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On a differential inequality for equations of
a viscous compressible heat conducting fluid bounded
by a free surface

by EWA ZADRZYNSKA and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. We derive a global differential inequality for solutions of a free boundary
problem for a viscous compressible heat conducting fluid. The inequality is essential in
proving the global existence of solutions.

1. Introduction. The aim of this paper is to derive a global differential
inequality for the following free boundary problem for a viscous compressible
heat conducting fluid (see [2], Chs. 2 and 5):

o[vr + (v - V)v] + Vp — pAv —vVdive = of in 7,

ot +div(pv) =0 in 7,
0¢y(0r + v - V) + Opg dive — kA

3
— 31 > (Wi, +070,)% — (v — p)(dive)® = or in 07,
(1.1) i,j=1

Tn = —pon on ST,
v-m=—¢¢/|V| on ST,
90/n = 6, on ST,
vlt=0 = vo, 0lt=0 = 00, Oli=0 = o in (2,

where 27 = Use(o.r) $2¢ x {t}, £2; is a bounded domain of the drop at time
t and £2) = 2 is its initial domain, ST = Useo,m St x {t}, Se = 062,

¢(x,t) = 0 describes S;, and 7 is the unit outward vector normal to the
boundary (i.e. m = V¢/|Vel|).
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Moreover, v = v(x,t) is the velocity of the fluid, o = o(x,t) the density,
0 = 0(z,t) the temperature, f = f(x,t) the external force field per unit
mass, = r(xz,t) the heat sources per unit mass, #; = 6;(x,t) the heat flow
per unit surface, p = p(g, 0) the pressure, u and v the viscosity coefficients, x
the coefficient of heat conductivity, ¢, = ¢, (0, @) the specific heat at constant
volume, and pg the external (constant) pressure.
We assume that ¢, > 0, the coefficients p, v, k are constants, and x > 0,
v>u>0.
Finally, T = T(v, p) denotes the stress tensor of the form
T ={Ti;} = {-pdij + 1(vie, + vje,) + (v — p)dy; dive}
= {-pdi; + Di;(v)},
where 7,7 = 1,2,3, and D = D(v) = {D;;} is the deformation tensor. Let
the domain {2 be given. Then by (1.1)5, 2, = {z € R : x = z(, 1), £ € 2},
where x = z(,t) is the solution of the Cauchy problem
Oz
E :’U(.’E,t)7 -T’t:():ge Qv 5: (§17§27§3)'
Therefore, the transformation z = z(£,t) connects the Eulerian x and
the Langrangian £ coordinates of the same fluid particle. Hence

(1.2) v=¢+ [ul€ s)ds = Xu(6,1),
0

where u(&,t) = v(X,(&,t),t). Moreover, the kinematic boundary condition
(1.1)5 implies that the boundary S; is a material surface. Thus, if § € S = S
then X, (§,t) € Sy and Sy = {x: x = X, (&, t), £ € S}.

By the continuity equation (1.1)2 and (1.1)5 the total mass of the drop
is conserved and the following relation holds between g and (2;:

f o(x,t)dx = M.
2

This paper is divided into three sections. In Section 2 we introduce some
notation. In Section 3 we derive the main result of the paper, i.e. the differ-
ential inequality (3.160) (see Theorem 3.13) which is essential in proving the
global existence of a solution of problem (1.1) (see [19]). In order to obtain
inequality (3.160) we impose the following assumptions:

a) there exists a sufficiently smooth local solution;
b) the transformation (1.2) together with its inverse exist;
¢) the volume and the shape of the domain do not change much in time.

Papers concerning problem (1.1) include [15]-[17] and [20]. In [15] the
local-in-time existence and uniqueness of solution to problem (1.1) in the
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Sobolev—-Slobodetskii spaces is proved. In [17] we prove that under an appro-
priate choice of og, vg, 6, 01, po, k¥ and the form of the internal energy per
unit mass € = (g, 0), vary [£2] is as small as we need. Paper [20] contains
the global existence theorem for problem (1.1). In [15], [18], [19], [21] we con-
sider the motion of a viscous compressible heat conducting fluid bounded
by a free surface governed by surface tension. Such a motion is described by
equations (1.1);—(1.1)3 with conditions (1.1)5—(1.1)7 and with the condition

(1.3) Tn —ocHR = —pon

replacing (1.1)4. In (1.3), o is the constant coefficient of surface tension, and
H is the double mean curvature of S;.

Similarly to the case o = 0, in [15] the local motion of a capillary fluid
(the case o # 0) is considered, while [18], [19] and [21] give, in that case,
analogous to those of [17], the present paper and [20], respectively. In [18]
conservation laws and global estimates for equations (1.1);—(1.1)3 with con-
ditions (1.3) and (1.1)5—(1.1)7 are presented. Moreover, we prove in [18] that
we can choose g, vg, 8o, 01, po, K, 0 and the form of the internal energy per
unit mass € = (g, 0) such that var; {2 is as small as we need. This result
is used in [21] to prove the global-in-time existence of solutions to problem
(1.1);-(1.1)3, (1.3), (1.1)5—(1.1)7. Paper [19] is devoted to a differential in-
equality for problem (1.1);—(1.1)3, (1.3), (1.1)5—(1.1)7 which is analogous to
inequality (3.160). In [21] the global existence theorem for problem (1.1);—
(1.1)3, (1.3), (1.1)5—(1.1)7 is proved. Finally, [16] contains the review of all
results from [17]-[21] including the main result proved in this paper.

The motion of a viscous compressible heat conducting fluid in a fixed
domain was considered by A. Matsumura and T. Nishida [3]-[7], A.Valli
[13], and A. Valli and W. M. Zajaczkowski [14]. Papers [3] and [4] are con-
cerned with the initial value problem for equations (1.1);—(1.1)3 considered
in R? x (0,00). In [4] the existence and uniqueness of a global-in-time clas-
sical solution of system (1.1);—(1.1)3 is proved for the initial conditions

(1.4) V=0 = vo, Oli=0 =00, Oli=o =6y inR>

The solution is obtained in a neighbourhood of a constant state (v, g,60) =
(0,9,0), where g and 0 are positive constants. In [3] the same type of result is
obtained for a polytropic gas, i.e. under the assumption that ¢ = ¢, 0, where
e is the internal energy. In [7] the global existence theorem is proved for
system (1.1);—(1.1)3 considered in 2 x (0,00) (where {2 is a halfspace or an
exterior domain of any bounded region with smooth boundary) with initial
conditions (1.4) and with the boundary conditions of Dirichlet or Neumann
type. Papers [5], [6], [13] and [14] are concerned with the global motion of a
viscous compressible heat conducting fluid in a bounded domain 2 C R3.
For a compressible barotropic fluid (i.e. when the temperature of the
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fluid is constant) the problem corresponding to (1.1) has been examined by
W. M. Zajaczkowski [22]-[25] and V. A. Solonnikov and A. Tani [12]. In
[23]-[24] the local motion of a compressible barotropic fluid bounded by a
free surface is considered, while [22], [25] and [12] are devoted to the global
motion of such a fluid.

In [8] K. Pileckas and W. M. Zajaczkowski proved the existence of a
stationary motion of a viscous compressible barotropic fluid bounded by a
free surface governed by surface tension.

Finally, papers of V. A. Solonnikov [9]-[11] concern free boundary prob-
lems for viscous incompressible fluids. In the case of an incompressible fluid
0 = const, so the continuity equation (1.1)s reduces to

(1.5) divv = 0.

Therefore, the problem examined by V. A. Solonnikov [9]-[11] is described
by the Navier-Stokes equations (1.1); (where p = p(x,t)) and by (1.5) with
the initial condition v|;—¢ = vo and with the boundary condition being either
(1.1)4 or (1.3).

2. Notation. Let Q = 2, or Q = S; (t > 0). By || - |l.o (I > 0) and
|- |p.0 (1 <p < oo) we denote the norms in the usual Sobolev spaces W(Q)
and in the L,(Q) spaces, respectively.

Next, we introduce the space I't(£2) of functions u with the norm

lllrsioy = 32 195ullimio = Julipo,  where 1> 0, k> 0.
i<l—k

In the sequel we shall use the following notation for derivatives of wu.
If u is a scalar-valued function we denote by D'; LU O Uy ¢ ¢ the vector

. K \ /
(Dgazu)|a|+z:k- k times
Similarly, if u = (u1, u2,u3) we denote by D¥ ,u or u,. .. ¢ the vector
) —
k times
(Dg0ju;)|a|i=k,j=12,3- Hence | Dy ul = 37,y |Dg0}ul.

We use the following lemma.

LEMMA 2.1. The following imbedding holds: W}(Q) C L3(Q) (Q C R3),
where |a| +3/r —3/p < 1, 1 € Z, 1 < p, r < oo; Ly (82) is the space of
functions u such that |D%u|, o < oo, and WH(Q) is the Sobolev space.

Moreover, the following interpolation inequalities hold:

|DSulp.g < cel_”\Déuan + ce"ulr,qg,
where k = |a|/l + 3/(lr) — 3/(lp) < 1, € is a parameter, and ¢ > 0 is a
constant independent of u and €; and

DS ulg.00 < ce' | Dhulyq + ce"|ulyo,
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where k = ||/l + 3/(lr) — 2/(lq) < 1, € is a parameter, and ¢ > 0 is a
constant independent of u and €.

Lemma 2.1 follows from Theorem 10.2 of [1].

