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Classical solutions of hyperbolic partial differential
equations with implicit mixed derivative

by SALVATORE A. MARANO (Catania)

Abstract. Let f be a continuous function from [0, a] x [0, 8] x (R™)* into R™. Given
ug,vo € C°([0, 8], R™), with

T x

f<0,:z‘, f ug(s) ds, f vo(s) ds,ug(m),vdx)) = vo(x)

0 0

for every z € [0, 3], consider the problem

(%2 _f<t 0z 0z a%)
ator  \""% B ax otox )
Z(t70):ﬁRn7
P xT
) 0.0 = [ uo()ds,
0
*2(0,x)
\ “atar 0@

In this paper we prove that, under suitable assumptions, problem (P) has at least
one classical solution that is local in the first variable and global in the other. As a
consequence, we obtain a generalization of a result by P. Hartman and A. Wintner ([4],
Theorem 1).

Introduction. Let a, 8 be two positive real numbers; n a positive inte-
ger; R” the real Euclidean n-space, whose null element is denoted by ¥gn;
f(t,x, 2,21, 22, 23) a continuous function from [0, a] x [0, 8] x (R™)* into R™.

Given ug,v9 € C°([0, 8], R™), with

f(O,;U, fug(s)ds, f vo(s) ds,uo(x),vo(m)> = vo(x)
0 0
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for every x € [0, 3], consider the problem

(9%, 0= 0z 0%
atox I\ 0 9x dtox )
Z(t, 0) == ﬁRn,
P x
(P) 2(0,x) = f’LLo(S)dS,
0
022(0,x)
“otor o)

A function z : [0,a] x [0,8] — R™ is said to be a classical solution
of (P) if z,02/0t,02/0x,0%z/0tdx € C°([0,a] x [0,3],R") and, for every
(t,z) € [0,a] x [0,8], one has 9%z(t,z)/0tox = f(t,z,2(t, x),0z(t,z)/0t,
0z(t,x)/0x,0%2(t,x)/0tdx), 2(t,0) = Ogn, 2(0,2) = fox uo(s) ds,
9?2(0,2)/0tdx = vo(x).

In this paper we prove that, under suitable assumptions, problem (P)
has at least one classical solution that is local in the first variable and global
in the other (see Theorems 2.1 and 2.2). Further, as a simple consequence
of Theorem 2.2, we obtain a result (Theorem 2.3) which improves, in some
directions, the well-known result by P. Hartman and A. Wintner (see [4],
Theorem 1). For instance, it is worth noticing that the hypotheses of Theo-
rem 2.3 on f do not imply that the function (21, 22, 23) — f(t,z, 2, 21, 22, 23)
is uniformly Lipschitzian, with Lipschitz constant strictly less than one with
respect to z3.

As far as we know, this seems to be the first contribution to the study
of hyperbolic partial differential equations, with implicit mixed derivative,
in this direction.

The main tool we use in order to get our results is a recent existence the-
orem for implicit ordinary differential equations in a Banach space, namely
Theorem 2.1 of [3].

1. Preliminaries. Let (X, d) be a metric space. For every z € X and
every r > 0, we put B(z,r) = {z € X : d(z,z) < r} and B(z,+00) = X.
Let V be a nonempty subset of X and let {2 be a bounded subset of V.
The Hausdorff measure of noncompactness of {2 with respect to V is the
following number:

k
Y (£2) :inf{r>0:5|x1,...,xk ceV,keN: 2 C UB(JJZ‘,T)}.
i=1

If V=X, we put vy (£2) = v(£2). It is easy to verify that one has
(1) Y(92) < (2) < 2v(£2).
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Let n be a positive integer and let R™ be the real Euclidean n-space, en-
dowed with the norm ||z|| = maxi<;<n |2, where z = (z1,...,z,) € R". If
I is a compact real interval, we denote by C°(I,R"™) the space of all con-
tinuous functions from I into R™, endowed with the norm |ullco(srn) =
max,¢; ||u(x)||, and by C'(I,R™) the space of all functions u : I — R™ such
that u, du/dz € CO(I,R™).

On CY(I,R") we consider the norm |julcirrny = |ullcorrny +
|du/dz||co(r rny. Of course, the space (CH(I,R™), || - [|c1(r,rn)) is complete.

