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On the dependence of the Bergman
function on deformations of the Hartogs domain

by ZBIGNIEW PASTERNAK-WINIARSKI (Warszawa)

Abstract. We apply the Rudin idea to represent the Bergman kernel of the Hartogs
domain as the sum of a series of weighted Bergman functions in the study of the depen-
dence of this kernel on deformations of the domain. We prove that the Bergman function
depends smoothly on the function defining the Hartogs domain.

1. Introduction. The problem of the dependence of the Bergman
function on deformations of the domain has been considered by Greene and
Krantz in the papers [3] and [4]. In [4] it is proved that for any ¢ > 0
the restriction Kp 5, 5\ A, of the Bergman function Kp of a C'* strongly

pseudoconvex domain D in C™ to the set D x D\ A,, where A, := {(z,w) €
D x D : |z —w|+dis(z,0D) + dis(w,dD) < g}, depends continuously on D
in the C* topology. In this paper we suppose that D = (¢, m) C C**™
is a Hartogs domain defined by a fixed open bounded set {2 C C™, a natural
number m and a lower semicontinuous positive bounded function ¢ : {2 — R
(see Section 3). In Section 4 we show (see Theorem 2) that for any compact
set Z C 2(p,m) x £2(p, m) the restriction K, m)z depends smoothly on
¢. Here we consider K, m)|z as an element of the Banach space C(Z) of
all continuous complex-valued functions on Z. In the proof of Theorem 2
we use the Rudin idea to represent the Bergman function on the Hartogs
domain £2(p, m) as the sum of some series of weighted Bergman functions
on {2 (see [2], [6], [7] or [13]). This approach allows us to make the most of
the results on weighted Bergman functions obtained in [11]. The necessary
definitions and facts concerned weighted Bergman functions are collected in
Section 2. The properties of the Bergman function on a Hartogs domain
as well as a suitable differentiable structure on the set LSP({2) of all lower
semicontinuous positive bounded functions on {2 and on the range space for
the transform LSP(£2) 5 ¢ +— K, m) are described in Section 3.
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Without any further explanations we use the following symbols: N—the
set of natural numbers; Z* := NU{0}; R—the set of reals; C—the complex
plane; X™—the mth Cartesian power of the set X.

2. Admissible weights and weighted Bergman functions. Let
W (£2) be the set of all weights (of integration) on an open nonempty set
2 C C", ie., of all Lebesgue measurable real-valued positive functions de-
fined on 2. If u € W(£2) then L?H ({2, 1) denotes the space of all u-square
integrable holomorphic functions on (2. For any z € (2 we define the evalu-
ation functional E, on L?H (2, u) as follows:

E.f:=[f(2), [feL?H(2,p).
A weight g on (2 is called admissible if L>H (2, 1) is a closed subspace of
the Hilbert space L?(§2, 1) of all y-square integrable functions on (2 and if
for any 2z € (2 the evaluation functional E, is continuous on L?H ({2, p).
The set of all admissible weights on {2 will be denoted by AW (£2) (see [11]
and [12]). It is proved in [11] (see also [12]) that if © € W ({2) and 1/p is
locally integrable then p is an admissible.

Let U($2) :={g € Ly (12) : essinf,c g(z) > 0}. We will consider W (£2)
as a differentiable (analytic) Banach manifold with the differential structure
given by the atlas {(5;1,5#([7((2))), w € W(§2)}, where for each p € W(12)
the map 5# - U(£2) — W () is defined by

(1) [@.(9](2) == 9(z)u(z), geU(R), z€ 2.
It turns out that AW ({2) is an open submanifold of W ({2) (see [11]).

For € AW (£2) the evaluation functional E, is uniquely represented by
a function e, , € L?H (2, i) in the sense of the Riesz theorem. The function
K(u): 22 x 2 — C given by

[K(w)(z,w) ==e, ,(w), zwel,

is called the u-Bergman function of 2 (see [1], [11] or [12]). The following
facts are basic for our study.

THEOREM 1. For any p € AW(S2) the function K(u) has the following
properties:
(1) [K(w](zw) = [K(p)l(w, 2), 2,w € £
(i) [K(p)](z,w) is real-analytic, holomorphic in z and antiholomorphic
m w;
(iii) if P, is the (-|-),-orthogonal projection of L*(§2, ) onto L*H (2, p)
then for any z € £2 and each f € L?($2, 1)

(2) (Pufl(z) = [ [K(w)(z, w) f (w)p(w) dw",

9]
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i.e., K(p) is the p-integral kernel of the operator P,;
(iv) for any z,w € 12

(3) (K] DB (W] w)p = [K(w)](z,w),
and
(4) I ()]G 2) e = N (]2 )l = K (w)](2,2) -

Proof. For the proof of (i)—(iii) we refer to [12, Theorem 2.1]. The
statement (iv) is an immediate consequence of (iii).