3. Global differential inequality. Assume that the existence of a
sufficiently smooth local solution of problem (1.1) has been proved. To show
the differential inequality we consider the motion near the constant state
Ve =0, Pe = po, 0 = 0y = ﬁ fQ 0o d€ and p., where g, is a solution of the
equation

(3.1) (e, 0e) = po-

Let
(3.2) Po =P—DPo, 0o =0—00, Vo=0-0., vUV=0-0q,
where

1
0o, = — | Odz.
. mu{

Then problem (1.1) takes the form
olvr + (v - V)v] —divT(v,p,) = of in £2,, t €[0,77,

ot +div(ov) =0 in {2, t€[0,77,
0¢y(0,0)(Vor + v - Vo) + Ope(0,0) divo
1
(3.3) — kAYy — 5“ Z(@xivj + &rjvi)?
1,7

— (v — p)(dive)? = or in {2, t€[0,77,
T(v,ps) =0 on S, t € 10,7,
099 /0n = 64 on Sy, t € 10,7,

where T(v, ps) = {1(0z,v5 + 0z,vi) + (v — p)d;sj dive — psds;} and T is the
time of local existence.
In the sequel we shall use the following Taylor formula for p,:

(3.4) po=p(0,0) —ploc,0c) = p(0,0) — p(oc,0) + p(0e,0) — p(0c, )

= (Q_Qe) fpg(Qe—i-S(Q—Qe),H)ds
1

+ (0 —0.) f Po(0c, b +5(0 —0.)) ds = p10s + p2o.
0

We shall also use the formula
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(3.5) po =p(0,0) —plogn,,ba,)
1
=(0—02,) [ poloa, +s(e— ea,),0)ds
0

+(0—00,) [ poloa,, 00, + 50— 0g,)) ds = psgg, + pav,
0

where the function pg, = 00, (t) is a solution of the problem

(36) p(QQt’GQt) = Po, 00, ’t:O = O¢
and
(3.7) 00, =0~ 00,

The functions p; (i = 1,2,3,4) in (3.4) and (3.5) are positive and p; =
pl(gv 9)7 b2 = pQ(Qea 9)7 p3 = p3(QQt7 0, 9)) Pa = p4(QQta H.Qta 9)

Now we point out the following facts concerning the estimates in Lemmas
3.1-3.12 and Theorem 3.13:

e By € we denote small constants and for simplicity we do not distinguish
them.

e By C; and C5 we denote constants which depend on ., 0%, 0, 0*, T,
fUT ||v||§79t, dt', [|S]l4=1/2, on the parameters which guarantee the existence
of the inverse transformation to x = x(&,t) and also the constants of the
imbedding theorems and the Korn inequalities. C is always the coefficient
of a linear term, while Cs is the coefficient of a nonlinear term. For simplicity
we do not distinguish different C'’s and C5’s.

e By ¢ we denote absolute constants which may depend on u, v, x, and
by cp < 1 we denote positive constants which may depend on u, v, k, 04,
0*, 0, 6*. For simplicity we do not distinguish different ¢’s and cg’s.

e We underline that all the estimates are obtained under the assump-
tion that there exists a local-in-time solution of (1.1), so all the quantities
0x, 05, 0., 0%, T, fOT Hv||§,gt/dt’, 1S]|4=1/2 are estimated by the data func-
tions. Moreover, the existence of the inverse transformation to = = x(&, t) is
guaranteed by the estimates for the local solution (see [14]).

LEMMA 3.1. Let v, o, Yo be a sufficiently smooth solution of (3.3). Then

d c
— [ (Q’UQ—FPQlQi‘*‘Q?zt + 222 ”%) dx

1
(38) =
2dt o, p99

+ collvl o, + (v = wlldivol§ o, + collYosll5 o,
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< e(llpo 116, 0, + I1ot13,2,)
+CulvlIg, 0, + 17130, + Irllo.e, + 110211% o, + 161]l.0, + 1£15,2,)
+Callleollz 0, + 120, 12,0, + 1vl12,0, + 190ll2,0,).

where € > 0 is sufficiently small.

Proof. Multiplying (3.3); by v, integrating over {2; and using the con-
tinuity equation (3.3)2 and (3.4) we obtain

(39) 5o f o0 d + 5 Bo, () + (v~ p)div ol g,
— fplggdivvd:v—fpgﬂodivvdx:fvada:,
Qt Qt Qt
where Egq, (v fﬂt § i1 (02,05 + O, v;)? du.

By the contmulty equation (3.3)2, energy equation (3.3)3 and condition
(3.3)5 we have

(3.10) — [ pesdivede = [ Poo(00 +v- Vo) da
Qt Qi Q
2dt fplgad + 14
where

(3.11) |4l < e(llvallf o, + 1P0:15.0,) + Crlllrl§ o, + 16111% o,)
+Ca(llos 1,0, + 110113 2, lles13,0, + 1013 e, [V0]l3.0,
+[0ll3, 0, 0o IF o, + llosll3. e, loslli a,)-

Next, dividing equation (3.3)3 by 6 0g, multiplying the result by psty and

integrating over (2, we get

P20Cy 19(2) 19(% pak A
3.12 Oy — V—=|d Yo divod ——— 1 d
( ) (}/; O <t2+v 5 l‘+fpzo IV?)ﬂ?({ o x

P2t 2 pz ) . 2
— E (Og,vj + O0p,v;) Vo dx — 7dwv Yo dx
f 291)0 5 J ) 0 { 9p9 ( ) 0

_ ey
o Ope

Hence applying the boundary condition (3.3)5 we have
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V2
(3.13) f ( i 4oV >d:1:+ [ prdodivode+ fm“womdx
2 2
:IQ—I—f p20r Yo dr + 7911906&6’,
o, P 5, o
where
(3.14) 1L2| < e(llvallf,, + 1P0:3,02,)
+ Ca |00l o, (I013,0, + lleoll3.2, + 19013,0,)-
Moreover,
(3.15) fngrﬁgdx‘g ngrﬂd‘ ‘ P22 00, — 0.) da
o, Ope o, e . Opo
< ell9l§., + Crl7lI5, 0, + I7ll0,2:)
and
P2k
(3.16) | [ Oy 100 08 < (19118, 2, + 1902 115,2,) + C1 (1611132, + 1101 1l1,2,)-
St

Next, using equations (3.3)2, (3.3)s and condition (3.3)5 yields

P20Cy 3 V3 _1d P20Cy o
1 dx Jgdx + 1
(3.17) J 5 <at fo.v > =5 | i VI,

where
3.18)  |Is] < e(l|vallg o, + 1P02l15.2,) + Crlrlg o, + 10117 0,)
+ Col[9ol3 o, (190113, 0, + 10]13,02, + Il05113.2,)-

Taking into account (3.9)—(3.11), (3.13)—(3.18), using Lemma 5.2 of [21]
and the Poincaré inequality

(3.19) [91/0,2. < C1l|Vozll0,e2,

we obtain for sufficiently small €,

1d P05 | P20Cy
20) S 24 5l 93 )d 2
(3.20) m({ (gv T G, 0 ) et eollvli e,

+ (v = plldivol§ o, + colldosI5 o,
< Cillvllg o, + 715 2, + I7llo.e, + 101117 o,
+Callloolli o, (losli o, + IIV3,0,)

+lleall o, (10115 o, + I190l13,2,) + [190ll% o, (19013, + V13 2,)]-

+I1£116.2,)
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Finally, by (3.3)2 and (3.7) we have

(3.21) 0:0q, +v-Vog, +odive + 000, =0,
where in view of (3.6),
(3.22) oo, = 020,00,

0o,

Using the definition of th we calculate

(3.23) b, = ‘ fﬁotd:z—F | f@dlvvdm

\Qt

—|Qt|2([{9d:c><é{ divuds).

Consider now
(3.24) 3 dt f 00, dz = — f 05, 0divode — f 00,000, dx
Qt Qt
1 —9 .
—|—§ f 00, divv dz,
o
where we have used equation (3.21). Since by (3.3)s,
(3:25)  [|90ell5, e
< ellVostllg @, + CLUIFIIE 2, + 1601113 o, + lvallE 2, + D025 2,)
+Ca([[vllF @193, + 10110, + 00113 0, 190113, + 10ll2
relations (3.22)—(3.24) give the estimate

),

(326) 19 [ 3, de < elT0 B e, + 1WoslB)
t + OB, + 16015 o + e + 9001,
+ Ol o 19018, + ol o, + 120, I
+ ol 0, 19013, + 0] 0,

By (3.5) and the Poincaré inequality (3.19) we have
(3.27) [eg, llo.2. < Ci(l[Yozllo.2, + llesllo,2.)-
The estimates (3.20), (3.26) and (3.27) imply (3.8). =

LEMMA 3.2. Let v, o, 99 be a sufficiently smooth solution of (3.3). Then
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1d Poo 2 OCy 42
(328) th!}[ (Q'Ut + ?Qat + 719015 dx
t

+eolloellf g, + (v = ) divve|§ o, + collPoelIT o,
<e([[oll? 0, + 1902115 02,)
+Ci(f13 0.0, + Il 0.0, +101131.0,) + CoXT(1+ X1),
where X1 = |v[3 1 o, + 051310, + 1P0l5.1 0,

Proof. Differentiating (3.3); with respect to ¢, multiplying by v; and
integrating over {2, we obtain

v? v? .
(3.29) f (g@tg + ov - V;) dx + %Egt (vr) + (v — p)||div Ut”gygt
2

- f PoOot div v, dox — f peor div vy dx
2 (o

=+ f (007 + o1vr - (VVV) + gy - (1, V) d + f (T(v, po)ng) - ve ds
2 St

:fat(gf)'vtdxa
2

where we have used the boundary condition (3.3)4.
The continuity equation (3.3)y yields

(3.30) -— f Dot div vy dz
2

P p : p p
=/ (Q@oté)rftt + =207, divv + 2 050: Vo, + ngtvaat> dzx
o \e 0 0 0

14

b
= 5% f zgggt dr + 14,

2

where
(3.31) L] <e(lvelf o, + leotld,,)
+ Calllootli o, (losll3.0, + 1903 0, + lostllT.a, + 11P0ll3,0,)]-

Using (3.30), (3.31) and Lemma 5.3 of [21] we obtain from (3.29) the
inequality
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1d 2, Po 2
(3.32) oy f (gvt + ?Qgt dz
24
2 : 2 :
+ col|vellf o, + (v = w[divey][§ o, — [ povor div vy da
24
< EHQUtH(Q),.Qt + Ol|f|§,0,(2t + O2X12(1 + Xl)v

Dividing now (3.3)3 by 6, differentiating with respect to ¢, multiplying by
Yo, integrating over {2; and next applying the Holder and Young inequalities
and the Sobolev lemma gives

1d . .
(333) o [ Q; z9§tdx+fpm90tdlvvtdm+§* [ 1ora|? dz
Qt .Qt Qt

< e(llootll§., + 1vellE o, + 1P0ell5 2, + [IWoralI5 2,)
+ Cilllrllg, e, + lIrdlle.e, +16115,1,0,) + C2 X7
From the continuity equation (3.3)2 it follows that
(3.34) lootll3.c, < Cullolz g, + Callol2 g, lloo 1.

Finally, adding inequalities (3.32)—(3.33) and using (3.25) and (3.34) we
obtain (3.28). m

Lemmas 3.1 and 3.2 imply
LEMMA 3.3. Let v, o, U9 be a sufficiently smooth solution of (3.3). Then
1d 1d 1
335) - [ o +v))dz+ s [ E(plg?, + Po0yy) da

t Qt

1d ,_ 1d 0Cy { P2
g | s S & (B2t 408, ) darenlloll o+l )

2dt
2¢
+ (v = p)(|[divol|§ o, + [|divee§ o,)

+ co([[90z 15, + 1Yot

1.0,
< ellpall§, o, +CrvlE o, +IrlF 0,0, +Irllo.2, +10113 1 o, +101ll0.2+f1F 0,.0,)

+ Cafllog, %,Qt + X7(1+ X)),

where X1 is defined in Lemma 3.2.