For every u € C°(I,R™), every nonempty subset U of C°(I,R™) and
every o > 0, we put

w(u,0) = sup{[lu(e’) — u(@")| : o 2" € I, o’ —a"| < o}

w(U,o) =supw(u,0); we(U)= lim w(U,o).

wel oc—0*t
If U is bounded then, thanks to Theorem 7.1.2 of [1], one has
(2) wo(U) = 2v(U).

Let @ C R? be a rectangle. We denote by C°(Q, R™) the space of all con-
tinuous functions from @ into R™ and by E(Q,R™) the space of all functions
2(t,r) : Q — R™ such that z,9z/0t,0z/0x,0%2/0tox € C°(Q,R™).

In the sequel, we will apply the following lemma, whose simple proof is
left to the reader.

LEMMA 1.1. Let I be a compact real interval, J a real interval, and
CL(J,CL(I,R™)) the space of all continuously differentiable functions from J
into CY(I,R™).  Then a function w : J — CYI,R") belongs to
CL(J,CHI,R™)) if and only if the function w : J x I — R™ defined by
putting, for every (t,x) € J x I,w(t,x) = w(t)(x), belongs to E(J x I,R™).

For the reader’s convenience, we report now the statement of Theorem
2.1 of [3], which will be used in the sequel.

THEOREM 1.1. Let (B, || - ||) be a real or complex Banach space, whose
null element is denoted by Ip;ug,vo € B; to € R; a,b,c € RT U{+o00}; R
the set {(t,u,v) ERXx BXx B:tg <t <tyg+a, |[u—uol <b, |Jv—10] <c};
F(t,u,v) a function from R into B such that F(tg,uo,vo) = Up; T(w) a
function from B into itself such that T(w) = 9p if and only if w = Vp;
G(t,u,v) = v+ T(F(t,u,v)) for every (t,u,v) € R. Assume that:

1) A # 0 where A is the set of all t € RN]tg,to + a] for which there
exists a function d : RY — RY with liminf._ g+ d(¢) = 0, such that for
every € > 0 there exists 6 > 0 such that if t',t" € [to,t], v',u” € B(ug,b),
v, 0" € B(vg,c), and [t —t'| <4, |[u/ —u"|| <6, | —v"|| < d(g) then

G v/, v") — G w0 < d(e);
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2) if ¢ < 400 one has |G(t,u,v) — vo| < ¢ for every (t,u,v) € R
with t € AU {to}, whereas if ¢ = +oo there exists a continuous function
M(t) : AU {to} — R such that |G(t,u,v)|| < M#)(1+ Au — uol|) for
every (t,u,v) € R with t € AU {to}, where

\ = 0 if b < +oo,
11 if b= +oc;

3) if t* = sup A ort* is a point of [to,sup A] such that t*—tg < b/(||vo|+
¢) or such that fti M (t) dt < b, according to whether b = +o00, or b, c < +00
orb < 400 and ¢ = +o0, and if

« [to, t*] if t* € A,
A = * o *
[t()at [ th g A7
then there exists a function w(t,u,v) : A* x RT x Ry — R{, nondecreasing
with respect to u, and a number o > 0 such that

(hy) for everyt € A*\{to,t*} the conditions v : [to,t] — R, v continuous,
0 <w(t) <o,v(t) <wlt, f:o v(T)dr,v(t)) for each t € [to,t], v(ty) = 0 imply
v(t) =0 for every t € [to,1];

(he) for everyt € A*\{to,t*}, U C B(up,b), V C B(vg,c), withy(U) < p
and 0 < y(V) < p, one has

VB (vo,c) (G(ta Ua V)) < w(t’ V(U)a ryB(’Uo,C)(V)) .
Then there exists a continuously differentiable function & : A* — B such
that F(t,£(t),d¢(t)/dt) = Up for every t € A* and &(to) = wo, d€(to)/dt
= 9-

2. Results. Let a, 3,b be three positive real numbers; ¢ € RT U {+00};
ug, vo € CY([0, B, R™); A(a, B8,b,c) the set {(t,x, 2, 21, 22, 23) €]0, a] x [0, B8] x
(R™)% Izl < B(lluollcoqo,p1,zmy +b), ll21ll < B(l[vollco(o,e1.rm) + €), 22l <
Blluollco(o, 81,7y + bs 23]l < Bllvollco(o,6,rm) + ¢} f a continuous function
from [0, a] x [0, 3] x (R™)* into R™ such that
3) (0.2, [ uo(s)ds, [ vo(s)ds,uo(@),vo(x)) = vo(a)
0

