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SECURITY PRICE MODELLING BY A BINOMIAL TREE

Abstract. We consider multidimensional tree-based models of arbitrage-
free and path-independent security markets. We assume that no riskless
investment exists. Contingent claims pricing and hedging problems in such
a market are studied.

1. Introduction. A binomial tree (tree, for short) is a subset
{50, 8¢,....e,, s €0 = £1, n. > 1} of (0,00)?. The starting point of our work is
the observation that trees can be used as models for discrete time security
markets. Indeed, let 2 = {—1,1} (N is the set of positive integers) with its
Borel g-algebra A and the usual invariant probability P. Let Ay denote the
trivial o-algebra {0, 2}, and let A,, (n > 1) be the o-algebra generated by

the first n coordinates €1, ...,¢&, of the element ¢ = (e1,e9,...) € £2. The
sequence {S,,, n=0,1,...} of random vectors on (2 is defined by

(1.1) So =50, Sn(€) =5ey,..6,, n>1L

Then the collection

(1.2) (02, A, P, (Sn: An)n=0,1,...,N)

serves as a discrete time security market model, where the trading takes
place at times 0,1,..., N (N < oo). This construction goes back to Cox,
Ross, and Rubinstein (1979). Their CRR tree is a subset {sg, S¢,,... ¢, } of
(0,00)% and is determined by a number r > 0 and a function z : {—1,1} —
(0,00) as follows: if sg = (1, s), then

Seq,Een = T(en)sé'lw"venfl’ n=>1,
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where T'(e,,) is the diagonal matrix diag(l + r,z(e,)). The correspond-
ing market model contains a riskless security (bond) with price dynam-
ics SO = (14 r)" and a risky security (stock) with price dynamics S} =
Siz(e1) ... xz(g,). Moreover, the market model is arbitrage-free if

(1.3) 0<z(—1) <1l4+r<z(+1).

Extensions of the binomial model to general discrete time arbitrage-free
security markets were subsequently considered by many authors (see, for
instance, Harrison and Pliska (1981), Jensen and Nielsen (1996), Lamberton
and Lapeyre (1996), Jacod and Shiryaev (1998) and references therein).

Due to some element of abstraction of the riskless security, i.e., a security
that permanently grows in value at the rate 1+r, we suggest the alternative
way of modelling an arbitrage-free market where the riskless investment does
not exist or is unknown. The role of numeraire is thus played by the price
of some fixed benchmark portfolio of the securities. As pointed out by Long,
Jr. (1990) the notion of the numeraire portfolio (which slightly differs from
ours) is related to several ideas, such as the behaviour of asset returns in ef-
ficient markets; pricing by risk-neutral valuation; growth-optimal portfolios;
empirical definitions of abnormal returns.

Under the arbitrage-free market requirement the class of trees reduces
to those with the following property, analogous to (1.3):

P1. There exists a € RL = [0,00)%, a # 0, such that for each n > 1,

Setynen—1 € (8817---7871,717717 851,---75717171)7

where S¢, e, = Seq,...en/(Ser,...ensa) ((x,y) denotes the inner product in
R?) and (x,y) = {az + (1 — a)y: a € (0,1)} for x,y € R%.

Another feature of the CRR model is its path-independence, which means
that an up movement of the price followed by a down movement leads to the
same node as a down movement of the price followed by an up movement.
This corresponds to the so-called recombining tree assumption, i.e.

P2. For each n > 2,

(1'4) Se1,.nen_2,1,—1 = Se1,.en_2,—1,1-

The recombining tree assumption provides a much more computationally
efficient model giving n 4+ 1 nodes in the nth time step instead of 2™ in the
“bushy” tree.

Tree models under consideration have a recursive form:

Sernen = T(E1,- - 1€n)Sey, . en_1>

where T'(e1,...,&,) is a d X d matrix (see also Motoczynski and Stettner
(1998), where a multidimensional extension of the CRR model is studied).
Conditions P1 and P2 are met by specifying the matrix T'(e1,...,&,).



Security price modelling by a binomial tree 255

In Section 2 some necessary notions and definitions are collected. The
tree based model is studied in detail in Section 3. In addition, several
concrete examples of arbitrage-free and path-independent market models
are provided. Section 4 deals with contingent claim pricing and hedging
problems for the cases considered.

