20,Ω̂ + ‖η̃Ωtzzz‖

2
0,Ω̂

)

+ C1(‖ũzzττ‖20,Ω̂ + ‖(div ũ),znτ‖20,Ω̂ + ‖η̂Ωtznτ‖
2
0,Ω̂

+ |û|2
3,2,Ω̂

+ ‖η̂σz‖21,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖g̃‖2
2,Ω̂

)

+ C2

(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂).

Now, we rewrite equation (3.84) as

−κ∆γ̃ = − η̂cvγ̃t + κ∇̂2γ̃ − κ∆γ̃(3.137)

− Γ̂ pΓ̂ ∇̂ · ũ+ η̂k̃ + k6.

Differentiating (3.137) with respect to n and τ and multiplying the result
by γ̃nnnτJ we have

‖γ̃nnnτ‖20,Ω̂ ≤ (ε+ cd)‖γ̃zzzz‖20,Ω̂(3.138)

+ C1(‖γ̃zzττ‖20,Ω̂ + ‖û‖2
3,Ω̂

+ ‖η̂σz‖21,Ω̂
+ ‖η̂Ωt‖

2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂0t‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖k̃‖2
2,Ω̂

)

+ C2

[(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

+ (‖η̂σ‖22,Ω̂ + ‖γ̂0‖22,Ω̂ + ‖η̂σ‖42,Ω̂
+ ‖η̂σ‖22,Ω̂‖γ̂0‖22,Ω̂ + ‖γ̂0‖42,Ω̂)(‖ϑ0t‖21,Ωt + ‖v‖22,Ωt)

]
.

Next, differentiating the third components of problems (3.64), (3.76),
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(3.68) and problem (3.137) twice with respect to n we get the estimates for

1
2
d

dt

∫̂
Ω

pση̂
η̂
η̃ΩtnnnJ dz + ‖η̃Ωtnnn‖

2
0,Ω̂

, ‖(div ũ),nnn‖20,Ω̂ ,

‖ũnnnn‖20,Ω̂ and ‖γ̃nnnn‖20,Ω̂ ,

which are analogous to (3.134)–(3.136) and (3.138), respectively.
Finally, we have

(3.139)
1
2
d

dt

∫̂
Ω

η̂ũ2
zzzJ dz ≤ ε‖ũzzzt‖20,Ω̂ + C1‖ũ‖23,Ω̂

and

(3.140)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
zzzJ dz ≤ ε‖γ̃zzzt‖20,Ω̂ + C1(‖γ̂0z‖22,Ω̂ + ‖γ̂‖2

0,Ω̂
)

+ C2[(|η̂σ|22,1,Ω̂ + |γ̂0|22,1,Ω̂ + ‖û‖2
2,Ω̂

)‖γ̂‖2
4,Ω̂

].

The above considerations yield

(3.141)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

zzz +
pση̂
η̂
η̃2
σzzz +

η̂cv

Γ̂
γ̃2
zzz

)
J dz

+ c0(‖ũzzz‖21,Ω̂ + ‖η̃Ωtzzz‖
2
0,Ω̂

+ ‖γ̃zzzz‖20,Ω̂)

≤ (ε+ cd)(‖ũzzzz‖20,Ω̂ + ‖η̃Ωtzzz‖
2
0,Ω̂

+ ‖γ̃zzzz‖20,Ω̂)

+ ε‖ũzzzt‖20,Ω̂ + C1(|û|2
3,2,Ω̂

+ ‖γ̂0z‖22,Ω̂ + ‖γ̂‖2
0,Ω̂

+ ‖η̂σz‖21,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖ϑ0t‖20,Ωt + ‖v‖21,Ωt + ‖g̃‖2
2,Ω̂

+ ‖k̃‖2
2,Ω̂

+ ‖Γ̃1‖24,Ω̂)

+ C2

[(
X7(Ω̂) +

t∫
0

‖û‖2
3,Ω̂

dt′
)

(1 +X2
7 (Ω̂))Y7(Ω̂)

+ (‖η̂σ‖22,Ω̂ + ‖γ̂0‖22,Ω̂ + ‖η̂σ‖42,Ω̂

+ ‖η̂σ‖22,Ω̂‖γ̂0‖22,Ω̂ + ‖γ̂0‖22,Ω̂)(‖ϑ0t‖21,Ωt + ‖v‖22,Ωt)
]
.