0
for every x € [0, 5]. Our first result is the following:

THEOREM 2.1. Assume that:

(i) there exists a function d : R™ — RY, with liminf,_ o+ d(¢) = 0, such
that for every e > 0 there is § > 0 such that if t',t" € [0,a], 2/, 2", 2}, 2! €

R™ i = 1,2,3, and [t —t"| < 0, [|2" = 2"[| < 36, |21 = 21| < Bd(e),
125 — 251l <9, |25 — 25| < d(e) then

Hf(tl?m?zl?zi7zé7zé) - f(t”,x,Z//7Z§_/’Zg,zll)’/)H S d(E)
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for every x € [0, 5];

(ii) if ¢ < 400 one has || f(t,x,z, 21, 22,23) — vo(z)|| < ¢ for every
(t,z,2,21,29,23) € Ala,B,b,c), whereas if ¢ = 400 the function f(t,z,z,
21, 22, 23) 1s bounded on A(a, 3,b,c);

(iii) if M is a positive constant such that || f(t,x, 2z, 21, 22, 23)|| < M for
every (t,x,z, 21, 22,23) € A(a,B,b,¢) and 6* = min(a,b/M), there exist a
function w(t,u,v) : [0,0*[xRE x Ry — RY, nondecreasing with respect to
u, and a number o > 0 such that

1) for every t €]0, 5*[ the conditions v : [0,t] — R, v continuous, 0 <
v(t) < o, v(t) < w(t, fo T)dr,v(t)) for each t € [0,t],v(0) = 0 imply
v(t) =0 for everyt € [0 t];

2) for every t €]0,0*[, U C B(ug,b), V C B(v,c), with y(U) < ¢ and
0<~(V) < o, one has

(4)  p lim  sup sup{Hf(t,x', j’u(s)ds, j,v(s) ds,u(:c’),v(;c’))
0 0

o=0F (4 0)eUxV

14

u(s) ds, j (s)ds,u(x z") )H
0

S

_f (ta :Ella

Hfl,l'” S [0,,8], ’1'/ — x//’ < U} < w(tafy(U)aq/B(vg,c)(V)) s
where

_J1 if ¢ < 400,
H= 1/2 if c = +o0.

Then there exists at least one solution of the problem (P) in the class

E([0,0%] < [0, 5], R™).

Proof. Let B be the Banach space (C°([0, 8], R™), | - |co((o,5),87))-

To simplify notation, we write || - ||g for || - [[co(o,5,rn). For every
(t,u,v) € [0,a] x B(ug,b) x B(vg,c) and every z € [0, 8], put

F(t,u,v)(z) = f(t,x, f u(s) ds, f v(s) ds,u(x),v(x)) —v(x).
0 0

The function F' so defined takes values in B and, thanks to (3), one has
F(0,up,v9) = ¥p, where ¥ is the null element of B. Now, let T" be the
identity operator on B. We prove that (i)=-1) of Theorem 1.1, with A =
10,a] and d = d for every ¢t €]0,a]. Fix ¢ > 0 and observe that from our
assumptions it follows that
(5) G(t,u,v)(x) :f<t,x, fu(s) ds, fv )ds,u(x v(x))
0

0
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for every (t,u,v) € [0,a] x B(ug,b) x B(vg,c) and every x € [0,5]. If
', u "), (¢ u"0v") € [0,a] x B(ug,b) X B(vg,c) and [t/ — t"] < 4,
|l —u"||g < &, ||v/ —v"||p < d(e) then, for every fixed = € [0, (], one

has
xT

Hf $)ds— [ w(s)ds| < Bl — |15 < 6.

H f v'(s) ds — fw v”(s) dsH < B =" || < Bd(e),
0

[u(z) = u" (@)[| < [lu" = u"||p <0,
[v'(z) = 0" (@) || < [lv" ="l < d(e).
Hence, by (i) and (5),
IG(#, ', 0") (@) = G(t", u" 0" (@) < d(e)
for every x € [0, 3]. This implies that
|Gt o', v") — G, u” 0" < d(e).