2. Some notions and definitions. Consider a security market where
trading according to the rules given below takes place at times 0,1,..., V.
Let {2 be a set of market states (not necessarily finite); F be a o-algebra of
subsets of 2; F be a class of o-algebras Fo = {0,2} C F, C ... C Fy C F;
and P be a probability measure on (£2, F). Denote by S! > 0 the time n
price of the ith security. We assume that, for all i and n, S is an JF,-
measurable random variable. Set S, = (S}, ..., 5%) and call the collection

(21) (Q,]:,Pa(sna]:n)OSnSN)

a discrete-time security market.

Assume that, at each time n < N, the investor can buy/sell securities.
Let @¢ be the number of ith securities held at time n. We assume that
for any 4 the process {®!, n = 0,1,...,N} is predictable and we call the
d-dimensional process & = {®,, = (®L,..., %), n=0,1,...,N} a strategy.
The portfolio value at time n is the random variable V,, = (®,,S,) =
Y S

Recall that the strategy @ is called self-financingif (®,,, Sy) = (Pnt1,Sn)
for each n = 0,1,...,N — 1. An admissible strategy is defined as a self-
financing strategy for which V,, > 0 a.s. for each n = 0,1,...,N. An
admissible strategy & is called an arbitrage strategy if the corresponding
portfolio values satisfy Vy = 0, EVy > 0. The market (2.1) is arbitrage-free
if there is no arbitrage strategy.

We define

Sy = 5,/(Sn,a), n=0,...,N,
where a € Ri, and set Agj = §j — gj_l.

Standard arguments imply the following arbitrage-free criteria for the
market (2.1).

PROPOSITION 2.1. (1) If there exist a € R%, a # 0, and a measure P,
equivalent to P (P, ~ P) such that the process {gn, n=20,....,N} is a
martingale with respect to P, then the market (2.1) is arbitrage-free.

(2) If the market (2.1) is arbitrage-free, then for all a € ]R‘_f_, a # 0,
there exists a probability measure P, ~ P such that the process {gn, n =
0,...,N} is a martingale with respect to P,,.

For convenience of the reader the proof of the proposition is provided in
the appendix.



256 R. Leipus and A. Rackauskas

3. Binomial model of the security market. Consider the discrete
time security market model (£2, 4, P, (S,, An)n=01,..n) corresponding to
the tree {s¢, S¢,,....c,, : €i = £1, n > 1} as defined in the introduction.

PROPOSITION 3.1. If the tree {so,Sc,...., } has property Pl then the
market model (2, A, P, (S,, An)n=01,...N) is arbitrage-free.

Proof. By the definition (1.1) of the process {S,} and property P1 of
the tree it follows that the process {S,,/(Sn, a)} is a martingale with respect
to the P-equivalent measure

o0

P, = [J(ands + (1 — an)d_1),

n=1
where «a,, € (0, 1) satisfies
§617---75n71 = an§€17~~~7€n71,1 + (1 - an)gslwnvenflv_l'

The result now follows by Proposition 2.1. m

Next we give rigorous definitions and notions needed to introduce our
model. Fix a € R? such that (a,a) = 1. Let L, = {ta : t € R} and let
€1,...,€4—1 be an orthonormal basis in

LE={z cR: (z,a) = 0}.
For convenience set €5 = a. For z,y € R? define a vector product
d

k=1

Fore € {—1,1} set ¢’ := (1 —¢)/2.
Consider the tree {sg, S¢,.... ¢, } defined recursively by the equations

n—1

(3.1) Serren = [Ser,men—1 @ Tn(En)] Xn < Z €;€>’ n=12...,
k=1
where z,, : {—1,1} = (0,00)? and X,, : N — (0, 00).
The solution to (3.1) is
Seq1,nEn — [80 @ xl(el) @ PN é $n(€n)]X1X2(€’1) PN Xn(ﬁll + ...+ 6;1_1).

Our aim is to ensure that the functions x, and X, are defined in such a
way that the tree {so, S¢, ..., } is recombining and has property P1.
Define

(rn(=1), )
(xn(1),€5) °

PROPOSITION 3.2. The tree given by (3.1) is recombining if and only if
for anyn > 1,

Ly = ———= bnj:: ’I’LZl,jzl,,d
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(i) X, (1 +1)/X,, (i) does not depend oni=0,1,...,n—2; and
(i) bp; = Zy ... Zobij, j=1,....d.