Let HA({2) be the real vector space of all complex-valued functions on
{2 x {2 which are real-analytic, holomorphic with respect to the first n vari-
ables and antiholomorphic with respect to the last n variables. We endow
HA(S2) with the Fréchet space topology given by the family of seminorms
{||  lx : X C £2, Xcompact}, where
|F||lx := sup |F(z,w)|, F € HA(f).
(z,w)eX x X
It now follows from Theorem 1 that the definition of a weighted Bergman
function can be interpreted as the definition of a functional (nonlinear) trans-
form K : AW(£2) — HA(S2). It is proved in [11, Theorem 5.1] that K is
analytic. Here we only need the formula for the kth total derivative of the
superposition K o @,,, where € AW (£2) (see (1)). We have

(5) [DP K (gu)h®](z,w) = (—1)Fk! [KER®](2,w)

where

6) [KS) (- hi)l(zw) == [ (K (g))(ua, w)ha (ur) p(us) dud”
(9]

(wis wr—1) e (i) [K (g0)] (2, e ) pur) dui™

< [ 1K (gu)](ua, ur)ha(uz)p(uz) du3™
[ 1K (gm)]

gEUR), hi,... . hg € LT(12), z,w € 2,

and the integral on the right hand side is an iterated integral (see [11,
Theorem 5.1, Corollary 5.1].

PROPOSITION 1. Let p € AW (R2), g € U(R2) and let ey, ..., ex € Ly (£2).
Then for any (z,w) € £2 x {2

(7) K ((erg), .- (exg))l(z, w)]
< [K(gu)]"? (2, 2)[K (gu)]* (w, w)lea]l . . el
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Proof. Since
(KB ((e19), -+, (exg))](z,w)

= [ K (g (w, uw)er (wn)g(un)p(un) dut”
2

x [ [K(gm)](u1, uz)es(uz)g(us)p(us) dui™
2

- (g (w1, e (un) (K (g (un, 2) g (up) o(ug) dud™
2

= {[Pgu o Aler)] 0. o [Py 0 A(ex)][K (9p)](-, 2)}(w),  z,w € 82,
where
[A(e)f](2) = e(2)f(2), e€LF(R), z€ 2, f€L*(2,gp),
we obtain (by Theorem 1 (iv))

IS ((e19), - (exg)](=:)llgn

k
§H||A(ei)||gu”[K( llgn = HH«%H w2 (2, 2)

Applying to the above inequality the formula for the norm of the evaluation
functional F,,, i.e.,

1 Ewllgn = llew,pllgn = K (g)](w, )lgn = [K(QM)]l/z(w’w)
we obtain (7).

COROLLARY 1. Under the assumptions of Proposition 1, if X1 and Xo
are compact subsets of {2 and e = h/g, where h € Lg°(§2), then for each
(Z, w) € X1 x Xo

© gl =[x 2) | ew

h
< Cxlcx2‘|h/g‘|k < C:z:lcmg <lj(g’)‘> )

where i(g) = essinf,cq g(2) and for any compact X C (2
Cx = sup[K (gp)]"/?(2, 2) .
zeX

The classical Bergman space and the classical Bergman function for the
set 2 C C™ will be denoted by L2H (§2) and K, respectively.

3. The Bergman function of the bounded Hartogs domain.
From now on we will assume that (2 is bounded.
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Let LSP({2) denote the set of all lower semicontinuous positive bounded
functions on (2. It is clear that if ¢ € LSP({2) then 1/¢p is locally integrable
on (2. Consequently, LSP(£2) C AW(12).

Similarly to AW (£2) the set LSP({2) can be endowed with the struc-
ture of a differentiable (analytic) Banach manifold. Namely, let U({2) :=
{g € CE() : inf,cng(2) > 0}, where CE(£2) is the Banach space of all
real-valued bounded continuous functions on {2 (with the norm |g|| =
sup,cq 19(2)|, g € C&(£2)). Analogously to (1) we define @, : U(£2) —
LSP($2) by
9)  [2e(9)](z) :=9(2)p(z), € LSP(R2), geU(£), z €.