In order to obtain an inequality for derivatives with respect to x we
rewrite problem (3.3) in the Lagrangian coordinates and next we introduce
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a partition of unity in the fixed domain (2. Thus we have
nuit — Vo, T (u, po) = ngi, i =1,2,3,
Not + NV -u =0,
nes(n, D)yoe — £V
=nk—Tpr(n,I"V, -u

(3.36) 3
+5 2 (un et a4 0= (V-
Tu(u,pa)ﬁ(f,t) =0,
n-V,I =11,
where
77(£>t) = (l’(f,t),t), U(f,t) :’U(l‘(f,t),t), g(g’t) :f(.f(g,t),t),

0
F(§7t) = e(x(‘fat)7t)a 70(§7t) - 190('%'<Evt)at)7 In = el(x(§7t)>t)

Tu(u, po) = {1 (u,p0)}
= {=podij + (Vuui + Viy,ug) + (v — p)di; Ve, - ul,
Vi =80 = (§ir, 06 ) k=123 Vu; = &k, Oy
divy, Ty (u,ps) = Vi Ty(u, po).
By (3.4), (3.5) we have respectively

(3.37)

(3.38) Po = P17s + P2%0
and

(3.39) Po = D37, + a7,
where

Noe =N—0e Yo=1—0c, Mg =n—00, 7=1—-0q,
pr=p1(n; 1), p2=p2(n, 1), ps=ps(en,nT),
pa = pa(00,,00,,), pi>0 (i=1,2,3).
Let us introduce a partition of unity ({£2;},{¢}), 2 = U, ;. Let 2 be

one of the 2;’s and C(&) = ¢i(&) be the corresponding function. If {2 is an
interior subdomain then let & be a set such that @ C {2 and ((§) = 1 for

§ € @. Otherwise we assume that QNS #0,5NS#0, & C (2. Take any
Be®nS cNnS =S5 and introduce local coordinates {y} associated with
{&} by

(3.40) Yk = ar(§ — Bi), sk =nx(B), k=1,2,3,
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where ay; is a constant orthogonal matrix such that S is determined by the
equation y3 = F(y1,y2), F € 1/1/24_1/2 and

fz: {y |y’L| < d7 1= 1727 F(y/) <ys < F(y/)+d) y/ = (yl)yQ)}'

Next, we introduce functions «’, ', I'', v, v, I'{ by

!

ui(y) = aiyui(Ole=e). 1@ = 1(E)le=¢(w)
(3.41) I'(y) = T'(§)|e=¢(y)» () = 70(8)le=e(y)»
Y (y) = 7()le=¢(y) I (y) = T'1(&)le=¢(y)

where £ = £(y) is the inverse transformation to (3.40). Further, we introduce
new variables by

(3.42) =y (i=1,2), =z=ys—F(y), ye,
which will be denoted by z = &(y) (where F is an extension of F with
FeWwy).

Let 2 = &(2) = {z: |z| <d, i =12 0<2 <d}and S = &(5).
Define

U(z) =W (Yly=a-1(z),  0(2) =1 (Y)ly=-1(2);
(3.43) I(z) =T Wly=a-1(2)s  F0(2) = %01 ly=0-1(2)»
3(2) =7 Wly=o-1)> - 11(2) = T{(W)ly—a-1 (o).

Set Vi = €10y, (€)2ie, Vs, [e—y—1(2), where x(€) = D(4(€)) and y = (€) is
described by (3.40). We also introduce the following notation:

(&) = u(©)¢©), M) =n©)<(©),
(3.44) () =T(€)¢), o) =8¢,

F(€) =(6)¢(E),  Tu() = I(£)¢(E)
for £ € 2, 2NS =0, and

(z) = a(2)¢(2), ¢
(3.45) [(z) = T(2)C(2),  Fo(2) =A0(2)¢(2
o

2) ¢ I I (2)C

I
)

)

)
(2)¢(2),  Ih(2) = I(2)¢(2)

for z € 2 = &(12), 2ns #0), where ((z) = CE)le=x—1(2)-
Using the above notation and (3.2) we can rewrite problem (3.36) in the
following form in an interior subdomain:

Il
=2)
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Uﬁit - v“j T’zij (a7 50') = ,'7:qu - VUJ' BIZL] (’U,, C) - T;j (uapo')vujc
En§z+kla i:1,2,3,
770t+77vu ﬂ:UUVuCE k2a

neo(n, )3 — V23 + Ipr(n, 1)V, - 4
(3.46) ,

i+ g1 D (€ P+ 2, O+ 0= )T ¢

i,j=1
+pr(n, - V¢ = K(ViCy +2VuC - Vi)
— e, T)C0ba, = 1k + ks,
where p, = p,¢ and
Bu(u, Q) = {B7 (u, Q)} = {1(w;Vu, € + 1V, Q) + (v — p)diju - Vil
In boundary subdomains we have
it — VT (@, Bo) = g = V3 8Y(3,0) = T, p)V5C
= g + ki,
Tot + 7V -0 =1a -V = ks,
fiew(7, D = V3 + Tpr(@, 1)V -

(3.47) = ik + [1u S (Vi + Vi) + (v - w)(V-0)?[C

1,j=1

[\
2

+ Ipr (i, T)i - V¢ = w(V3 -7 +2VC - V)
— ey (7, 1) 00, ¢ = Tk + ke,
T(%, §o) = kr,
n- §;7 = fl + ks,
where ki = B (@, ()i, ks = 1-V(3, V = (V,)j—1.2.3, and T and B indicate
that the operator V, is replaced by V.
In the considerations below we denote 21, 29 by 7 and z3 by n.

LEMMA 3.4. Let v, o, 99 be a sufficiently smooth solution of problem
(3.3). Then

1d P oc
3.48) —— 24222, Y92 ) d
( ) 2 dt (}[ <va + 0 Qo’m + 0 Ox €z

+ co(||va

%,Qt + H@ztug,m + [l 0oz 3,@ + [l 0ot 3,@ + HﬁOxH%,m)
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< e(llvatllg 2, + [1P00tll5.2,)
+C1([vf 0.0, + 20, II6.0, + 1915 2, + 1902115 o,

+ 190ell5 0, + 113,02, + 713 2, + 161113,02,)
t
+Co(Xo+ [ N0l 0, dt) Yo,
0
where
3 3 3
,Uz == Z vi2zj7 QZ’(L’ - Z Qia},ﬂ ﬁga: = 2193117
ij=1 i=1 i=1

Xy = ’U|g,1,9t + \Qa|§,1,9t + WO‘%,LQt + H@Qt”g,ﬂta

Yo = X+ [0ll5 o, + [190:3., + 19152, + 1202, 115, -

Proof. First we obtain the estimate in interior subdomains. Differenti-
ating (3.46); with respect to &, multiplying the result by u¢A (where A is

the Jacobian of the transformation = = z(¢)) and integrating over 2 we get

1d 0 _ 1 _ _
(349) 5o fT]ugAdf—i-g,u [ (Ve + Va, tiie)* Adg
Q Q

+(V—u)llvuﬂgllﬁ,g—fﬁgg'(Vu'ﬂg)Adﬁ
%

< 5(”“55”3@ + ||770€H(2)7f) + H’VogHg,(;)

T+ Culllul? 5 + oel2 5 + T, 12, + 10112 5 + 112 )
+Co (X ) + [ Ilul2 5 dt ) Ya(8),
0

where |l 5 = (f5 [h2AdE)Y?, @2 = Y7 | @3 and

Xo(02) =uly, o+ ol3, 5+ 1013, 6+ 170,115 5

Ya(82) = Xo(@) + ull2 g + 1112 6 + 0, 125
Next, we have

(350)  — [ Poe(Vu-tig)AdE = — [ poeTe(Vu - tic) AdE
? 2

- f pa&%rztg(vu - g ) AdE + I,
0
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where
(3.51) |I5] < ellteelly o + Crlllvg o + 7, 15 5)-

In order to consider — [5 p,,gﬁgtg(vu -ug) A d€ we rewrite equation (3.21)
in the Lagrangian coordinates to obtain

(3.52) O, + 0V U = nu- Vil — (Do,

Differentiating (3.52) with respect to £ yields

~ _ at%ﬂt& noﬁvu U / ; )~ No¢
V-l = — + — &, [ ugedt' g + ~u- Vil
Ui n o n
t ¢
+ Ugqu + Uf; f Uge at’ Cg + UVUC§ - iatggt.
0
Hence
~ ~ 1d DPog =2
(3.53) — ! pagﬁgtg(vu : U&)A d§ = 2 dt f TﬁntgA d§
o) o}
+ f po'f:’;ﬂtfg,f@tgﬂt d§ + I,
9}
where
(354) sl <ellnoelZ 5+ Crlln 2 5 + Iull? )

¢ 2
+ Co[Ina 2 plluld o + ull3 5| [ wa]|
O b

1 12 (1012, 5+ 1012, 5+ 12 )]

and by (3.22) and (3.23),

(355) [

2

dg

~ ¢
panngtgiatgﬂt

< ellmmell2 o + CollTa, 2., + Worll2 g + 012 ).

Next, dividing (3.46)3 by I, differentiating the result with respect to &,
multiplying by 7¢A and integrating over {2 yields

1d NCy 9

~ ~ K ~
(356) 5& T’YﬁAdé- + f pO'Fvu : ’U{’Y&Adé + f f|vu7€’2Adf
2 2 0
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< ellnoell? o + [Feell? g + ITeell? )

+Ci(lloelly 5 + V5 & + 190el13., + 1ull} 5 + 1013 0, + 1K 5)

t
+ Co | (X2(D) + [ lull2 g d' ) Ya(2) + 17113 5 (190213 g, + 013 2,)]-
0

Consider now the Stokes problem
MV%’UJ — vV Vi U+ panvu%fzt

=ng — Nt — PorVuYo — Pon Vulllg, + k1,
Vu -u=V,-u,

ulye = 0.

(3.57)

For u and %Qt satisfying (3.57) we have

(3.58) Hﬂ”;f) + ”ﬁm”i@
< Cullul? 5+ V2 5+ l1v0ell 5 + 170,112 5 + 19112 5)
S Gl g 0 T 11Tllg o T 170ellg 0 T M2 llg o T 191lg, 0

t 2
+ Co [l 6+ Ioll2 5 + Ina 12 )| [ wet'||| ] +ell V-l .
0 b

Summing up inequalities (3.49)—(3.51), (3.53)—(3.55), (3.56), (3.58) and us-

ing Lemma 5.1 of [21] in the case G = {2, v = u¢ we obtain

1d ~2 | Pon=2 NCv ~2
(359) 5o f <nug T T e Ade
I7;
1 - K~ ~
+ 5#”“5“?@ + 67”’%5”(2)7(} + 17, ”i@
< c(lieell2 5 + Imoe2 5 + P2 )

Oy 5+ 0l g, + Ioel2 5 + V12 5

T 1190el3 0, + 170, g + 1312 6+ IFI2 )

t
+ o (Xa() + [ Nl 5 d ) Ya(2) + 2112 o190t o, + 1013 )]
0

Now we consider subdomains near the boundary. Differentiate (3.47);
with respect to 7, multiply the result by u,.J and integrate over 0 (J is the
Jacobian of x=x(%)). Next, divide (3.47)3 by I, differentiate the result with
respect to 7, multiply by 7;J and integrate over 2. Hence using Lemma 5.1
of [21] and equation (3.47) we get
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(3.60)

N

d DPon=2 77 ~ ~ ~

& 1 (74 207+ D52 s+ ol 4 el )
0

— [ (T@, o)) rtir S dz' — k[ (- T7'V7) A, de’
S s

(HuzZ” A+ Hnaz” 5+ ||:)\/Ozz||2 A)

+ Cl(lul1 oot Hv||1 2 Forll5 5 + 1715 4

+ WOtHO,Qt + H%t\lﬁﬁ + ngfg + HkH?Q)

)]

t
+ o (Xa(®) + [ 11712 o d ) Ya(2) + 1712 5 (IWorll3.c, + 013
0

where X5(£2) and Y5(£2) are defined analogously to X5 (£2) and Ya(£2).
Using the boundary conditions (3.47)4 and (3.47)5 we have

(3.61) f (U, Po)12) +rJ d2’

L 2
< elleall?  + Cullil? , + Callil? | [ @t
0 ?

and
(362) —x [ (A -T7'V7) A, d
s
< elFozz g o + CrlAlg o + [Fo=115 o + 111115 5)

t
+ a2 o (F0ll2 g + 12 g + Wo N2 + || [ e
0

2
3,(})'

To obtain (3.61) and (3.62) we have applied the interpolation inequality (see
Lemma 2.1).