Proof. Condition (1.4) applied to the tree (3.1) reads
n—2

(3.2) [xn_1(1)®xn(—1)]xn<25;>:[xn_l( )@z (1 (Ze +1)

i=1
This implies that the ratio X,,(3_;—; Zel+1)/X, > 12 el) does not depend
on Y I "¢l Thus

X, (X2 el 41
(3.3) 7, = Xnloi nif ) 23
X (Zz 1 6)
Taking the scalar product of both sides of (3.2) with €;, we find that for
n=23,...and j=1,....,d,

(zn(1),€5) (z1(1),€;)
Obviously, (i) and (ii) imply (3.2). =
It is easy to see that the tree {so, sc, .. ., } defined by (3.1) satisfies P1

provided
= xn(_l) xn(l)
te <<xn<—1>,a>’ <xn<1>,a>>’

where 1 € R? is such that (T, €j)=1foreach j=1,...,d.

(3.4)

COROLLARY 3.1. Let a € Ri, a # 0, and let the price process {S,} be
given by (1.1), (3.1). Assume that for any n > 1,

(i) X, (1 +1)/X,,(i) does not depend oni=0,...,n—2;
(i) bpj =2y ... Zobyj, j=1,...,d;
(iii) for eachn=1,...,N and j = 1,...,d — 1, there exists a,, € (0,1)
such that
@) 1
(zn(1),a) an + (1 —ay)ey
Then the market model (1.2) is arbitrage-free and path-independent.

(3.5) , where ¢; =b1j/b1q.

Proof. From (ii) and (iii) we have

(zn(=1), &) _ ¢j
(3:6) (xn(=1),a)  an+ (1 —ay)e;’
Therefore by (3.5), (3.6),

m().8)

+(1—ap)
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for all n. This obviously implies property P1, thus Propositions 3.1 and 3.2
yield the assertion. m

REMARK 3.1. One can easily verify that conditions (ii) and (iii) of Corol-
lary 3.1 are equivalent to

(11/) bnd = Zn e Zgbld;
(iii’) for each n = 1,...,N and j = 1,...,d — 1, there exists a,, € (0,1)
such that
(zn(l),€5) _ 1 (zn(-1),€)) ¢

(zn(1),a) an + (1 —ap)e;’ (zn(-1),0a) o+ (I —an)e;
REMARK 3.2. Under the conditions of Corollary 3.1 we have
(3'7) Xn(Z) - Xn(O)ZTiL

and

/
>

(Tn(en), €;) _ ¢

(xn(en),a)  ap+ (1 — an)e;

Thus s, ..., can be rewritten as follows:
d
(3.8)  Seyyoen = Z(ssl ----- ens€5)€;
j=1
= Z<80’67> [ H(xk(ak),eJ>Xk(€1 +...+ 82_1)]%‘
7j=1 k=1
d
= Z<3076J>
j=1
o
X J zi(er),a) Xp(el +... +¢ }5
Il o fag ek Xt )5
s 1tetel ~
= [l len(en) ) Xe (00271 (s, 85)m ",
k=1 ]:1
where
(mn) _ _(mon) - o
m,n o ATIL,?’L — J .
Tj _TJ (61""5671)' kgnak+cj(1_ak)

Equivalently, (3.8) can be rewritten in the following recursive form:

(3.9) Seryonen = Seryinen @ Yei, ens
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where

YVEl,... &€

wen

It is easy to see that
(3.10) (Tnlen), @) Xn(el + .. +en_1) = (81,0, @)/ (Ser, o1 Q)
Next we consider some particular cases of the model (3.1).

EXAMPLE 3.1. Assume that

Se1yinen = Se1rnen_1 @ T(En)0n,

where 0, > 0 for all n > 1 and z : {—1,1} — (0,00). Thus, conditions (i)
and (ii) of Corollary 3.1 are automatically satisfied and condition (iii) on

the values of x(1) and z(—1) and vectors a,é€1,...,€4—1 becomes
oM = =all" D =qe(0,1),
where
e
(3.1) R N T V)

forj=1,...,d—1.
Note that the condition o) € (0,1), where al9) is defined by (3.11), is
equivalent to the following one: either

(x(—1),e;) < (xz(—1),a), (x(1),a) < (z(1),€;)
or
(@(=1),a) <(z(=1),€), (z(1),€;) <(z(1),a).
In particular, consider the case where the function z = (x1,...,24) is known.
Then we can choose the portfolio a as follows: first check whether there exist
ko, 1 < ko <d,and J C {1,...,d} such that
xj(_l) < $k0(—1), xko(l) < 1']‘(1), vj € Ja ] 7& k07
xko(_l) < xj(_1)7 xj(l) < xko(l)a vj ¢ Ja ] 7& kO-

If such a kg exists, put a = eg,, where ey, ..., e4 are the standard orthonor-
mal basis vectors.