It is trivial to check that (ii)=-2) of Theorem 1.1. Let us prove that
(iii)=-3) of Theorem 1.1. To this end, it is enough to verify that (hy) of
Theorem 1.1 holds. Fix t €]0,6*[, U C B(ug,b), V C B(vo,c), with y(U) <
oand 0 < (V) < g. If ¢ < 400, then, by (1), (2) and 2), one has

73(0070)(G(t, U, V)) < 2’7(G(t7 U, V))

8 <

/

= lim sup sup{Hf(t,:r’, j: u(s) ds, jv(s)ds,u(x’),v(x’))
0 0

o—=0F (4 0)eUxV

’

—f(tw fu ds,bfv s) ds,u(x ”)H

f@”EMﬁHx*ﬁ”éa}éw@ﬁﬁﬂﬁmW@WW-
If ¢ = 400 then, by (2) and 2), one has
VG, U, V)) =
1 lim  sup sup{Hf(t, x, j‘ u(s) ds, j‘ v(s) ds,u(a:’),v(:v’))
0

2 50t (u,v)eUXV

’

v(s)ds,u(z"), v(m”)) H :

S & e

—f (t, x”, j u(s) ds,
0

o 2" €0, |2 —2"| < a} <w(t,y(U),y(V)).
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At this point, we are able to apply Theorem 1.1. By that result, there
exists £ € C1([0,6*], B) such that F(t,£(t),dé(t)/dt) = Jp for every t €
[Oa 5*]75(0) = Uo, dg(O)/dt = Vo. PU.t, for every (t,$) € [07 5*] X [07/8]7

2(t,m) = [ €£t)(s)ds.
0

Thanks to Lemma 1.1, the function z : [0,6*] x [0, 8] — R™ so defined
belongs to E([0,0*] x [0, 3], R™) and, for each (t,z) € [0,d*] x [0, 5], one has

0?2(t, ) _dg(t)

oor ~ dt @)
—i(ta Jeowas [ G0 00,50 @)
0 0
B 0z(t,z) 0z(t,z) 0%z(t,x)
_f<t’“”’z(t’x)’ ot ' or ' otor )

2(t,0)=Dan,  2(0,2) = [€0)(s)ds= [ uo(s)ds,
0 0
822(0,x) B
“otor £(0)(x) = vo ().

This completes the proof. m
Remark 2.1. Let f satisfy the following assumption:

(j) for every t € [0,a] the function (x,z, z1, 22, 23) — f(t,x, 2, 21, 22, 23)
is uniformly continuous.

For every t € [0,a] and every o > 0, put
wt(f? U) = Sup {||f(t7 JI/,Z/,Zi,Zé,Zé) - f(t7 x”’zl,7zi/’zé/7zé/)|| :

22" e€|0,0),7,2", 2, 2 eRY, i =1,2,3,

)T T
/ 11\2 ! "2 & / 1"\(12 1/2
(@ =22+l =212+ Y Nz =2/ 12) <o
=1

It is easy to check that, for each ¢ € [0, a], the function w(f,-) is nonde-
creasing, continuous on R™ and such that lim,_,g+ wi(f,o) = 0. A simple
sufficient condition in order that 2) of (iii) of Theorem 2.1 holds is the fol-
lowing:

(3j) for every t €]0,6*[, U C B(ug,b), V C B(vp,c), with v(U) < o and
0 <~(V) < o, one has

th(f7 2\/7(U)2 + PYB(UO,C)(V)Q) < w(ta ’V(U)7 YB(vo,c) (V)) ’
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where
_J1 if ¢ < 400,
H= 1/2 if ¢ = 4o0.
Proof. Fix t €]0,0*[, U C B(ug,b), V C B(vg,c), with v(U) < ¢ and
0<vy(V)<o Ifo>0, (uv) e UxV,a 2" €]0,0] and |2/ — 2"| < o,
then

Hf(t, 2, j/ u(s) ds, j: v(s)ds,u(z’), v(:c'))
0 0

17
x

(e T utods, | o(ods, o)
0

0

< wi(f, /(4 ullf + [lvl)o? + w(u, 0)? + w(v,0)?).