Writing equation (3.52) in the coordinates z we obtain
(3.63) Orilg, + 7V i = 7jii- V¢ ~ (Di0q,.-

Applying now the operator (u + v)V,, to (3.63), dividing the result by 7,
adding to (3.47); and multiplying both sides of the result by p,; gives

+ V)Doi = S =
(3.64) wvzﬁmntwiﬁvmnt

= Pspaﬁ%QtViC — PoiPy CVio — piﬁViC %Qt — P3P Vi — Poaltlis
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(n+v)

o = u+v
+paﬁngi - Tpaﬁvzz'ﬁv “u A+ ( )

ﬁ paﬁvzi (7/7\a ﬁz\)

+ Mpgﬁ(§217i — §z§ . a) + (M + V)pgﬁ(ﬁi — Vzl)ﬁ -

(k+v) = ;
77\ paﬁvijgatgﬁt +p0'ﬁkézl

Multiplying the normal component of (3.64) by 7,,J and integrating over
{2 implies

(3.65)

|

Pon =2 ~
t f %nﬂtnjdz+co||n(2tn||g’_(}
2

1
2

=

<(e+ Cd)(”%mnHéQ + H%n”é@)
+ Cl(”ﬁntHgﬂ + H%zHgﬁ + H?Hg’@ + [[90e15. 0,
+ mio,é + vl o, + Hﬂmllﬁ,@ + ||§||(2),Q)

+Cy [Ilﬁallg,gllﬂllig + g, 113,.0,

t
< (1ol 4 3 g + Fel? g+ || f @
0

2
3,(2)

2
2,(}}'

t 2 t
| [ aar|[ e )| [ @ar
0 ’ 0

Now, write (3.47); in the form

(3.66) Wit — pAT; = V2,V -0 = Vib, + 1 + ki — kb,
where
ki = (uAU; + vV, V- 0) — (uV20; + vV V- T).
Multiplying the third component of (3.66) by s, J and integrating over
(2 yields

1d e ~
2

< (e + ed)[Tnl , + lTane 2
+ CL(ar |2 gy + 11 g+ ]2 g+ a2

W lZ o+ [Fosl12 4+ IR12 5 + 1111 )

t
o+ Co(oel12 G2 g + Nl g + V2 | [ e
0

o)
3,0/
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To estimate Ujny, (i = 1,2) and %Qﬁ we rewrite (3.66) as
(3.68) —pAU; + V2, (poilla,) = 1G: — Nkt + ki — k§ + Vo, (Doillq,)
—ViPo + vV, diva
=f + vV, diva
and the boundary condition (3.47)4 as
Ou; _ Jus (8171- n dus
0z3 0z; Ozs 0%z

(3.69) - u‘lﬂfﬁ) +u ker T = by,
i=1,2, 23=0,

where we have also used the fact that 7,-n=0,1=1,2. When considering
problem (3.68)—(3.69) in {2 we have to add the boundary conditions

(370) ’Ei‘|z’|:d =0, Hi’Z?,:d =0, i1=12,
N, lj2j=d =0, TNg,l25=d = 0.
Multiplying (3.68) by u;, summing over i = 1,2, integrating over 2 and
using the boundary conditions (3.69) and (3.70) yields
BT I < el 2 5+ T2 o + IR 5) + Cilldival2

where the prime indicates that only two components (i = 1,2) are taken
into account.
In order to estimate ||, ||, o consider the problem

divw = peall,;  walz=0 = X(2) f Poilla, 2,
(3.72) 2

w‘afz\ﬁ =0, wWilyuy=0=0, i=12

where x(z’) is a smooth function such that [¢x(2')dz" = 1, x(2') > 0,
Xljzj=a = 0, 1 < 4d?|x|,, g- Moreover, we assume that x vanishes only
in a neighbourhood of S, min,/<q/2 x(2') > 0 and x(2') < ¢/d*. By [21]
(Lemma 4.4) there exists a solution of (3.72) such that w € Wi (£2) and
(3.73) lwlly, o < Crllg, llo,0-

Now, multiply (3.68) by w and integrate over 2 to get
(3.74) —pu f Au-wdz + f V(pmﬁgt) cwdz
) 2

:ff.wdz+usdiVﬂ~wdz.
2 2
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Applying the same argument as in [21] (see the proof of Lemma 4.4) and
using (3.73) we get
BT5) (a2 5 < el 2 o + CLIFIE o + N2, + v a2 ).
Now, instead of problem (3.68)*(3.70) we consider the problem

— pAUir + V2, (po fir + V., divii,, i=1,2,3,
(3.76) p (pailia,) = [

O0ra iy = h”, 1=1,2.

Multiplying (3.76); by u;,, summing over ¢ = 1,2 and integrating over 0
yields

B77) TR o < el 5 o + cUlF 15 6 + IR 5 5) + Calldiva. 3 4
+C2||ﬁm|| oM, 113 & + IFoll2 5)-
Next, consider the problem
(3.78) divwr = (PoaTig,) s Wilyg = 0

Since fﬁ(pmﬁgt)ﬁ dz = 0 there exists a solution wy; € Wi ({2) of problem
(3.78) such that

(3.79) lwilly o < CillTg,-llo.0 + (17
Multiplying (3.76); by w; and integrating over 0 gives
(3.80)  WiaI2 5 < CLIFIZ o+ lier 2 , + ldivail? )

T C2(H770\|§ﬁ||ﬁnt||ig 102 ol 2 o)

Lo+ Forll ) lg, I o)

Now we estimate ||u,m|| . From (3.68) we obtain
(3.81) W;mHO o= Cl(”ﬁ(zﬂﬂoﬁ + Hm\lz 5T H%THZ
+ 1715 o + I@arll3 5 + 1113 o + lldival? ).
From the form of f and k' we have
(382) |1 5 < (e + cd)(|[a= 13 5 + e, I3 )
+Cufalf 5+ ||779t 5.0 + IFo=ll5 o + 1715 5 + 19115 o)

e |

+Hm||§,Q<||mH;m%n;@)}

and

¢ 2
(3:83) W2 5 < O (sar 2 o + 12 5| [ @'\ + 1l ).
O b
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In order to estimate 7, we rewrite (3.47)3 as
(3.84) et — KAY = kN2 — KRAY — TppV -1 + 1k + k.

Dividing (3.84) by f, multiplying the result by 7,,J and integrating over
{2 we get

(3.85) BN f ?’YanZ + GTH'YnnHoﬁ
9}
< (e + 0d) [Fan2 g + (ignl2 o + 1712 )

+C1(llal} o+ 1Foelly o+ 1F0: 15 o HIAIE 575 o+ 100613 2, + 11013 2,)

¢ 2
+ o [IForl2 12 o+ IFI2 | [ @a'|  + 13
! |

t
a2 o [ @ar
0

2
B Gl o+ W2 A2

j 2
IR || [ @ |+ IR o1l o, + 190elE )]
0 ’
Finally, we have
d ¢ _
(3.86) o J g dz < el g + cllull} 4.
2

Now, taking into account inequalities (3.60)—(3.62), (3.65), (3.67), (3.71),
(3.72), (3.77), (3.80)~(3.83), (3.85) and (3.86) we get

1d P DPosi~2 ;7\0 ~
(3.87) S f <"7U3 + %nntz + ?Uﬁ Jdz
)
ol o + 170l 6 + 102115 6 + 1172215 o)
< €(Hﬂzt||§,g + II%Ztllﬁﬂ)
+Ci([al] g o + eIl o + IF11E 5 + 170=13 5

F1Rol? o + G2 o+ IEIZ 5 + T2 )
A~ t A~
+ G| (Xa(D) + [ N2 dt') - Va(2)
0

+ 1713, 0 (190ell6 0, + 10115 o, + H?IIE,Q)]
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Going back to the variables £ in (3.87), summing over all neighbourhoods
of the partition of unity (where we use (3.59) for interior subdomains),
assuming that ¢ and d are sufficiently small and using (3.34), we obtain
(3.48). m

LEMMA 3.5. Let v, o, 99 be a sufficiently smooth solution of problem

(3.3). Then

1d 2 Poo 2 9Cuv 42
(388) 2dt(§f (vaz+ 0 Qarw+ 0 PﬁOzm dx

+ CO(HUa:wH%,Qt + ||Q0z||%,(zt + ||190mwc”g,!2t)

< 5<vatH(2),Qt + HﬁOth%,Qt)

+C1(|vl3 1,0, + llooa 0.2, 120,16 2, + Y0213 o,

rllf o, + 116115 0,)

(2J,Qt + || 05t

+ HﬁOtH%,Qt + WH(Z),Q + Hf”%,(zt + |

t
+Co(Xat [ ol g, dt') (14 Xa)Ys,
0

where
3 3 3
2 § : 2 2 _ § : 2 2 _ § : 2
Vg = vi:vj:ck7 Ooxx = Qa:vjxk7 "90:v:r - 190.%]@;9?
i,7,k=1 7,k=1 7,k=1

X3 = |[vll5 o, + Ilvel

int + ’Qa|§,1,nt + [0 3,1,9,5 + Hﬁo\ligt + ||§QtH3,Qtv

Y3 = vlli o + 0l o + llooal3 o, + leol3 1, + 1oal3 o, + [1Wor

+ 120, 18,0, + 19150,

2
1,82

Proof. The proof is similar to that of Lemma 3.4. We use the introduced
partition of unity. Differentiating (3.46); and (3.46)3 (divided by I") twice
with respect to &, multiplying the results by uge A and 7¢¢ A, respectively,
next integrating over 2 and summing up we get

1 d ~2 pan: NCy ~92
(0]

1 ~ Ko~
+ 5#”“56”?@ + 170, H;(} + 07”7655”3@
< ellleeelly o + Feeells o + IToeelly o)