By estimates (3.126) and (3.141) we obtain the assertion of the lemma.

In order to estimate the first term on the right-hand side of (3.125) we
need the following lemma.

Lemma 3.10. Let v, %, ϑ0 be a sufficiently smooth solution of prob-
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lem (3.3). Then

(3.142)
1
2
d

dt

∫
Ωt

(
%v2
xxt +

pσ%
%
%2
σxxt +

%cv
θ
ϑ2

0xxt

)
dx

+ c0(‖vxxt‖21,Ωt + ‖%σxxt‖20,Ωt + ‖ϑ0xxxt‖20,Ωt)

≤ ε(‖vxxtt‖20,Ωt + ‖vxxxx‖20,Ωt + ‖ϑ0xxxx‖20,Ωt + ‖ϑ0xxtt‖20,Ωt)

+ C1(|v|23,1,Ωt + ‖%σx‖21,Ωt + ‖%σt‖20,Ωt + ‖%Ωt‖
2
0,Ωt + ‖ϑ0x‖22,Ωt

+ ‖ϑ0t‖22,Ωt + ‖ϑ‖20,Ωt + |f |22,1,Ωt + |r|22,1,Ωt + ‖θ1t‖23,Ωt + ‖θ1‖23,Ωt)

+ C2

(
X8 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X2
8 )Y8,

where
X8 = |v|23,2,Ωt + |%σ|23,1,Ωt + |ϑ0|23,1,Ωt + ‖%Ωt‖

2
0,Ωt ,

Y8 = |v|24,3,Ωt + |%σ|23,1,Ωt + ‖ϑ0x‖23,Ωt + ‖ϑ0t‖23,Ωt + ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt .

P r o o f. The proof is analogous to the proofs of Lemmas 3.4–3.6 and
3.9.

To estimate the first term on the right-hand side of (3.142) we need the
following result.

Lemma 3.11. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.143)
1
2
d

dt

∫
Ωt

(
%v2
xtt +

pσ%
%
%2
σxtt +

%cv
θ
ϑ2

0xtt

)
dx

+ c0(‖vttx‖21,Ωt + ‖%σtt‖21,Ωt + ‖ϑ0ttxx‖20,Ωt)

≤ ε(‖vxxxt‖20,Ωt + ‖vxttt‖20,Ωt + ‖ϑ0xxxt‖20,Ωt + ‖ϑ0xtt‖20,Ωt)

+ C1(|v|23,0,Ωt + ‖%σx‖21,Ωt + ‖%σt‖21,Ωt + ‖%Ωt‖
2
0,Ωt

+ ‖ϑ0x‖22,Ωt + |ϑ0t|22,0,Ωt + ‖ϑ‖20,Ωt + |f |22,0,Ωt
+ |r|22,0,Ωt + ‖θ1tt‖22,Ωt + ‖θ1t‖22,Ωt + ‖θ1‖22,Ωt)

+ C2

(
X9 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X2
9 )Y9,

where
X9 = |v|23,0,Ωt + |%σ|23,0,Ωt + |ϑ0|23,0,Ωt + ‖%Ωt‖

2
0,Ωt ,

Y9 = |v|24,1,Ωt + |%σ|23,1,Ωt + |ϑ0t|23,1,Ωt + ‖ϑ0x‖23,Ωt + ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt .
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P r o o f. We use the partition of unity. Differentiating (3.46)1 and (3.46)3
twice with respect to t and once with respect to ξ, multiplying the results by
ũttξA and γ̃ttξA, respectively and next integrating the result over Ω̃ yields