The family {($,',$(U(£2)) : ¢ € LSP(£2)} is an atlas for a differentiable

(analytic) Banach manifold structure on LSP(§2). Since LSP(£2) C AW (£2)
and C§(12) is a closed subspace of L (£2) and for any ¢ € LSP(£2)

Do) = Py
we can apply the results of the previous section to the transform K restricted
to LSP(S2). In particular, K is analytic on LSP(f2) and the formulas (5)
and (6) for the total derivative as well as Proposition 1 and Corollary 1 hold
in this case.
For any ¢ € LSP({2) and any m € N define

2(p,m) == {(2,&) € C"T™ : 2 € 2,6 € C™,|¢| < p(2)} .

This is the Hartogs domain defined by m and ¢ (and 2). Since ¢ is lower
semicontinuous and positive, £2(¢,m) is nonempty and open in C**".
Let

(10) UHA(R2,m) = | ) HA(Q(p,m)).

peLSP(£)
The main purpose of this paper is to investigate the map
(11) LSP(Q) S Q= Bm(go) = K_Q(Lp,m) S UHA(Q, m) s
where K, m) is the classical Bergman function of £2(¢,m). We first endow
the set UHA(S2, m) with a suitable topological and differentiable structure.
Namely, if F' € UHA({2, m) then we denote by ¢(F') an element of LSP({2)
such that F' € HA(2(p(F'), m)). It is clear that ¢(F') is uniquely determined
by F. For any Fy € UHA(£2,m), any compact set Z C 2(o(Fy), m)? and
any € > 0 we define the set O(Fp, Z,¢) as follows: F € O(Fy, Z,¢) iff
Z C 2(¢(F),m)? and for any (z,w) € Z

|F(z,w) — Fy(z,w)| < €.

It is easy to verify that the family {O(Fy, Z,¢) : Fy € UHA(2,m), Z C
2(p(Fy),m)?, Z compact, ¢ > 0} forms a basis of some topology 7 on
UHA(S2,m) (see [9], XII, 1).
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If Z is a compact subset of (2 x C™)? then the set O(Z) = {F €
UHA(2,m) : Z C Q2(p(F),m)?} is open in UHA(§2, m). We define the map
Yy : O(Z) — C(Z) as the restriction

(12) vz (F) =Fgz, FeO(Z),

where C(Z) is the Banach space of all complex-valued continuous functions
on Z with the standard norm
|H|z = sup [H(z,w)|, HeC(Z).
(z,w)eZ
PROPOSITION 2. Let M be a topological space. A map F : M —
UHA($2,m) is continuous iff for any compact set Z C (2 x C™)? the set
FYHO(Z)] is open in M and the superposition

Yy oF  FHOZ)] — C(Z)
1§ continuous.

We leave the proof to the reader.

The above considerations suggest the following definition of differentia-
bility.

DEFINITION 1. Let M be a differentiable manifold (finite-dimensional
or Banach). A map F : M — UHA({2,m) is said to be differentiable of
class C*, k =0,1,2,..., co or w, if for any compact set Z C (£2 x C™)? the
set F1[O(Z)] is open in M and the superposition 1 o F is differentiable
of class C* on F~1[O(2)].

It follows from Proposition 2 that any C* map F : M — UHA(£2,m) is
continuous.

Remark 1. In the present paper we do not consider the problem
whether or not UHA(f2,m) is a differentiable manifold.

In the remaining part of this section we describe the Rudin idea of rep-
resenting the classical Bergman function of the Hartogs domain as the sum
of an infinite series of weighted Bergman functions (see [6] or [7]).

Let ¢ € LSP(£2). If f is a holomorphic function on £2(p, m) then

(13) f(zag) = Z foc(z)éaa z € {2, (275) € Q(Qovm)7

|a|=0

where f, is holomorphic on §2 for any multiindex o € (Z1)™ and the series
converges uniformly on any compact subset of £2(¢,m). This series is called
the Hartogs series of f (see [5] or [14]).

PROPOSITION 3. Let ¢ € LSP(f2) and m € N.