+ Cl(’“\g,l’g + ”’Yos”ig + H’vllﬁ,g + ||77<7§H(2)7§
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170, 5 + 190l o, + 0113, + G 5+ IE )
+Co[ (Xa(2) + f el ") (1 + X5 (42))Ya(2)

715 61905 2, + IIUHigJ],

where we have used equation (3.52), Lemma 5.1 of [21] and the estimate for
the solution u, 7, of the Stokes problem (3.57), i.e. the estimate of ||ull;

and ”%Qt ||27!~z, respectively and
X3(02) = |ull} 5 +lluell? 5
+ |770 2,1, + H70”3 ot "70|2 1,0 + HnQ,HO ok

(3.90) _ )
Y3(02) = |ull] g + llwellf 5 + 1021l o + 170151 5

+1v0ell5 5 + ||70t\| 5+ Hnm”0 2.+ 115.q,-

In the same way as (3.60) we obtain the following inequality:
1d o Poi ~2 Ney - 1 K o~
(391) 5% f<77 374‘7777)9”7‘1‘ 1’_\, 772-7' sz—i_iMHuTTHi_(}_‘_eT||7’r7'z||(2)79

< 5(||uzz2|| AT ||70z22|| A+ ||ﬁUZZ||2 A)
+ Cl(|u\2 Lo T 1F0:NT o + 1F15 o + In0zllf o + 1770, 115 4

+ 1903 0, + 11013 0, + 1317 5+ IF 5 + unug,ﬁ)
+ G (Xa(@) + f a2 dt') (1 + Xa(2)Ya(2)

+1R12 4

113 g + 1112 )]

where we have used the boundary conditions (3.47)4 and (3.47)5, and where
Xg(Q) and Y;;(Q) are defined by (3.90) with 2, u, Mg, 7 replaced by 2,1,
779 , v, respectively.

Differentiating the third component of (3.64) with respect to 7, multi-
plying the result by 179 nrJ and integrating over 0 yields

1d DPory 2

5% J 77 Nnr
0

(3.92) J dz + col[N s |12

0,02

< (et ed)(Mg,z:llf o + szl o) + CL(1T | o + T, 15 o + 10215 o
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A3 o + Fo=l17 o + llar ] 4

+vllf o, + 19115 )
+ G (Xa(2 +f 12 ot ) (1 + X5 (2))Y ().

Next, differentiating the third component of (3.66) with respect to 7,
multiplying the result by us,,.J and integrating over {2 gives

1d o~ ~
5% f 7]|u3n7'|2‘]dz+CU||u3nn'r||§7Q
2

< (e + ed)([Tesz 2 g + 222 )

(3.93)

- OL(Tare gy + (e 2y + 1112 g + 11

e l5, o + 170215 o + 1715 5 + 0= 117 o + 1917 o)

+ G (Xa(@) + f @2 g dt') (1 + X (2))Ys ().
Similarly, we obtain the estimate

77611~2 iz 2
(3.94) 2 it f Vnrd dz + 97”7nn7H079

_(E+cd)(||7zzzH o 17ez2ll5 6) + CrlllEll3, o + 1F0: 115 4 + 1715

+5ocll? g + ool + e, + IFlo,0)
+ 6 [(Xs(2) + f 12 g dt') (1 -+ Xa(2)V5(2)

(112 5+ Roll2 ) (190elE g, + 1012 0,)].
Next, using problem (3.68)—(3.69) we have
(395) ||uZ’T‘I'” 5+ ”n()tTTH

<(e+ Cd)(”uzzz”a(} + ||7/7\UZZ||§,Q)
+ Cldivall; g + ITellg o + 12l o + [F0: 1] ¢
Tlh,0 2,0 21,0

A5 o + 115 o + e, 15 o + 19115 5)

+Co(Xa(0) +f 7112 g d”) (1 + Xa(2))¥3(2)



166 E. Zadrzynska and W. M. Zajaczkowski

and
(396) T2 g < (e 4+ cd)(eeel? o + il )
+ C'l(”aH;Q + Wt”fg + Hﬁaz”g’()
+ 0,13 5 + IFo:ll; o + 1715 o + 19115 o)

+ 0o (Xs(2) + fuuu at') (1 + Xs(2)¥a(2).

Hence, taking into account (3.91)—(3.96) we get

1d

5 Do ncy
2dt g |:?7( T’r +u3n7—)+ ,’7 (thT’T +nntn7-)+ F (fYTT—i_,‘Y’nT) z

(3.97)

ol 2 g + W l? g + [Fesrl? )
< (e + cd)([Tasz 2 g + [Rosss 2 + lioasll? )
+ U2, o+ IRI2 5 + 1F0:l? o + 1R0cl2 4 + o, 12

1= 12 gy + W0tll3 o, + 013 o, + 1312 g + I )
+ G (Xa(2) + f 2 4 dt') (1 + Xa(2))Y3(2)

(112 5+ 1RolZ 5 + IA12 ) (1B0cl3 0, + 101130 + 11 4

Differentiating the third component of (3.64) with respect to n, multi-
plying the result by 179 nnd and next integrating over 19 implies

1d (1 + V)pon
(398) S f T” Meoynn dz + colMumnlly o
(9]

< (e + cd)([uzz:[15 o + 0,22 115 )
+Ou([al] ; o+ il o + 170,15 6 + 1702115

+ ||§”079 + ”%zHiQ

+lvlT o, + 1915 5)
+Co(Xa(2 +f 12 g dt') (1 + X5 (2))Ys ().

Now, we rewrite (3.47); in the form
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(3.99) (u+v)V,, divu = — u(Au; — V., diva) + nug — ngs — k'
— (uV2U; + vV, divi — pV2a; — vVdiva)
— (poi Vi, — Poilln, Vi€ + B, pViA0).
Differentiating the third component of (3.99) with respect to n gives
(3.100)  [|(div@),nnllf 4

< (e +ed)lfall} ,+ Ci(lals | o+ a3 5 + 1715 5

2,1,02

+||77\02H(2)_(}+H:Y\0nn||0_(}+HﬁQtH +||naz|| o T Momnlly o + 11915 5)

+ G (Xa(2 +f 12 g dt') (1 + X5 (2))Ya ().

Next, diﬁerentlatlng (3.68) with respect to n yields
~ 2
(3.101) ||umm||07f2
< (e +ed)|[all} 5+ Cr(lals , o+ Narr |17 o + [(diva) ul17

+ ol o + Tl o + 170z l3 o + 713 o + [Fo= 115 o + 1913 5)
+ G (Xa(2 +f 2 g dt') (1 + X5 (2))Y ().

In order to estimate ||7nnn|| we use (3.84). We get

(3.102) [Funnl? 5 < (2 + )12 o + G2 5 + a2 o+ 2 4
FIR12 4+ IR0 12 6 + IRt g+ [190e 3,0, + 101l )

+Co (X (2 +f a2 g dt') (1 + Xa(2))Ya(2).

Finally, we have

1d 0 _ _
(3.103) YT [ 2, g dz < ellzzill} o + Crllz:Il) 4
0
and
1d ~112 ~ 2
(3.104) 5 f vzszz < el Feally o + CLUANG o + 1Fo:17 )
0

+ o2 + [Foel? g, + oelZ )12
where we have used the relations
Pt +0V - 1=0 and J,=JV-4
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From (3.97)—(3.104) we obtain
(3.105) liiff 2, + Loz +5252 Jdz
2 dt J zz 77 ozZz F zz
2
+ CO(”ﬁH;Q + Hﬁ(lﬂ”ifg + H%m”ﬁﬂ)
< (e +ed)([all} g + 1Fozz2llg g + 1702z llg o + Tazellf g + Foz2llf )
= 3,0 Y0zzz 0,92 Nozz 0,92 zzt 0,92 Y0zzt 0,92
T+ O, 4+ 12 6+ [F0sl12 o + 5ot 5 + 12

W2 6 + 100ul., + 012, + 112, + IR )
t

+ Co (Xa(@) + [ [all2 g dt') (1 + Xs(2))¥3(2)
0

+ (”%Hi@ + H%Hi(} + \m@,@)(”ﬂm’\aot + HUH%,Qt) + H?H;Q .
Hence, applying the same argument as in Lemma 3.4 we get (3.88). m

LEMMA 3.6. Let v, o, 99 be a sufficiently smooth solution of problem
(3.3). Then

ld Po 2cy
(3.106) 2 dt f <Qvgt + ?gQit + 9 ’ﬂgwt) dx
2,

+eo(llvell3,0, + lootl? o, + [PosatlF )

< e(lvaeellf, 0, + 1902ttt I 2,) + C1(lvl3.0.0, + 002§ 0,

\(th +1[2g,| g,(zt + HﬁUﬂcH%,Qt + H190t||%,nt + HﬁHg,Qt

+ \fﬁ,o,(zt + Mio,m + ||91t||§,nt + HelH%,nt)

+ ||Q<7t

t
+Co(Xat [ ol 0, ) (14 Xa)Yi,
0

where
Xy = |U|12),,1,_rzt + |Qa|§,o,nt + |190|§,1,Qt + ||§Qt||(2),(2tv

Y, = ”U|421,2,.Qt + \Qo|§,1,9t + \"90t|§,2,9t + ||790mH§,.(2t + ||19”3,Qt + H@Qt”g,nt'

Proof. We use the partition of unity introduced in Lemma 3.4. First we
consider interior subdomains. Differentiating (3.46); with respect to ¢ and
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&, multiplying the result by ﬂtEA and integrating over Q yields

2 dt
~ 2 ~ ~
+ (V= WV Teell§ o = [ Pote V- Tuc AdE
2
(Hut$|| 5+ HnatgH 5+ H’YmgH
+ Ci([will? 5+ Imoell? 5 + Inoelly 5 + 170, 15,

15 o+ loelly o + ol o + lgl1 0.0)
t

+ Co(Xa( @) + [ [jull2 g dt') (1+ Xa(2))Ya(52),
0

where
X4(0) = |u’3 e ‘n91’20 ot ‘7‘3 10T |770’20 ot ’70|3 1,6

Y4(Q) | |42 0 + ‘n(lt|3 1,0 + "7|42 0 + |77t7t|2 1,0 + |’70t’3 2,0°
Next, dividing (3.46)3 by I', differentiating with respect to ¢ and &, mul-
tiplying the result by 7, A and integrating over {2 we obtain
1d NCy ~2

odat J T
(]

(3.108)

2 AdE + f PorVu - TacTicAdé + o f VA2 A dé

e(el? 5 + H%s\lm T [Postell3 )
Ol 5+ Toell2 g + o2 g + o2
a2 5+ ||705||2 S+ 2 5+ Wotl2 g, + Nl

+ 713, + 10160 2, + RIS 5 5)

+llIi o,

t
+ Co(Xa+ [ lollf o, dt')(1+ Xa)Ya,
0

where to estimate fQ (”C” Qgt) ts%gA d¢ we have used
(3.109) 1070215 & < elloutelld o, + Cillvellf o, + [10[1F o,