(we still write B for C°([0, 8], R™)).
Taking into account that wy(f,-) is nondecreasing, this implies that

sup  sup {Hf(t, x, f u(s) ds, j/ v(s)ds,u(z’), v(az'))
0 0

(u,v)eUXV
~i(na [ uts)ds, [ o(s)dsataoe)|
0

2" €0,0), ]2 — 2" < a}

<wi(f, V(1 + sup lullf + sup [o][B)o? + w(U,0)* + w(V,0)?)
ue ve

for every o > 0. Hence, w(f, ) being continuous,

’
€T

lim sup  sup {Hf(t, x, jj u(s) ds, f v(s) ds,u(x’), v(x’))
0 0

o—0+ (u,0)eUXV

', 2" €0, 8], 2" — "] < U} < wi(f, Veo(U)? +wo(V)?).
Now, the conclusion follows at once from (1), (2) and (jj). =

Now, assume that a,b,c € RT U {+oc} and put

A — [0,a] if a < +oo,
L7 0,a] if a = +oo.
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Let f be a continuous function from A; x [0, 8] x (R™)* into R™ and let
ug,vg € CY([0, 3], R™) such that (3) holds. Arguing as in the proof of the
previous theorem, it is possible to verify the following

THEOREM 2.2. Suppose that:

(i1) A # 0 where A is the set of allt € Ay \ {0} for which there exists a
function d : RY — R*, with liminf._o+ d(¢) = 0, such that for every e > 0
there exists 6 > 0 such that if t',t" € [0,t], 2/,2", 2}, 2/ € R", i = 1,2,3,
and | — "] < 6, |2/ — || < 85, 12 — || < Ba(), I - 4] <
125 — 24| < d(e) then

If(t 2,2 21, 25, 25) — f(¢7 2,2, 21, 25, 25) || < d(e)

for every x € [0, 5];

(iz) if ¢ < 400 one has ||f(t,x,z,21,22,23) — vo(x)|]| < ¢ for every
(t,z,2,21,29,23) € Ala, B,b,c), with t € AU{0}, whereas if ¢ = 400 there
exists a continuous function M(t) : AU {0} — R such that

1f(t, @, 2,21, 22, 23) || < M(£)(1 + All22 — uo(@)]])
for every (t,z, z, 21, 22,23) € A(a, 8,b,c) witht € AU {0}, where

\ = 0 ifb< +oo,
11 if b= +oc;

(i3) if t* = supA or t* is a point of [0,supA] such that t* <

b/(llvollcoo,p),rmy + €) or such that fg* M(t)dt < b, according to whether
b= 400, orb,c < +00 or b < 400 and ¢c = +oo, and if

e J10.#] it e A
L0t iftt A,

then there exist a function w(t,u,v) : A* x R x R& — Ry, nondecreasing
with respect to u, and a number o > 0 such that (hy) of Theorem 1.1 holds
(with to = 0) and for every t €]0,t*[, U C B(uo,b), V C B(vo,c), with
Y(U) <0 and 0 <y(V) < o, (4) holds.

Then there exists at least one solution of the problem (P) in the class
E(A* x [0, 0], R™).

A remarkable particular case of Theorem 2.2 is the following.

THEOREM 2.3. Assume that a < 400, b = +00 and (i) of Theorem 2.1
holds. Moreover, suppose that:

(1) if ¢ < 400 one has || f(t,x, 2z, 21, 22,23) — vo(2)|| < ¢ for every
(t,x,z,21,29,23) € Ala, 8, +00,¢), if ¢ =400 there exists a continuous
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function M(t) : [0,a] — Ry such that ||f(t, x, z, 21, 22, 23)|| < M (#)(1+ |22 —
uo(x)||) for every (t,z,z, 21, 22,23) € A(a, 5,400, +00);

(jo) there exist a function w(t,u,v) : [0,a] x Ry x R —R{, nondecreas-
ing with respect to u, and a number o > 0 such that

1) for every t €]0,a[ the conditions v : [0,t] — R, v continuous, 0 <
v(t) < o, v(t) < w(t,fotv(T) dr,v(t)) for each t € [0,t], v(0) = 0 imply
v(t) =0 for every t € [0,1];
and 0 < v(V) < o, (4) holds.

Then there exists at least one solution of the problem (P) in the class
E([0,a] x [0, 8], R™).