(3.12)

If such a kg does not exist, then one has to change the standard basis
to another one, say €1,...,€q, and then to check condition (3.12) with z; =
(x,€;). It is easy to construct examples where condition (3.12) is not valid
for the standard basis but valid for another basis.
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EXAMPLE 3.2. Assume that in the model (3.1), ey, ..., €4 is the standard
orthonormal basis in R? and let for each n > 1,
(xn(en),eq) =141, 1>0.
Then ¢; = (x1(—1),e;)/(z1(1),€;), Z, =1 and
(1+ T)cjil

an+(1—ap)e;

(Tnlen) €)=
The tree (3.1) reduces to
Seq,..., en — Seq,..., En—1 ® xn(gn)
or, equivalently,
Seq,..., En — Tn(gn)sal ..... En—1"

where T, (e,,) = diag(zl(en),...,247 (en), 1 + 1), #d := (xn(g,),€;). This

rrn

model corresponds to the CRR model with one dth riskless security and d—1
risky securities, where jumps at each time n are non-identically distributed.

EXAMPLE 3.3. Assume that the model (3.1) is such that
(3.13) (xn(1),a)(zp(—=1),a) =1, n>1.
Together with condition (ii’) of Remark 3.1, this implies that for any n > 1,
(xp(=1),0) = (Zn ... Zob1a)V?,  (2,(1),0) = (Zn ... Zob1a) Y2,
or more concisely
(xp(en),a) = (Zy ... Zobrg)="/%,  n>1.
Therefore, by (3.9), we have

881 ----- En 351 ----- En—1 ®}/t61 ----- En> n > 17
where
LA
n/2 g1t te, g ~
Yeyien = (Zn ... Zob1a)*"/? X, (0) 2} ! § g
j=1 an + cj(l - an)
{12 et =12 1T e 1/2 d ¢
£, — En,TE ceTE 1T En— J Py
= X, (0)p5n "2z, ] Z E:a el an o
k=2 j=1 " J n

4. Contingent claim pricing and hedging. Consider the discrete
time security market model (£2, 4, P, (S,, An)n=01,.,n) corresponding to
the tree {so,Se,,...c, : € = £1, n > 1} as in (3.1). Assume that f(Sy)
is a contingent claim, where S, = (S.,...,99) and f : R? — (0,00) is
a measurable function. Let the assumptions of Corollary 3.1 be satisfied.
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Then the value of f(Sy) at time n is

f(Sn)
(4.1) Vo, = <S"’a>Ea<(SN,a> n),
where the conditional expectation E, is taken with respect to the measure
o0
P, = H(anél + (1 - an)é,l).
n=1

THEOREM 4.1. Let the assumptions of Corollary 3.1 be satisfied. Then
the time n value of the contingent claim f(Sy) is

(4.2) Vi = Fu(e1,...,6n),
where

(4.3)  Fo(i1,...,in)

N
< T Hantin) )~ X )2, 500 = agyhay
k=n-+1
and
b (i1, ... iN)
N + n d
= 1 lewlin), @) Xu©@2z 537G i) g
k=n+1 j=1
(if i= (1 — i) /2, i, = £1).
Proof. By (3.10),
N
(Sn,a) = (Sn,a) T (wa(en), a) Xilel + . +ehy)-
k=n+1
Thus, (4.1) yields
N
(44) Vo =Eo(f(S8) ] (oler) @) X (e + oo+ 2) | Fa).
k=n+1

Observe that
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where
tn(€17 7€N)_}/81 ..... 8n+1® -®Ytal ..... EN
N d
= J[ Gl a)Xu(el +...+ep ) > r" Ve,
k=n+1 j=1
Since €p,41,...,en are independent of the o-algebra F,,, applying (3.7) we
obtain from (4.4),
Vn: Z f(ssl,...,sn®tn(€1a---,€nain+1,---,iN))

Int1,..in==%1

N
) T Kewlin), @) " XM E + o+ eh iy + -+ k1))

k=n-+1
N ’
L
< [T (0= a)ia, ™
l=n+1
=F,(e1,...,6p).