+100ellf o, + llrell§ o, + 1713 2, + 16101F 2,)

t
+Co(Xa+ [ 0l e, dt') (1 + X0)Ya.
0
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Since
Pote = PonpNo¢Tot + Ponr (NogYoe + NMotYot) + Porrioe Yot
+ Ponlig,et + Poret — Pontlo + Pory)Cet — Pon(Cillog + Cellot)
— Por(Cevoe + Cevot),

using (3.107), (3.108), equation (3.52), (3.109) and Lemma 5.1 of [21] with
G = 12, v = uy we get

1d Po ney -
(8110) 5= [ (nufﬁr e+ F’”@)Adg
o

+ CO(H@H% ot ”%5&“2 5 T H%QttgHg 5)

< e(llusell? g + Inorelly 5 + lvoteelly o + 100022 15,2,)

+ Cl(|U|2 0.6 T Imaelly o+ 10ty o + 170, 115 5 + 1oell; 4
+ oell? 5 + 111G 6 + llvelT g, + ||U||1,nt + 90t 13 2,

+1905 0.5+ K o g + 73 2, + IIPllE 2 + 1162211 )
2 /
+C’2(X4+f ol g, d') (1 + X1)¥a,
0

where we have also used the following estimate for a solution u, 7, of the
Stokes problem (3.57):

[G@ell3 & + Mauelly o < Crlllaelly 5+ lull ;o + 11013 0.5 + ol g
+llvoell? 5 + 171155 + 1917 0. 0)

+ Oy (X4 + f HUHZ,Qt, dt’>Y4 +c|[(Vy - ﬂ)t”?(}
0

For subdomains near the boundary we obtain the inequality

1 d ~~D p(rn72 77%~2
(3111) 5% J <77ut7'+ ,'/7\ thtT+ 1_, Jdz
2
+eo(llarr 17 g + 1Ferelly 6 + ey 15 5)
< (e} o + Toeally o + IFe:ll} g + 1P00eell3 2,)
+01(IUI209+ ||17ng o+ 170t 13 o + 70, 15 6 + 1F0:113

+1Roell; g + 1715 o + llvellf o, + Hv||1 o, T [oll¥ g, + \9\1 0.0
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+ K2 . + e300 + 171132, + 192613 0, + 17013 5 + TR )

+Co(Xa+ f 0l @) (1+ Xa)Ya,
0
where we have used the following estimates:

f ‘ u pa tTutTJ| dz'
E(HﬂtTHQ ~ + Hatzsz A) + leu\
1,02 0,0

+ Gl + ]u\32QHI

2,1,02

L+l 5)

and

[ 1@ T7'Y7) A J | '
s
< e(lFerll} o + ez 5 )

T a(H%Hm 1ol g + ol o+ 1Full? g+ 131 )

+ G (Xu(D) + f 71130, dt') (1 + X4(2))Ya(2)

+ f a2 dt'(1Worll3 g, + 1013 02,)]-

Next, dlfferentlatlng the third component of (3. 63) with respect to t
multlplymg the result by 179 »J and integrating over 19, yields

Pon
(3.112) 2 1 f T+ )i, dz + coHngtho 5

< (E + Cd)(”uzzt”o,_(} + ||77.sztH A)

+ Cilllterlly g + 1Al o + 170llf o
e llE o + Foellf o + lvellf o, + [1P0el13 2,

+reld o + 171182, + 101613 0, +1913 0 )

t
+Co(Xa+ [ ol g, dt') (1 + Xa)Ys,
0

where we have used (3.109).
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Differentiating the third component of (3.66) with respect to ¢, multi-
plying the result by usnn:J and integrating over {2 implies
]. d o~ ~ 2 ~ 2
2t Mtgne " dz + col[tsnnell g

£2

(3.113)

< (e +ed)(JTeatlly o + g,z ll5 ) + ell@zellf 4

+ C1l[tarelly o + 1Momellg o + 18154

+7oellf o + H%Jlﬁ ot H'ﬁazHQ 5+ H%tllf,!2

+02(X4 +f a2, ) (1+ Xo(2)Ya(5).

Differentiating (3.68) with respect to ¢ and 7, multiplying by .. J, inte-
grating over {2 and using (3.69) gives

(B114) ([T, 2 5 + [M,er 12
< (e + cd)([[Teat} p + [1Toll? o)
+ v (I(div ) oill2 o + 182 g + 1ot 12 o + 1= 2

+ Hmllﬁ ot ||%sz ot H%t”l ot ||7H 5 T |9|1 o, o)

+Co(Xa(2) + f||uu at') (1+ Xa(2)Ya().

Moreover, from (3.68) we get

(3.115)  [apll} o < (e +ed) [Tz} o + =]} )

+ C1lltaerllfy o + 1M,y o + 1015 o g + 1702llf o + 1702l

e, oo + 1F0:11; 5 + II%tuf a IRl o+ !g!l 0.0)

+ 6 (Xa(2) + f a2 dt') (1 + Xa(2)Ya(2).
Next, we have

d _
pn nuz,J dz < 5||uztt|| 5+ C1||Ut|\§79
0

(3.116)
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Finally, by using (3.109) we obtain

l1d ncv~2
a 1s d nn
M[ =T 2+ g Fndl}

(3.117)
< (e + ed)(Fezel? gy + [Taeill?. ) + e(Fostel2 o + 0are 3.0,
+ OL(Fer 2 + A2, + 0=l + 10el2
Rl + IR0l g + Roel2 g+ IA12

+loeli g, + 1Woel o, + 76,0, + 1715,0,)

t
+Co(Xa+ [ ol g, d') (1+ X0)Yi.
0

Taking into account inequalities (3.111)—(3.117) we get

1d o Pon=2 77011~
3.118) —— 2 4 Poi X2\ Jd

+ CO(Hatz”? o7 |Wtzz”2 5t H%m\lﬁ,g)

5(”17752” 5T H%zt” 5+ ”%z” 5+ Hﬂmllag + H:?zttua_(} + [[90ze2]13.2,)
+ (e + Cd)(||7zzt\| o Hﬁmztngﬁ + ||17zzt||§7@ + ||770zt”§7f2)

+Ci([aly, 4 + H77<m|| s+ 1TotlI3 o + 70,15 o + 1F0:113

+1F0ell} o + 13115 + H%\F o+ el o, + [190clf o,

+[[0lf  +13 o 6 + 2 o 5 + 103

+ IS g + 1616l 2, + lirelld o, + H?”Ho,g)
t
+Co(Xa+ [ 03, at') (1 + Xo)Ya.
0

Inequalities (3.110) and (3.118) yield the assertion of the lemma. m

LEMMA 3.7. Let v, o, 99 be a sufficiently smooth solution of problem
(3.3). Then

]. d pa' QCU
(3119) 5@ f <Qvtt + 7e z'tt + 9 790tt> dzx
2

+ colllveel T, + lloweells o, + 90ellT.0,)
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< Ci([lvelli o, + 190300, + 13 0.2,
+ 1 £l + I3 0.0, + Ireelld ., + 161
+ CoX5(1+ X5)Y5,

5.1,

where

X5 = ‘U@,l,()t+’QG‘3,O,Qt+|00’£2’>,1,Qt7 Y5 = \U’i,z,mHQa\g,l,Qt‘f"ﬁO’i,z,n,;

Proof. Differentiating (3.3); twice with respect to t, multiplying by v
and integrating over (2; yields

1d .
(3120) 5= [ eviide+ 5 Eo, (ve) + (v — p)diveuld o,
o

- prgQUtt div vy dr — fpo—e?%tt div vy dor — f (nz‘Tij (vapo)),ttvitt ds
2, £2; St
1o, +leoulls o) + Cr(lf17 0.0, + 1 fiell§,0,) + C2X5(1 + X5)Ys.

Next, dividing (3.3)3 by 6, differentiating twice with respect to ¢, multi-
plying by Yo+ and integrating over (2; yields

< e([Jvge]

1d 0Cy K 9
(3121) 5@ f Tﬁgttdx—i-af* f |V190tt‘ dx
.Qt Qt
. n -V
+fp(79’190tt leUtt dx—f < 0 0> ’lggtt ds
At

Qt St
< e(flveell? o, + llootelld,, + 1P0ulli o,)
= Vttl1,0, Oottll0, 02, 0ttll1,92,

+ C1(|rli 0.0, + Irelld.o, + 1916ll7.0,) + C2X5(1 + X5)Y5.
Moreover, we have
(3.122) looetllp, 2, < cllvellf g, + CaX5(1 + X5)Ys
and
(3.123)  [Woullg 0, < ellVoweelld o, + Crlllvelli g, + [100llf o, + lI7ell5, 2,

+ 715,02, + 102217 2,)
t

+Co (X5 + [ ol q, dt') (1 + X5)¥5,
0

where we have used the continuity equation (3.3); and energy equation
(3.3)2, respectively.

From (3.120)-(3.123), using the continuity equation (3.3); and Lem-
ma 5.4 of [21] we get (3.119). m
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Summarizing, from Lemmas 3.5-3.7 we obtain

LEMMA 3.8. Let v, o, 99 be a sufficiently smooth solution of problem
(3.3). Then
1d

3.124 ——
( ) 2dt

Po oc
f <‘Q’Di7tv‘2 + ?Q’DithP + 91} ’Dit'ﬁOP) dx
024

+ CO(M%,LQt + ’Qatﬁ,o,nt + HanHaQt + ‘790t’§,1,(2,, + ’WOmmHg,Qt)
< C’1(|v\§70’9t + HQO’Q?”(%,Qt + ||Qat”?),9t + ||?Qt||(2),9t + HﬁOwH%,Qt
+ 19013 0, + 19115, + |13 0,0, + I fecllf 2, + |7

+lralli o, +lIrllo.e, + 101151 0, + 1011l1.0,)

2
170791:

t
+Co (X + [ 0l dt') (1 + Xe) s,
0

where
Xo = [l3 1,0, +10003.0,0, + 100l31,0, + 20,15
6 3,1,02 Oo12,0,02, 013,1,02, 00,110,902,
Y = ’U\Z,z,nt + \Qa|§,17rzt + Wot|§,27rzt + |’790xH§,9t + Hﬁ”%,(zt + H@zt”g,nt-
Finally, we obtain inequalities for the fourth derivatives.