(3.144)
1
2
d

dt

∫̃
Ω

(
ηũ2

ttξ +
pση
η
η̃2
Ωtttξ +

ηcv
Γ
γ̃2
ttξ

)
Adξ

+ c0(‖ũtt‖22,Ω̃ + ‖η̃Ωttt‖
2
1,Ω̃

+ ‖γ̃ttξξ‖20,Ω̃)

≤ ε‖ϑ0xttt‖20,Ωt + C1(|u|2
3,0,Ω̃

+ ‖γ‖2
0,Ω̃

+ ‖γ0ξ‖22,Ω̃ + |γ0t|22,1,Ω̃

+ ‖ηΩt‖
2
0,Ω̃

+ |ησ|21,0,Ω̃ + |g̃|2
2,0,Ω̃

+ |k̃|2
2,0,Ω̃

+ ‖vtt‖21,Ωt + ‖ϑ0tt‖21,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt)

+ C2X9(1 +X2
9 )Y9,

where we have used equation (3.52), Lemma 5.4 of [21], the Stokes problem
(3.57) and the estimate

‖ϑ0ttt‖20,Ωt ≤ ε‖ϑ0xttt‖20,Ωt(3.145)

+ C1(‖vtt‖21,Ωt + ‖ϑ0tt‖21,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt)

+ C2X9(1 +X2
9 )Y9.

For boundary subdomains we have

(3.146)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

ttτ +
pση̂
η̂
η̃2
Ωtttτ +

η̂cv

Γ̂
γ̃2
ttτ

)
J dz

+ c0(‖ũtt‖22,Ω̂ + ‖γ̃ttτz‖20,Ω̂)

≤ ε(‖ũttzz‖20,Ω̂ + ‖η̃Ωtttz‖
2
0,Ω̂

+ ‖γ̃ttzz‖20,Ω̂ + ‖ϑ0xttt‖20,Ωt)

+ C1(|û|2
3,0,Ω̂

+ ‖γ̂‖0,Ω̂ + ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,0,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ |η̂Ωt |
2
1,0,Ω̂

+ |g̃|2
2,0,Ω̂

+ |k̃|2
2,0,Ω̂

+ ‖Γ̃1tt‖22,Ω̂ + ‖Γ̃1t‖22,Ω̂

+ ‖Γ̃1‖22,Ω̂ + ‖vtt‖21,Ωt + ‖vt‖22,Ωt + ‖v‖22,Ωt + |ϑ0t|22,0,Ωt + ‖ϑ0x‖22,Ωt

+ ‖ϑ‖20,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt + ‖θ1t‖22,Ωt + ‖θ1‖22,Ωt)

+ C2

(
X9 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X2
9 )Y9,

where we have used the boundary conditions (3.47)4 and (3.47)5.
Differentiating the third component of (3.64) twice with respect to t,
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multiplying the result by η̃ΩtnttJ and integrating over Ω̂ implies

(3.147)
1
2
d

dt

∫̂
Ω

pση̂
η̂
η̃ΩtnttJ dz + c0‖η̃Ωtntt‖

2
0,Ω̂

≤ (ε+ cd)(‖ũzztt‖20,Ω̂ + ‖η̃Ωtztt‖
2
0,Ω̂

) + ε‖ϑ0xttt‖20,Ωt
+ C1(‖ũzτtt‖20,Ω̂ + |û|2

3,0,Ω̂
+ ‖η̂σz‖21,Ω̂ + |η̂σt|21,0,Ω̂

+ ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,1,Ω̂ + |g̃|2
2,0,Ω̂

+ ‖vtt‖21,Ωt
+ ‖ϑ0tt‖21,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt) + C2X9(1 +X2

9 )Y9.