Theorem 2.3 contains, as a particular case, the following well-known

result by P. Hartman and A. Wintner (see [4], Theorem 1):

THEOREM A. Let f(t,z,z,21,22) be a continuous function from [0,a] X
[0, 3] x (R™)? into R™ and let ¢ € C1([0,a],R"™), ¥ € C([0,8],R") such
that p(0) = ¢ (0). Assume that:

(ay1) there exists a positive constant r such that || f(t,z, z, 21, z2)|| < 7 for
every (t,x) € [0,a] x [0, 3] and every z, z1, 2z € R™;
(ag) there exist L1, Lo > 0 such that, for every (t,x) € [0,a] x [0, 3] and

every z, 2,z € R", i =1,2, one has

1f(t 2, 2,21, 25) = f(t,w, 2,27, 25) || < Lallzy — 27| + Lallz — 2] -

Then the Darboux problem

0z :f<txzaz 6z>
otox ot oz )’
2(t,0) = (1),

2(0,z) = (=),

has at least one solution in the class E([0,a] x [0, 5], R™).

(DP)

To verify our assertion, observe first that a function z € FE([0,a] X
[0, 5],R™) is a solution of (DP) if and only if there exists a solution w €
E([0,a] x [0, 3], R™) of the problem

0w ow Oow
e fi (t’x’w’(%’&x>’
w(t,0) = Ugn,

w(0,x) = VUgn,

where f1(t,z,w,wi,ws) = f(t,z,w+ o(t) + V(x) — p(0), w1 + de(t)/dt,
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wy + dip(z)/dx), (t,x) € [0,a] x [0, 8], w, w1, ws € R™, such that z(t,z) =
o(t) +(x) —p(0) +w(t, z) for every (t,z) € [0,a] x [0, 3]. Since f; satisfies
(a1) and (ag), we may assume that ¢(t) = Ugn, ¥(x) = Jgn for every
(t,x) € [0,a] x [0, 3]. Moreover, it is easy to check that (3) holds.

Now, observe that, thanks to our assumptions, the problem (DP) is
equivalent to the following integral equation:

t

y(t,xz) = (l‘,f fyTsdes fytsds fy(T,.r)dT),
0 0

0

(t,2) € [0,a] x [0, 5].

Therefore, by Lemma 3.4 of [2], we may suppose that f is uniformly contin-
uous.

Finally, there is no loss of generality in supposing L6 < 1, for otherwise
the rectangle [0, a] x [0, 3] can be divided into a finite number of sufficiently
small rectangles, and Theorem 2.3 applied successively to each of these sub-
rectangles (in a suitable order) (see [4], p. 839, lines 26-29). Let us prove
that (i) of Theorem 2.1 holds. Put, for every ¢ > 0, d(¢) = ¢ and fix
e > 0. There exists 0* > 0 such that if ¢/, t"” € [0,a], 2/, 2", 25, 2§ € R", and
[th —t"| < 0%, ||z = 2"|| < &%, ||z5 — 25| < &%, then

(6) ||f(t/,£l?, Zl? 21 Zé) - f(t/l’x7 lev 215 Zé’)” < (1 - Llﬂ) d({-:)

for every z € [0,0], z1 € R". Let § = min(d*,6*/8) and let t',t" € [0,a],
2! 2" 2L 2 € R i = 1,2, such that [t/ —t"| < 0, ||/ =2"| < 89, |21 —2Y| <

ﬂd( ): llzg — 25| < 0.
Thanks to (ag) and (6), one has

1f( 2,2 20, 25) — f(E 2, 2", 21, 25) ||
<NfE 2,2 20, 29) = f(E 2,2, 27, ) |
+If W 2,2 2, 2) = (7, 2,27, 2], 25|
< L13d(e) + (1 — L1 B)d(e) = d(e)

for every x € [0,]. Now, let us take ¢ = 4+00. Since (j1) of Theorem 2.3
follows at once from (a4 ), to complete the proof we must only verify that (jo)
of Theorem 2.3 holds. Fix ¢ > 0 and, for every (t,u,v) € [0,a] x R x R,
put w(t,u,v) = 2Lsu. Of course, the function w is nondecreasing with
respect to u and, thanks to Gronwall’s Lemma, 1) of (j2) of Theorem 2.3
holds. Let t €]0,a[, U C C°([0,5],R"™), V C B(vg,c), with v(U) < g and
0<yV)<op Ifo>0, (uv)eUxV, 2 2" €|0,] and |z’ —2"| < 0,
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—f(t @ fu s, f v(s) ds,u(a:”))“
0
< Lifvllcoqo,prrm |2 — 2 + Lafu(a) — u(2")]]

+w(f, V(1 + [l G0 jo,61,mm)) (& = 2")?) .