(i) A function f holomorphic on 2(p,m) is square integrable iff for any
multiindez o € (Z1)™ the a-coefficient f,, of f in the Hartogs series is in
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LPH(£2, cop?®1+2m) and

oo
(14) Z Hfa”ia(p2|f¥|+2m < 00,

lo|=0

where ¢, > 0 is a suitable constant. Moreover,

(15) I£17- = Z 1 fall?, porarvam -

|a]=0
(ii) If Ko(p,m) is the Bergman function of £2(o,m) then for any (z,§),
(w,n) € 2(p,m

(16) Ko(p,m)((2,6), Z K,

lov|=0

where Ko = K (ca@? @112 is the (cqp?l®1T2™)-Bergman function on 2x 1.
The series on the right hand side converges uniformly on any compact subset
of 2(p,m) x 2(p, m).

For the proof we refer to [7].

Remark 2. If ¢ € LSP({2) then for any ¢ > 0 and any p € N the
function cyP is in LSP({2) and therefore cpP € AW (£2).

4. Smoothness of the map LSP(§2) > ¢ — By(¢) == Koom) €
UHA(f2,m). Fix ¢ € LSP(£2) and consider the superposition B, o &,
(see (9)), i.e., the transform

(17) U(£2) 29— Bn(gp) € UHA(£2,m) .

For any o € (ZT)™ define H,(g) := K(ca(gp)?®1T2™). Then by Proposi-
tion 3

(18) [Bim(99)1((2,€), ( Z £ [Ha(g)](z, w)n®

lo|=0
(2,€) (w,n) € L(gp,m) .
It follows from (5) and (6) that
(19)  [DHa(g)h](z,w)
= {[(Ds K (cap® 27 [)| i gziarsam) Dog? 2"} (2, w)

~—

— (2l +2m) [ [Halo)l(u, >(“)
(93
< [Ha(9)](2 ) (g () p(w)) 22
a € (ZH)™, heCh(), (z,w) € N2 xN.
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We want to show that the transform (17) is differentiable and

(20) [DyBrm(g0)h]((2,€), ( Zé‘“DH h)(z,w)n®

loe|=0

h € Cp(R2), (2,6), (w,n) € R(gp,m).

PROPOSITION 4. The series on the right hand side of (20) converges
uniformly on any compact subset of 2(gp, m)?.

Proof. Using Proposition 1 and the Schwarz inequality in the space 2

we get

oo

(21) > (2lal +2m)

|a|=k

h(u)

g(u)

&7 [ [Ha(9))(u, w)

2

[Ha(9)](2,w)

X (g(w)p(u))?1o2m du

oo

< > 2(al + m)E|[Ha ()2 (2, 2)l1° [Ha (9)] 2 (w, w)[|2/g]

o=k

IN

2(ja] + m)le P Ha()(2.2))

|| =F

< (3 2o+ m)l | Ho (o)) (w.w)) /gl
jal =k

(2,€), (w,m) € 2(gp,m), keN.
Note that by (18)

(22) > 2(lal + m)[€ P [Ha(9)](2, 2)
| |=0
_225] a(g Q.|

L ImlBn (), (5 E)) < o0

Analogously Zr2|:0 2(|a| +m)|€¥?[Hu(g)](w, w) < 0o and consequently, by
(19), the considered series converges for any (z, &), (w,n) € £2(gp, m). It now
follows from the Dini theorem that the series in (22) converges uniformly
on any compact subset of £2(gp, m)%. Hence using once more (19) and the
inequality (21) for £k — oo we obtain the uniform convergence of the series
in (20) on compact subsets of 2(gp, m)?.
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LEMMA 1. Let p € LSP(2), g € U(R2) and let h € CE(£2) be such that
Ih|| < i(g)/2, where i(g) :=inf.cq g(2). Then for any z € 2
(23)  [Ha(9)](z, z)e el < [H, (g + h))(2, 2)
< [Ho(9)](z, z)etlelrmlrl/ig)

Proof. Fix z € 2 and a € (ZT)™. Let z(t) := [Ha(g + th)](z, 2),
t €10,1]. Then z is differentiable and by (19)
dx(t)
dt

= [DH,(g +th)h](z,2)

_ 2ol 4 m )
2(Jaf + )J[Ha(g‘f'th)]( ) )g(u)—i—th(u)

X [Ho(g + th)](z,u)(g(u) + th(u))z(‘o‘Hm) du®™ .
Applying Proposition 1 to the above equality we obtain

(24) 220 < 3(jof +m>[Ha<9+th>]<Z’z)mL%
L
< 4(|la| + m)z(g) OF

where we have used the inequality i(g + th) > i(g)/2, which follows from
the assumptions of the lemma. Since (2, h and ¢ are bounded we see that
for any w € £ there exists f € L2H(£2,co((g + th)e)?*1+2™) such that
f(w) # 0. For example, we can take f = xp, the characteristic function of
(2. Then, by [10], z(t) = [Ho(g + th)](z,2) > 0 for each t € [0,1]. Dividing
now all members of (24) by z(t) and integrating over [0, s], s € [0, 1], we get

Il () I
Sl mg)s = gy = el i)

Putting s = 1 and passing to exponential functions we obtain (23).
Now we are in a position to prove the main result of the present paper.
THEOREM 2. For each m € N the map
LSP(£2) 5 ¢ = Bm(p) = Ko(p,m) € UHA(£2,m)
is smooth, i.e., it is of class C*°.