Next, differentiating the third component of (3.66) twice with respect to
t, multiplying the result by ũ3nttJ and integrating over Ω̂ implies

(3.148)
1
2
d

dt

∫̂
Ω

η̂|ũ3ntt|2J dz + c0‖ũ3nntt‖20,Ω̂

≤ (ε+ cd)(‖ũzztt‖20,Ω̂ + ‖η̃Ωtztt‖
2
0,Ω̂

) + ε‖ũzttt‖20,Ω̂
+ C1(‖ũzτtt‖20,Ω̂ + ‖η̃Ωtntt‖

2
0,Ω̂

+ |û|2
3,0,Ω̂

+ ‖η̂σz‖21,Ω̂ + |η̂σt|21,0,Ω̂
+ ‖η̂Ωt‖

2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,1,Ωt + ‖γ̂‖2
0,Ω̂

+ |g̃|2
2,0,Ω̂

)

+ C2X9(1 +X2
9 )Y9.

From (3.68)–(3.70) we have

(3.149) ‖ũ′zτtt‖20,Ω̂ + ‖η̃Ωtτtt‖
2
0,Ω̂

≤ (ε+ cd)(‖ũzztt‖20,Ω̂ + ‖η̃Ωtztt‖
2
0,Ω̂

+ ‖ũzttt‖20,Ω̂)

+ C1(‖div ũtt‖21,Ω̂ + |û|2
3,0,Ω̂

+ ‖η̂σz‖21,Ω̂ + |η̂σt|21,0,Ω̂
+ ‖η̂Ωt‖

2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,1,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |g̃|2
2,0,Ω̂

)

+ C2X9(1 +X2
9 )Y9.

Next, from (3.68) it follows that

(3.150) ‖ũ′nntt‖20,Ω̂
≤ (ε+ cd)(‖ũzztt‖20,Ω̂ + ‖η̃Ωtztt‖

2
0,Ω̂

)

+ C1(‖(div ũ),τtt‖20,Ω̂ + ‖η̃Ωtτtt‖
2
0,Ω̂

+ |û|2
3,0,Ω̂

+ ‖η̂σz‖21,Ω̂ + |η̂σt|21,0,Ω̂
+ ‖η̂Ωt‖

2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,1,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |g̃|2
2,0,Ω̂

)

+ C2X9(1 +X2
9 )Y9.
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Dividing (3.84) by Γ̂ , differentiating twice with respect to t, multiplying
the result by γ̃nnttJ and integrating over Ω̂ we get

(3.151)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
nttJ dz +

κ

θ∗
‖γ̃nntt‖20,Ω̂

≤ (ε+ cd)(‖γ̃zztt‖20,Ω̂ + ‖η̃Ωtzzt‖
2
0,Ω̂

) + ε(‖γ̃zttt‖20,Ω̂ + ‖ϑ0xttt‖20,Ωt)

+ C1(‖γ̃zτtt‖20,Ω̂ + ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,1,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |û|2
3,1,Ω̂

+ ‖η̂σz‖21,Ω̂ + |η̂σt|21,0,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ |k̃|2
2,0,Ω̂

+ ‖vtt‖21,Ωt + ‖ϑ0tt‖21,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt)

+ C2X9(1 +X2
9 )Y9.

Next, using (3.137) we get

‖γ̃zτtt‖20,Ω̂ ≤ (ε+ cd)(‖ũzztt‖20,Ω̂ + ‖γ̃zztt‖20,Ω̂) + ε‖γ̃zttt‖20,Ω̂(3.152)

+ C1(|û|2
3,1,Ω̂

+ ‖η̂σz‖21,Ω̂ + |η̂σt|21,0,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,1,Ω̂ + ‖γ̂‖2
0,Ω̂

+ |k̃|2
2,0,Ω̂

+ ‖vtt‖21,Ωt + ‖ϑ0tt‖21,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt)
+ C2X9(1 +X2

9 )Y9.