Taking into account that f is uniformly continuous, this implies that

Q’,’

lim sup sup{Hf(t,x’, Ju(s)ds, fv )ds,u(x )

o—0F (u,0)eUXV

o

2" €0,0], ]2 —2"| < J}

IN

lim [0 Ly sup ||v][co(o,p),rm) + Law(U, o)
o—07F vevV

+w(f, V(1 + 51618 HUH%’O([O,B],R"))U2)]
= Lowo(U) = 2L2y(U) = w(t,y(U),7(V)) -
This shows 2) of (j2) of Theorem 2.3 and completes the proof.

To give an idea of the nature of the previous existence theorems of clas-
sical solutions for a Darboux problem for an hyperbolic partial differential
equation with implicit mixed derivative, we recall here the following result
(see [1], p. 85, and [2], p. 114), which is a simple consequence of Theorem A.

THEOREM B. Let f be a continuous function from [0,a] x [0, 3] x (R™)4
into R™ and let ¢ € C*([0,a]R™), v € C*([0, 8], R™) such that p(0) = (0).
Assume that:

(by) there exists a positive constant r such that || f(t,x, z, z1, 22, z3)|| <7
for every (t,z) € [0,a] x [0, 3] and every z,z; € R™, i =1,2,3;

(bg) there exist L1,Ly > 0, N € [0,1] such that, for every (t,z) €
[0,a] x [0,5] and every z,z., 2z € R", i =1,2,3, one has

Lt Bl )

Hf(t,x,z,zi,zé,zé) - f(t T,z 21722723)H
< Lillzy — 27| + Lollzg — 25| + Nl25 — 25|
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Then the Darbouz problem

0%z :f<th(9282322)
Otox T ot Ox” Otdx )’
Z(t,O) = (p(t),
2(0,z) = (z),

has at least one solution in the class E([0,a] x [0, 5], R™).

Proof. Thanks to (bg), for every fixed (¢,z, z, 21, 22) € [0,a] x [0, ] X
(R™)3 there exists a unique point fo(t,z, z, 21, 22) € R™ such that

(7) f(ta T, z, 21,22, fO(tv T, z, 21, Z2)) = fo(t7 T, 2, 21, 22) :

Hence, to prove our assertion, it suffices to verify that the function fj :
[0, a] % [0, B] x (R™)3 — R™ so defined satisfies the assumptions of Theorem A.

Let &,&1,&2,. .. be asequence in [0, a] x [0, 3] x (R™)3 such that limy,_. o &
= ¢. The functions f(&,-), f(&k, ) (k € N) are contractions on R" with
the same constant N and, for every n € R", one has limy_,o f({k,n) =
f(&,n). This implies that limg_,~ fo(&k) = fo(§). Hence, the function fj is
continuous.

Assumption (a;) of Theorem A follows at once from (7) and (b;). Let
us prove (ag). Fix (t,z) € [0,a] x [0,0], 2,2}, 2 € R", i = 1,2. Thanks to
(7) and (bz), one has

||f0(t7$7 2y Ziv Zé) - fO(t7x7 2y Zila Zé/)” < LlHZi - Zf” + L2||Zé - Zé/H

Jr‘ZVHfO(tv €Tz, Zi, Zé) - fO(tv €Tz, Zi,v Zé’)” :
Taking into account that N < 1, we get
Ly

Hfo(tvxazazia Zé) - fO(taxaz7zilvzé/)” < m”zi - zlll” +

Ly

22— 2]

This completes the proof. m

Finally, we give an example of application of Theorem 2.3, where it is
impossible to apply Theorem B, since (by) does not hold.

EXAMPLE 2.1. Let g(t,, 2, 22) : [0,a] x [0, 8] x R? — R be a uniformly
continuous function such that:

(g1) there exists a positive constant r such that |g(t,x, z,z2)| < r for
every (t,x) € [0,a] x [0, 3] and every z, z3 € R;

(g2) there exists Lo > 0 such that, for every (t,x) € [0,a] x [0,8] and
every z,zh, 25 € R, one has

lg(t, z, 2, 25) — g(t, 2, 2,25)] < Lal2y — 23]
Let h : [0,a] x [0, 8] — R be a continuous function such that
(h) [h(t, )] <1
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for every (t,x) € [0,a] x [0,0] and let k : R — R be a Lipschitzian function,
with Lipschitz constant 1, such that k(0) = 0 and

(k) there exists O € [0,1/2[ such that |k(z4) — k(25)| < 9|25 — 24| for
every z5, 24 € [—(1+r), (1 4+ r)].