LEMMA 3.9. Let v, o, 99 be a sufficiently smooth solution of (3.3). Then

1d P oc
12 —— 2 292 p2 Y92 d
(3 5) 2 dt éf <szxm + 0 Oszzx + 0 Ozxx €

+ CO(HUM:JEH%,Q + HQUa:acng,Qt + HﬁOIwwng,Qt)
< E(H%xthant + HﬂOmxtH%,Qt)

+ Cl(‘v|§,2,(lt + |00

%,Qt + Hmll%,m + ”190z||§,9t

+ 90t 2, + 1013 g, + 1513, + 1713 , + 10111 )
t

+ Co(Xr + [ lell] o, dt') (1 + X)Y-,
0

where
X7 =|v32.0, +l0sl32.0, +P0l32,0, + 20,115
7 3,2,02, O03,2,02, 013,2,02, 00, ll0,0,»
Y7 =[olis.0, +100l32.0, + 1P0ll3 0, + [190el3.0, + 1908.0, + 120,113.0,-

Proof. We use the partition of unity. Differentiating (3.46); and (3.46)3
(divided by I") three times with respect to £, multiplying by u¢ee A and
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Yeee A, respectively and next integrating over 2 we get the estimate
1d Pon=2 NCy o
(3126) 5o [ <7’ Ugge + = Monece T ee | AdE
2

+ ol o + aeeeld o + o lPeceel2

< e(|[eecelly o + IFeceelly o + IMoeeelly )
+C1(|uls 5 5 + 1v0ells 6 + V115 o + Im0¢ll? 5
+ ||ﬁ9t\|o7f) + H190t||o,m + HUH%,Qt + H@'Hiﬁ + H%H;Q)

+ o (X7() + [ Nl 5 dt') (1 + XE(@2))Y7(92)
0

Y113 5 (10015, 2, + IIUHigt)]’

where we have used equation (3.52), Lemma 5.1 of [21] in the case G = {2,
v = Ugee and the estimate for the solution u, 7, of the Stokes problem

(3.57), i.e. the estimate of ||ul|, 5 and H%Qt |3 5 respectively and

(3 127) X7(Q) = |’LL‘3 2, [?) + |779t 3,2, [e) + |’7|32 0 + |"70"3 2, 0 + |’70|32 0
Yo(0) = [ully 6+ Malso0 + Misa T ety 6 + 10l o

For boundary subdomains we obtain

1d Pon=2 7701)~
3.128) = — 2 _+22 2252 ) Jd
( ) 2 dt [{ (nuTTT + ,,7 th’TT’T + r Yrrr Z

1 K~
+ §NHUTTTH§7(} + 97"7777z||§7f3
< e@azzzlly o + [Fozzzzlly o + Iozzzllf o)
+CL([El; 5 o + 1F0: 115 6 + 1315 o + 1702113 o + 7, 15 5

+100ulld 0, + I0IF o, + 19135 o + KIS 5 + 11315 5)

+ G| (Xr(2) + f||u|| dt') (1 + X3(2))Y2(2)

+ A1 o (19013 0, + Hvat)},

where we have used the boundary conditions (3.47)4 and (3.47)5, and where
X7(Q) and Y7(Q) are defined by (3.127) with 2, u, Mp,, 7 replaced by Q
u, th, 5, respectively.
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In the same way as (3.92) and (3.93) we obtain the following estimates:

1d pon =2

(3129) 5% ﬁ Qtn'r’rjdz + CO”nntanH
Q

<(e+ Cd)(HmztmTH 5T HUZZTTH )

+ Ci(l[trer 17 o +1al5 , o + H%zll s el o

+ o560 + 1715 4

+ Hvllint +119l3 )

+ G| (X:(2) + f a2 dt') (1 + X2(2))¥2(2)
(7 12 ¢ + 5ol + 1761

+ 170113 170113, o + [Folly, ) (1Woell5 o, + 19113 2,)

and

(3.130)

DN |
Q“Q‘

f 37”..,.‘2sz—|—C()H63nnTTH§7Q
.Q

<(e+ Cd)(”azz7-7—||2 5+ ||%Qtz77'”2’(}) + 5Han77t”§ O
+ C1([Tarrell} o + Magnr-lly o + 1015 5 o + 170217 5

+ 70,15 4 +||'on|\ +|WH§Q+H§H2’Q)
+ G (X (D +f 12 g dt') (1 + X3(2))Y2(82).

Next, differentiating (3 68) three times with respect to 7, multiplying by
ul...J, integrating over Q2 and using the boundary condition (3.69) we get

(3.131) | ZTTTH 5+ ||ﬁ.QtTTTH(2)7Q

< (5+Cd)(||ﬂzzzz||§7g+ 17,2221l ) + Crllldivar- I} o+ [af3 ,

+ Hﬁaz”? ot ||ﬁn,,”(2) ot H%z”i ot ’WH(Q)ﬁ + HEHQ())
+ Gy (Xe(2) + f @2, d') (1 + XE(@2)Yr().

Moreover, from (3.68) we find
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(3.132) e 15 o < (€ + cd)([Tazzzlly o + [0, 222115 o)

+ Cl(HaTTTTHaQ + ||(diVﬂ)7TTT”§’_(} + ”ﬁQtTTTH 5t | |3 2,02

+M¢ﬁﬁ+ﬁm%9+mwﬁﬁ+MﬁQ+m@y
+ 0 (X:(D) +JWM at') (1+ X3(2)¥7(2).

Next, dividing (3.84) by I , differentiating twice with respect to 7, mul-
tiplying the result by ¥,,.-J and integrating over {2 gives

770v K
(3.133) 5 dt f Wsz+ f 32 Jdz

—= (‘E + Cd)(||7zzzZ||07Q + ||ﬁ.(2tzzzH(2)7(}) + ‘E‘Hﬁn‘r‘rtng’_@
+ Cu(l@l} g + [Ferrr 5 o + 1F0:113

+IRI2 ,

T ol g, + 112 )

+ 6 [(X( +fwm at') (1+ X3(2)Y2(2)
(712 o + IFol2 5+ 1713

713 o 1F0l13 o + [Foll3, ) (1oelF o, + 10113 2,)] -
Differentiating the third component of (3.64) with respect to n and 7,
multlplymg by thnnTJ and integrating over 19, yields

Qo = =
(3134) 2dt f An’r]Qtnn‘r‘]dZ+COH77(2,gnnT||g7_(}

= (5 + Cd)(HazzzTHZ 5t H%QWH(Q) Q)
o Cr([asrel2 g+ [T12 5 g + 17012 gy + 1ot g + 17 12
<W%mA+mn~wwmm+mmm+m@@
+ Ca (X7 +fwm at') (1+ X3(2))Y2(2)
+wmmﬁ+Mﬂmﬁw%mﬂ

17135 67015, 6 + [Folly o) (10013 o, + 10113 2,) |-
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Differentiating the third component of (3.76) and next (3.68) with re-
spect to n and 7 we have respectively

(3.135)  [[(div D) 2

<(e+ Cd)HﬁzzZZHg o CI(HTNLZZTTHSQ + H%Qtnnrug,(}

Ul o + 0zl o + 170,15 6 + 1F0:ll5 6 + 1715 o)

+ Co(Xe()+ fuuu dt')(1+ X3(2)¥+(2)
and

(3.136)

[ [
< (et cd)([Tazzall?  + [T 2a:lI2 )

+ Cl(HﬂZZTTHaQ + H(le ﬂ),znTHaQ + Hﬁ()tznTH 5t ’U‘?) 2,0

e} 6 + 2,15 o + 1F0:ll3 o + 1715 o + HﬁH;g)

+ G (X1(2) + fuuu dt') (1 + X2(@)Yr(2).

Now, we rewrite equation (3.84) as

(3.137) —RAY = — ey + KV — kAT
— TppV -0+ 7k + k.

Differentiating (3.137) with respect to n and 7 and multiplying the result
by YnnnrJ we have

(3.138) [Funnrl2 4 < (& + cd)lFaecl? 4

+ Cu([Fasrr 2 6 + 12 5 + 11

+ ||%Qtu2 + H%zn s+ ol + 151
VIR )

+02[( )+ f 2 dt') (1 + X3(2)v7(2)
+ (172 5 + u%um 1118 g

1715 65015 o + [Folly o) (10013 o, + 10113 2,) |-

Next, differentiating the third components of problems (3.64), (3.76),
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(3.68) and problem (3.137) twice with respect to n we get the estimates for

Pon=~ e
531 J P & ol o 1Dl
2

||7jnnnn||g,(} and Hﬁnnnnng,fp

which are analogous to (3.134)—(3.136) and (3.138), respectively.
Finally, we have

(3.139) 5o ) Mz dz < ezl o + Cillal] g

and

1d e ~ ~
(3.140) 5o [ F AT d < elFenatlly o + CrllFoell; 6 + I )
2

+ Cal([Ts15 g + [Foly 1 o + 15 ) IANS 4]

The above considerations yield

1d o P nNey -
3.141) =~ — 2 Poi -2 =252 \Jd

+ CO(Hazzzuig} + Hﬁ()tzzzuag + ’WZZZZHS’Q)
< (e + e (Taneal g + s 2 g + Foea 2 )

telltzzally o + Crllaly, o + 1Fo:15. 6 + 1315 6 + 1702115 4

+ g, 115 ¢ + [0llF @, + 113115 ¢ + KI5 5 + 17315 5)

+ G [(X:(2) + f||u|r at') (1+ X3(2)Y+(2)

T (1712 6 + 1ol 5 + 1712
172 18012 6 + IRl ) (190t g, + 1013

).

By estimates (3.126) and (3.141) we obtain the assertion of the lemma. m

In order to estimate the first term on the right-hand side of (3.125) we
need the following lemma.

LEMMA 3.10. Let v, o, ¥¢ be a sufficiently smooth solution of prob-
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lem (3.3). Then
1d D oc
(3142) 2dt('Zf <Qvixt + %an@mt + evﬁgmxt) dl‘
t
+ CO(”Urwt”%,Qt + ||cha:zt||g,!2t + HﬁOzﬂcrtH(Q),Qt)
< E(HUmttH?),Qt + vamllg,m + HﬁOmwag,Qt + HﬁOmttHg,Qt)
+C1(|v3 1,0, + 00215 2, + l20tll5,2, + 120,115.0, + 19021150,

+1Wotllz.0, + 1015 2, + 31,0, + 17310, + 101:l5 o, + 11615 ,)

t
+Co(Xs+ [ vl g, dt') (1 + XDV,
0

where
Xs = vl 2,0, +105131,0, + [P0l31,0, + 20,15
8 3,2,82, O013,1,02, 013,1,02, 00, 1l0,0,»
Vs = vlis,0, + 10013 1,0, + 190:ll30, + 1P0:]13,0, + 19150, + 20, 115.0,-

Proof. The proof is analogous to the proofs of Lemmas 3.4-3.6 and
3.9. =

To estimate the first term on the right-hand side of (3.142) we need the
following result.