Finally, we have

(3.153)
1
2
d

dt

∫̂
Ω

η̂ũ2
zttJ dz ≤ ε‖ũzttt‖20,Ω̂ + C1‖ũztt‖20,Ω̂

and

(3.154)
1
2
d

dt

∫̂
Ω

η̂cv

Γ̂
γ̃2
zttJ dz ≤ ε(‖γ̃zttt‖20,Ω̂ + ‖ϑ0xttt‖20,Ω̂)

+ C1(‖γ̂0zz‖20,Ω̂ + ‖vtt‖21,Ωt + ‖ϑ0tt‖21,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt)

+ C2X9(1 +X2
9 )Y9.

By estimates (3.146)–(3.154) we get

(3.155)
1
2
d

dt

∫̂
Ω

(
η̂ũ2

ztt +
pση̂
η̂
η̃2
Ωtztt +

η̂cv

Γ̂
γ̃2
ztt

)
J dz

+ c0(‖ũtt‖22,Ω̂ + ‖η̃Ωttt‖
2
1,Ω̂

+ ‖γ̃zztt‖20,Ω̂)

≤ ε(‖ũttzz‖20,Ω̂ + ‖η̃Ωtttz‖
2
0,Ω̂

+ ‖γ̃ttzz‖20,Ω̂
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+ ‖ũzttt‖20,Ω̂ + ‖γ̃zttt‖20,Ω̂ + ‖ϑ0xttt‖20,Ωt)

+ C1(|û|2
3,0,Ω̂

+ ‖γ̂‖2
0,Ω̂

+ ‖γ̂0z‖22,Ω̂ + |γ̂0t|22,0,Ω̂ + ‖η̂Ωt‖
2
0,Ω̂

+ |η̂Ωt |
2
1,0,Ωt + |g̃|2

2,0,Ω̂
+ |k̃|2

2,0,Ω̂
+ ‖Γ̃1‖22,Ω̂ + ‖Γ̃1t‖22,Ω̂

+ ‖Γ̃1tt‖22,Ω̂ + ‖vtt‖21,Ωt + ‖v‖22,Ωt + |vt|22,1,Ωt + |ϑ0t|22,0,Ωt + ‖ϑ0x‖22,Ωt

+ ‖ϑ‖20,Ωt + |r|22,0,Ωt + ‖θ1tt‖21,Ωt + ‖θ1t‖22,Ωt + ‖θ1‖22,Ωt)

+ C2

(
X9 +

t∫
0

‖v‖24,Ωt′ dt
′
)

(1 +X2
9 )Y9.

Inequalities (3.144) and (3.155) yield the assertion of the lemma.

Lemma 3.12. Let v, %, ϑ0 be a sufficiently smooth solution of problem
(3.3). Then

(3.156)
1
2
d

dt

∫
Ωt

(
%v2
ttt +

pσ%
%
%2
σttt +

%cv
θ
ϑ2

0ttt

)
dx

+ c0(‖vttt‖21,Ωt + ‖%σttt‖20,Ωt + ‖ϑ0ttt‖21,Ωt)

≤ C1(‖vtt‖21,Ωt + ‖ϑ0tt‖21,Ωt + ‖fttt‖20,Ωt + |f |22,0,Ωt
+ ‖rttt‖20,Ωt + |r|22,0,Ωt + |θ1|24,1,Ωt)

+ C2X10(1 +X3
10)Y10,

where

X10 = |v|23,0,Ωt+|%σ|
2
3,0,Ωt+|ϑ0|23,0,Ωt , Y10 = |v|24,1,Ωt+|%σ|

2
3,0,Ωt+|ϑ0|24,1,Ωt .