Proof. It follows from the definition of the differential structures on
LSP(£2) and UHA(£2,m) that we should show the smoothness of the maps
(25) (B o®,) ' [O(2)] 3 g — (V. 0 By 0 B,)(g) = Bun(g9) 2 € C(2),
where ¢ € LSP(§2) and Z is an arbitrary compact subset of (£2 x C™)2. It
is clear that (By, o @,) '{O(Z)] = {g € U(R2) : Z C (£2(gp,m))*} is open
in U({2), which implies that B,,}[O(Z)] is open in LSP(£2).
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To avoid tedious considerations we will only prove rigorously the fact that
B, is of class C'. Moreover, note that any compact subset Z of (£2 x C™)?
can be covered by a finite sum J; j=1 Zi,j of compact sets which have the
form

(26) Zij = (Yi x B(0, Ri)) x (Y; x B(0, R;)),

where Y; C (2 is compact and B(0, R;) = {{ € C™ : [¢| < R;} is a closed ball
in C™ fori = 1,...,p. Moreover, if Z C 2(¥, m)? for some ¥ € LSP({2) one
can choose Y; and R; in such a way that Z; ; C 2(¥,m)? fori,j =1,...,p.
Hence it is enough to assume that Z = Z; 5 (see (26)).

Consider the second derivative of H,, where a € (Z7)™. By direct
calculations (using (5) and the chain rule) we obtain

[D® Ha(9)(h1, ha))(2,w)

— 2o m)2 w W hl(ul)c u ws 2lel+2m g, 2n
(2la] +2 >{Qf[H<g>]< 1) gt 7
% [ Ha(@)) (2, 00) 292 (1, (9)] (2, ma)calg o) () P12 e
: g(us)
U1 W h2(u1)c u u 2|al+2m 2"
+ Qf[Ha(g)]( 15 )g(ul) alg(ur)(ug) 212" duf
% [ 1Ha(0)] s 0) 22 (1 (0)] (2, ma)ealg ) o) 242 dU}
: g(uz)

- 2lal + 2m(2la] + 2m - 1) [ [Halg)llww) ™ P 1, ()2, )
(9}

X ca[g(u)go(u)]2|°“+2m du®™,  geU(), hi,hy € CR(N), z,w e 1.
Hence, by Proposition 1,
(27)  |[DP Ha(g)(h1, ho)](z,w)]
< [2(2|a] + 2m)? + (2]a| + 2m)(2]a| + 2m — 1)]
X [Ho(9)]"* (2, 2)[Ha(9)]'/* (w, w) | hn /g - | ha/g]

hill - ||h
< alam)[Ha(g)] 2,2 Ha )20, 0) 2L
g€ U(Q)a h’l7h2 € CH%(Q)v Z,w € Qu OS (Z+)mu
where
ala,m) = 12|al® + (24m — 2)|a| + 12m? — 2m.
Let

(28)  [D®B(g9)(h1, ha)l((2,€), (w,n))
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= Y DD Ha(g) (b, ho)l(z,w)7%, (2,), (w,m) € gip,m).
lee|=0

Using (27) and the Schwarz inequality we get

(29) > 1€ [DP Ha(g) (ha, ha)) (2, w)7 "]
|a|=k

i 1/2
< (X2 alosm)[Ha(g))(z. )16 2)
|a|=k
L2 [ - [[ha]]
i(9)* -
(2,€), (w,n) € 2(gp,m), k €N.
Note that for a given (z,€) € 2(gp, m),

< (S alasm){Halo) w0l )

lo|=k

(30) Y laP[Ha(9)](z 2)le

&1=0
’ _ f_:l e, 0’ [Bm(gwa)gg;f)v (w,n)) <o
Similarly N -
(31) |i|o:0|a|[Ha(9)](zvz)|€a2
_ ilfja[lgm(gw)]gzyf%(wm)) <o,
and : -
(32) |§:Om[Ha(g)](2vz)|€a!2 = m[Bm(99)]((,€), (w, 7)) < o0.