LEMMA 3.11. Let v, o, 9¢ be a sufficiently smooth solution of problem
(3.3). Then

1d Do 0Cy
(3.143) S f <QU92mtt + f@gmﬁt + 0 19(2)ztt> dx
2

+ CO(HUtthiQt + ||tht||int + ||190tth|\%,nt)

< 5(””90963:75”%,@ + Hvxtttng,(zt + HﬁOmth%,Qt + ’WOxtt”g,Qt)
+C1(1vl3,0,0, + 0021130, + l00tll3 0, + 20,115.0,
+ ”790:cH§,Qf, + \790t|§,0,9,, + ||19H(2),Qt + ’f\%,o,rzt

+1rBo.0, + 18110130, + 1816130, + 101110,
t

+ Co(Xo+ [ oIl o, dt') (1 + XY,
0

where
Xo = |vl30.0, +0s150.0, + 1P0l3.0.0, + 120,13.0,:
I t I t 'y t t Pl t

Yo = |U|z21,1,.ot + ‘Qa|§,1,nt + WOt|:2’>,1,Qt + ||190IH§,Qt + ||79”3,Qt + H@Qtllé,gt-
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Proof. We use the partition of unity. Differentiating (3.46); and (3.46)3
twice with respect to ¢ and once with respect to £, multiplying the results by
upre A and e A, respectively and next integrating the result over (2 yields

1d ~92 Pon=2 NCv ~o
(3.144) T :f <nutt§ + Tnngtttg + T e AdE
2

+ colllieel2 g + [Tauuell? 5 + [FeceelI? )

< 5||190xttt||(2),9t + Cl(\u@pﬁ + H’YHgQ + ||’YO£”;Q + |70t|§,17()

+ (170, H(Q)’() + 10 ioﬁ + ’5’370,;} + W;oﬁ

+ [lvwell? o, + 190eell3.c0, + I713.0.00, + 1612¢]I.2,)

+ Ca Xo(1 + X2)Yo,

where we have used equation (3.52), Lemma 5.4 of [21], the Stokes problem
(3.57) and the estimate

(3.145)  [[Yoeeell. 0, < ellPowtetlld o,
+ C1([lvaellt o, + 1Woelli 2, + 730,02, + 1026l 2,)
+ 02 Xo(1 + X2)Ys.
For boundary subdomains we have
116 54 [ (e + P8 e+ T2, ) T
Q

+ CO(||ﬂttH§ﬁ + \thm”éﬁ)

< €(Hattzz||(2m + ||ﬁ(2tttz||(2)7(} + |thzz||§,g + 1P0zetll5 0,)

+C1([af 5+ Fllo.0 + Fo:l5 0 + Foels o o + 1,5 4
Tl o0+ 18500 1500+ 170l5 6 + 17005 5
g 2 o o+ 31200+ 1R o o+ 1T0ul2 g + 1Tl

+ HHHQQ + Hvtt”int + Hth%,nt + HUH%,Qt + |790t’§,o,nt + HUQOmHg,Qt

H9IE 2, +173.0,0, + 101ellT 0, + 1011130, + 116115 2,)
t
+Co(Xo + [ ol g, at') (1 + X3)Ya,
0

where we have used the boundary conditions (3.47)4 and (3.47)s.
Differentiating the third component of (3.64) twice with respect to ¢,
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multiplying the result by %Qtntt‘] and integrating over Q2 implies
1d

Pon=
(3.147) > f nnnﬂtntt‘]d'z+COH779M””OQ

< (5 + cd)(HﬁzzttHSﬁ + HﬁnthZ o) FellPoateells o,
+ Cl(llﬂzmllﬁﬁ + |U|3 0.0t ||77(72|| 5+ |7/7\ct|f 0.0
+ ||ﬁnt‘|§7g + H%z”zﬁ + |70t\2 1ot |g|2 0.0t vl o,

+1Woeelli 2, + 730,02, + 1016]1] 2,) + C2Xo(1 + X§)Yo.

Next, differentiating the third component of (3.66) twice with respect to
t, multiplying the result by usnJ and integrating over {2 implies
1d s ~
(3148) 5@ 7’]|U3ntt|2JdZ + COHUSTLnttH(ZLQ
Q
< (e +ed)([[tzzunlly o + M0y 5) +ell@nlly 4
+ Ov[@zrelly o + Maumeelly o + 1015 o o + 17021} o + [0els o 5

+ 70,15 6 + IR0z 115 6 + Foel3.1.0, + 1715 o + |9|20 o)
+ 02X9(1 + X2)Ys.
From (3.68)—(3.70) we have

(3149) ”uzﬂﬁtH 5t HUQ,"rttHO 0

< (e + cd)([[Tzzeelly g + (70, z2llf o + ITzeely )
+ Cr(lldiv e} o +1Tl5 o o + =1 5 + otl; o o

+ 715 o + 1F0:115 o + Foels ;5 + H“Yll 5 +19050.0)
+ CoXo(1 + X3)Yy.
Next, from (3.68) it follows that
(3.150) [Tl
<(e+ Cd)(HazzttHaQ + H%Qtzttllﬁﬁ)

+ OV D) reelly o + 1Turrelly o + 1815 6+ 1702 1F g + [T0tls 4 6

+ 00,015 6 + 1F0=15 o + Fols 5 o + 111G o + 1915 0, Q)
+ O Xo(1 + X2)Yy.
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Dividing (3.84) by r , differentiating twice with respect to ¢, multiplying
the result by AnnttJ and integrating over {2 we get

ncv
(3.151) 2 dt f nttJdZ + - 9+ ‘|7nntt‘|0 0

f(6+cd)(||7zzttH o T MTaall} o)+ eUFaell} o + 19003 2,)

+ C1([Fereelly g + P03 o + Foely y o + 115 o + 1215, o

+Hﬁ02|| +‘770t|10_(3+||77.(2tH +|k’209

+ Hvtt||1,nt + 190ell3 00, + I7[3.0.00, + 161213 2,)
+ O Xo(1 + X2)Yy.
Next, using (3.137) we get
(3.152)  |Fereelly o < (e + cd)([Tazeelly o + [Fezrelly ) + €lFareellg
+ Ol | o+ 170213 o + 70l 5 o + T, 15
+ H%zHQ ot \’mt\z Lo TR 5+ Ik, o

+ |7”‘2,0,Qt + ||91tt||1,nt)

+ CaXo(1 + X2)Ye.

Finally, we have

(3.153) 5 dt f T2y dz < ellizm|} o + Cilltzully 5
and

1d NCy 2 ~ 2 2
(3.154) 5= = Varrd dz < e([Fateellg o + [P0l )

Q
+ CLllFoz2 115 o + oIt o, + 1Wotellf o, + 1713.0.0, + 1012217 2,)
+ CaXo(1 + X3)Ye.
By estimates (3.146)—(3.154) we get

2dt

]. d pa' = T]C’va
(3.155) —— <77Uztt + ﬁn "ﬁztztt + fa 7§tt>‘]d’z
Q

+ CO(HﬂttH;Q + H%Qtttui_@ + H%m”ég)

7o P N [



A differential inequality for fluid bounded by a free surface 185

+ ||ﬁzttt||g,(2 + |Wzttt‘|(2)ﬁ + \Iﬁomtllg,gt)
+ Cl(lﬂlﬁ,o,ﬁ + H’AYHS,Q + ”%zH;Q + ’%t’;oﬁ + [7g, Hgﬁ
+ 100, R 0.0, 190500 + k5 00 + 1115 o + 111l 4

HlITuell3 o + vl o, + 10130, + [0el3 1,0, + Worl3 0.0, + 1P0:]13 0,

+ 19l

5.0, + 1101

3,@ + ’T|§,O,Qt + ||91tt||%,rzt + [|01¢] gm)

t
+Co(Xo + [ 03, dt') (1 + X3)Y.
0

Inequalities (3.144) and (3.155) yield the assertion of the lemma. m

LEMMA 3.12. Let v, o, 99 be a sufficiently smooth solution of problem
(3.3). Then

(3.156) %% Qf <gu§tt + %gim + %’ﬁ%m) dz
+ co(lveel 3.0, + ll€oteellS. 0, + [1P0ueelli 2,)
< Ci(llosellF 0, + 1906tl13 2, + 1 fretll5,2, + 1 f13,0,02,
+ llreaelld, 2, + 73,0, + 10117 1,0,)
+ C2X10(1 + X79) Y0,
where
X10 = [v[30.0,+10513.0.0,1%050.2,, Y10 =103 1.0,%0s50.0,+1P0l71.0,-

Proof. Differentiating (3.3); three times with respect to ¢, multiplying
the result by vy and integrating over (2, yields
1d

1 .
(3.157) Sd f ov7y da + quQt (Vi) + (v — p)[|div vge]|3 o,

t

- f PooOottt div vy do — f p,geﬁOttt div vy d

2 2
—f (niTij(Uaga))ittvittt ds
St

< e(lvieellf ., + llootetll.0,)

+ C1(|f3.0.0, + I fuell§. 0,) + CaX10(1 + XT5)Yio.
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Next, dividing (3.3)3 by 6, differentiating three times with respect to ¢,
multiplying by ¥gs;¢ and integrating over (2; gives

1d p oc, K
(3158) f 719(%ttt dfC + 97* f IVﬁOttt‘Q d$

2dt) 6
Qt Qt
. nVﬁo
+fp90190ttt div vy dfC—f < 0 ) Joree ds
2 3, Sttt
<e(lvtll o, + loowtllo. o, + [PotetllT 2,)
= e[| Vettlln, 2, Ootitllo, 82, ottt ll1,92,

+ C1(|r3.0.0, + lIreelld. o, + 101eeell1,2,) + C2X10(1 + X59)Yio.

Now, using the continuity equation (3.3)2, Lemma 5.5 of [21], inequality
(3.145) and the estimate

(3.159) l0otecllf, 0, < clloull? o, + CaX10(1 + X75)Yio
we obtain (3.156). m

Estimating [|0]2 o, + [0, 12,0, by [90s 13,0, + 1po 2., (by using (3.19)
and (3.27)) from the above lemmas for sufficiently small € we obtain

THEOREM 3.13. For a sufficiently smooth solution v, o, Yo of (3.3) we
have

L t
(3160) %2t ed < erP(6) (64 [ ol ) (146%) (04 B) 4 er P cs,
0

where

st)= [o 3 ID2Ov2da

Q¢ 0<|a|+i<3

D1 _ DP20Cy
+Qf <g§ + 00, + J 193) dx

e Po

+ [P 3T D20, dx
2

© 1<falti<s
oc 3
(3.161) + [ > > DS da,
24 1< +i<3
o(t) = |vl3.0.0, + l0015.0.0, + [P0l3.0.0, + 120,150,
D(t) = |vl3 1.0, +l00l3.0,0, — loolld 0, + 20,15
4,1,02, 0013,0,92, Osll0,02, 00, 1lo,0,
+ 10013 1.0, — 1901150, + 191132,
F(t) = fuells. o, + 1 f13.0.0, + Ireeclls o, + 1715.0.0,
+lIrllo.. + 10113 1.0, + 161111, 2,
D(t) = [|vl3.q, + IPelld.0»
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P is an increasing continuous function; co < 1 is a positive constant de-
pending on o«, 0%, 0., 0%, u, v, k; and ¢; (i = 1,2,3) are positive constants

depend%ng on QOx, Q*7 9*7 9*7 f()t HU|

3,2, dt', ||S|la=1/2, T and constants from

the imbedding Lemma 2.1 and the Korn inequalities (see Section 5 of [21]).
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