P r o o f. Differentiating (3.3)1 three times with respect to t, multiplying
the result by vttt and integrating over Ωt yields

(3.157)
1
2
d

dt

∫
Ωt

%v2
ttt dx+

1
2
µEΩt(vttt) + (ν − µ)‖div vttt‖20,Ωt

−
∫
Ωt

pσ%%σttt div vttt dx−
∫
Ωt

p%θϑ0ttt div vttt dx

−
∫
St

(niT ij(v, %σ)),tttvittt ds

≤ ε(‖vttt‖21,Ωt + ‖%σttt‖20,Ωt)

+ C1(|f |22,0,Ωt + ‖fttt‖20,Ωt) + C2X10(1 +X3
10)Y10.
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Next, dividing (3.3)3 by θ, differentiating three times with respect to t,
multiplying by ϑ0ttt and integrating over Ωt gives

(3.158)
1
2
d

dt

∫
Ωt

%cv
θ
ϑ2

0ttt dx+
κ

θ∗

∫
Ωt

|∇ϑ0ttt|2 dx

+
∫
Ωt

p%θϑ0ttt div vttt dx−
∫
St

(
n · ∇ϑ0

θ

)
,ttt

ϑ0ttt ds

≤ ε(‖vttt‖21,Ωt + ‖%σttt‖20,Ωt + ‖ϑ0ttt‖21,Ωt)

+ C1(|r|22,0,Ωt + ‖rttt‖20,Ωt + ‖θ1ttt‖1,Ωt) + C2X10(1 +X3
10)Y10.

Now, using the continuity equation (3.3)2, Lemma 5.5 of [21], inequality
(3.145) and the estimate

(3.159) ‖%σttt‖20,Ωt ≤ c‖vtt‖
2
1,Ωt + C2X10(1 +X2

10)Y10

we obtain (3.156).

Estimating ‖ϑ‖20,Ωt + ‖%Ωt‖
2
0,Ωt

by ‖ϑ0x‖20,Ωt + ‖pσ‖20,Ωt (by using (3.19)
and (3.27)) from the above lemmas for sufficiently small ε we obtain

Theorem 3.13. For a sufficiently smooth solution v, %, ϑ0 of (3.3) we
have

(3.160)
dφ

dt
+c0Φ ≤ c1P (φ)

(
φ+

t∫
0

‖v‖24,Ωt′ dt
′
)

(1+φ3)(φ+Φ)+c2F+c3Ψ,

where

(3.161)

φ(t) =
∫
Ωt

%
∑

0≤|α|+i≤3

|Dα
x∂

i
tv|2 dx

+
∫
Ωt

(
p1

%
%2
σ + %2

Ωt +
p2%cv
pθθ

ϑ2
0

)
dx

+
∫
Ωt

pσ%
%

∑
1≤|α|+i≤3

|D2
x∂

i
t%σ|2 dx

+
∫
Ωt

%cv
θ

∑
1≤|α|+i≤3

|Dα
x∂

i
tϑ0|2 dx,

φ(t) = |v|23,0,Ωt + |%σ|23,0,Ωt + |ϑ0|23,0,Ωt + ‖%Ωt‖
2
0,Ωt ,

Φ(t) = |v|24,1,Ωt + |%σ|23,0,Ωt − ‖%σ‖
2
0,Ωt + ‖%Ωt‖

2
0,Ωt

+ |ϑ0|24,1,Ωt − ‖ϑ0‖20,Ωt + ‖ϑ‖20,Ωt ,
F (t) = ‖fttt‖20,Ωt + |f |22,0,Ωt + ‖rttt‖20,Ωt + |r|22,0,Ωt

+ ‖r‖0,Ωt + |θ1|24,1,Ωt + ‖θ1‖1,Ωt ,
Ψ(t) = ‖v‖20,Ωt + ‖pσ‖20,Ωt ,
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P is an increasing continuous function; c0 < 1 is a positive constant de-
pending on %∗, %∗, θ∗, θ∗, µ, ν, κ; and ci (i = 1, 2, 3) are positive constants
depending on %∗, %∗, θ∗, θ∗,

∫ t
0
‖v‖3,Ωt′ dt

′, ‖S‖4−1/2, T and constants from
the imbedding Lemma 2.1 and the Korn inequalities (see Section 5 of [21]).
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