This means that the series on the right hand side of (28) converges absolutely
on 2(gp,m)?. Analogously to the proof of Proposition 4 one can show that
it converges uniformly on any compact subset of £2(gp,m)2.

By (29) and (23), if ||h1]|, ||h2]| < i(g)/2 then

(33) € [DP Ho(g + tha)(ha, ha)](2, w)7°
|a|=0
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o . 1/2
< (3 ala,m)[Halg)](z, 2)elarmlini/ita) o 2)
|a|=0
e . 1/2
< (3 alon m)[Halg)] (w, w)etI=mnal )0 2)
|a|=0
Al o
- 2 )
i(g)

Let Z = Z; 5 (see (26)) be a compact subset of 2(gp, m)?. There exists

r > 0 such that for any (z,&) = (2;&1,...,&m) € Y X B(0, R;)

te[0,1].

(Z; |€1| —|—’I“, ’52‘ +rv--"|£m| —|—’I“) € ‘Q(g@vm)a i = 1>2'

Write £ + 7 := (|&1]| + 7, .., || +7) for £ = (&1,...,&m) € C™ and Z7 :=
{(z,6+7),(w,n+7)) € (C*"xC™?: ((2,¢),(w,n)) € Z}. Tt is clear that
Z" is a compact subset of £2(gp, m)?. Let o > 0 be such that

m i(g) r .
<|l1l—-——— ) —In(l1l+ — =1,2.
U_< m—|—1> 2 n< +Ri)’ ! ’

Then for any « € (ZT)™
m i(g) r
<[(1- —~In(14+ —
"-( \a\+m> 2 “( *Ri)’

e2al+me/ie) < (1 4 g /Rl =12,

which implies

Since for any (z,£) € Y; x B(0, R;)

e\ el T el _
O*R) S( m|) ”(\&J) e laan),

we obtain

MmO |2 < (6] + 7). (] + 72

Hence, for ||hs|| < o,
(34) Y ala,m)[Ha(9)](z, z)etlotrmlitzl/ia)|ce?
|a|=0

< Y ala,m)[Ha(9)l(z 2) (| + )% (|6m] + 1) < CF,
|a|=0

(Z,g)EXiizy;‘XB(O,Ri), 1=1,2,
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where
; I\ 0%Bu(99))((2,), (w,m))
C? = ‘
" (u,il)ng{ [12 k;:l 7 080N pangd

.
Il
_

(1202 — 2m)[Bon92)] (0, ), (v, n»}

and X7 = {(z,£+ 1) € 2(g9p,m) : (2,€) € X;} for i = 1,2 (see (30)—(32)
and (27)). Consequently, the series on the left hand side of (33) converges
absolutely on [0, 1] x Z. Using arguments similar to the proof of Proposition 4
we conclude that this series converges uniformly on [0, 1] x Z.

Now let § > 0 be such that § < min{i(g)/2,0} and for any h € C5(2)
the condition ||h|| < § implies Z, Z" C 2((g + h)p,m)%. If |h| < 6 and
((2,€), (w,m)) € Z then by the Taylor formula (see [8])

[1Bu((g + MO £), (10,1)) — Bun (99)]((2.€), (w,1))
= 3 € DHa(g)h)(z w7

lo|=0

M8

[Ho(g + 1)](z,w) = [Ha(9)](2,w) = [DHa(g)h] (2, w)] - [€°7°
0

|ex]

<

Mg

1 2
[ 0D e e < e L
g
0

Oé

(see (33)), which means that (20) is true.
In order to prove the continuity of the map

U(R2) 3 g = Dy[Bum(g99)]|, € L(CE(2),0(2))

note that
[DgBim((g + h2)p)ha]((2,€), (w,m)) — [DgBm(gp)ha]((2, &), (w,n))]
< Y 16 (IDHa(g + ho)l](z,w) — [DHa(g)ha](z,w))7°|
|or|=0

[e's) 1
|a]=0 0
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(see (33) and (34)). Passing to the operator norms we get
I1DgBn((g + h2)p) — DgBin(g99)ll < 4C; CZ||hall/i(g)?,

which means that DyB,,(g¢) is a continuous function of g. Using analogous
methods and applying induction one can prove that B, is differentiable of
any order. We leave the details to the reader.

Remark 3. The question whether or not 5, is an analytic map will
be considered in another paper.
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