Finally, let ug € C°([0, B]R) such that

(8) g(O,m, f uo($) ds,uo(x)) =0

0

for all x € [0, 5].
Then the Darboux problem

(02 _ t$z% + h(t,z)sink 0"
otor I\ Ox IR Bt )
z(t,0) =0,

z(0,z) = f uo(s) ds,

\ 0

has at least one solution in the class E([0,a] x [0, 5], R).
Proof. For every (t,x) € [0,a] x [0,0], z, 22,23 € R, put
flt,x, 2z, 29,23) = g(t,x, 2, 22) + h(t,z)sin k(z3) .

The function f : [0,a] x [0, 3] x R® — R so defined is continuous and,
if we take vg = ¥p, thanks to (8), (3) holds. Now, fix ¢ €]0, 7] and take
£1,€2 €10, 7] such that

€1+ ¢e2+ 2sin(e/2) < e.

There exists 0* > 0 such that if ¢/, ¢ € [0,a], 2/, 2", 2}, 2] € Rand |t/ —t"| <
0%, |2 = 2| < 0%, |25 — 2| < 6* then

9) gt w2 25) — g(t", 2,27, 25)| <er,  |h(t',x) = h(t",2)| < &2
for every x € [0, 5]. Let 6 = min(6*,0*/3) and let t',t" € [0,a], 2/, 2", 2}, 2/

b Ead B Ead )
€ R,i=2,3,such that [t —t""| <9, [/ =2"| < B9, |z5—25| <9, |25—25| < e.
Taking into account (9) and (k), we obtain

|f(t/,l‘,2/,2é,Zé) - f(t/,,.ZU,ZH,Zg,ZgH

< g, 24) — 9(t", 2, 2, )| + h(t', 2) — h(t", )|
+ |sink(25) — sink(z3)| < &1 + &2 + 2sin(|k(25) — k(25)]/2)
< ey +ey+2sin(e/2) <e
for every x € [0, 3]. Hence,
FE 2,5 2 24) — (2,27 2, )] < de)
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for all z € [0, f], where

e if e €]0, 7],
d(e) = {2+5 if € €]m, +o0l.
This shows (i) of Theorem 2.1.

Next, take ¢ = 1 4+ r and observe that (j;) of Theorem 2.3 follows at
once from (g;) and (h). Let us prove that (j2) of Theorem 2.3 holds. To
this end, assume ¢ = 1 + 7 and, for every (t,u,v) € [0,a] x Rf x R{, put
w(t,u,v) = 2Lau + 29v. Of course, the function w is nondecreasing with
respect to u and since ¥ < 1/2, thanks to Gronwall’s Lemma, 1) holds.
Now, fix t €]0,a[, U C C°([0,8],R), V C B(9p,c), with y(U) < ¢ and
0 < vV) < o Leto >0, (u,v) € UxV, 2/;2” € [0,5] such that
|z’ — z""| < 0. Taking account of (g2) and (k), we get

i

o%&\

u(s) ds,u(az’),v(w')) - f(t,a:”,

OH&%:

u(s) ds,u(z"), U(m”)) ‘

< Lolu(a’) — u(z”)| + w(g, V(1 + [ullZopo,5,2)07)
+w(h, o) +dv(z") —v(z")].

From this, by means of the usual reasoning, it follows that

0%8\

lim sup  sup {‘f(t, x,
o—=0F (yv)eEUXV

u(s) ds,u(z’), v(:v'))

—f(t,x”, j/u(s) ds,u(a:”),v(x"))‘ 2’ 2" €0, ] — 2| < 0'}
0

< 2L2’Y(U) + 219’7(V) < U}(t, ’V(U)v YB(¥g,c) (V)) :

This shows 2) and we can apply Theorem 2.3. It yields that there exists at
least one solution of (DP); in the class E([0,a] x [0, 3], R), as desired. =
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