ExXAMPLE 4.1. Consider the model given in Example 3.1 and assume that
the conditions of Corollary 3.1 hold. Let b := b4 = (z(—1),a)/(z(1),a).
Since (x(ig),a) = b'* (x(1),a), by Theorem 4.1 we obtain

(4.5)  Fo(i1y...,in)

N
DI 01 (CARES

i 4. ik
c‘l N

i <80,5j>( : €j>

2 atel—a)y

< ] (alin).a) 165 (1 = a)kal )

k=n-+1

Cz‘"1+...+i;1+k

.S <Nk—n>f<b1;;+...+i;+k%wZd:<so,’éj>(ajcj(1 ¥ 51)

j=1

where
Yo = (x(1),a)N "6, .. 6n, m < N.

Pricing of a European call option. Assume that the contingent claim
f(Sn) is the payoff of the European call option on “index” (Sy,w) with
exercise price K, where w € [0,1]¢, (w,w) = 1:

f(Sn) = ((Sn,w) — K)*.
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For the price dynamics corresponding to (3.8) the value of a European call
option at time n, by Theorem 4.1, is given by (4.2) with

Fo(in, ... in) = > (Siyeinyw) — K)T

in+17---7iN::|:1
¥ (4 Fif_y)
) X ! v i 1=
% H [ (ir),a) " X1 (0) 2, U1 o)k ay, F]
k=n+1
Note that
N -/ .
(46) <Si17...7iN, H l‘k Zk (0)Z;1++Zk71]
k=1
d
XZSO’eJ by Zl”ZN)<w7g]>
=1
..,’U)d)

If the benchmark portfolio a coincides with the weights w = (wy,
(or any orthonormal basis vector in L), i.e. a = w, then (4.6) simplifies to

./ .
[ T S

(4.7) (Siy,insW (sg,w H xy(ix), w) X, (0)Z,

If w = a, in the case of Example 4.1 with b > 1, one sees by (4.5) and
w) — K)T corresponding to

(4.7) that the time n value of the payoff ((S,

the European call option equals

N—n N—TL
< k >(bel+"'+€"+k71,1v(soaw>—K)+

F,(e1,...,en) = Z

k=0

X b_k%;—il-l,N(l - a)
w)p(ko, N —n,1 — «)

k‘aN—n—k

= b61+ +€"'71 n<307
_K'Yn+1,Nb (N=m)(1 — a4+ ab)N "p(kg, N — n, @),
where
n n . .
olhmp) = 3 (.)pfu —p)n,
k1 M
log K —log y1,n — log(so, w)
kozz[ o b —el—...—¢,
_ 11—«
o= —.
l—-a+ab
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Hedging. To find the hedging strategy {®,, n =0,..., N} for the con-
tingent claim f(Sy), we have to solve the equations

<¢n7381 ..... 8n> :Fn(€1,...,€n)

for each n = 0,1,...,N, where F,(i1,...,4,) is given in (4.3). Since
{®,, n =0,...,N} is a predictable sequence and therefore @, does not
depend on ¢,,, we have

<¢na 551,...,5n,1,—1> = Fn(gla vy En—1, _1)5
<¢n, 861,...,€n71,1> - Fn(gla sy En—1, 1)

Note that in the case d = 2 one easily obtains the unique solution

o F.(e1,...,en—1, —1)3?1 ..... N F.(e1,...,en—1, 1)321 ..... eni—1
" sk 52 — sl 52 ’
€15.-En—1,—1"€1,...,en—1,1 E€1,.-En—1,1€1,..,6n—1,—1
1 1
P2 — Fn(glv <o En—1, _1)851,...,571,1,1 - Fn(glv <o En—1, 1)851,...,5n,1,—1
n 82 51 82 81 :
Elyeeny En—1 -1 Elyenny En,1,1 E1yeeey En—1 1 E1yeeey En—1 —1

5. Appendix. To prove Proposition 2.1 we will need the following
lemma.

LEMMA 5.1. Let a € Ri and {®),, n=0,1,...,N} be a d-dimensional
predictable process. Then for an arbitrary number Vy there exists a unique
one-dimensional predictable process {¢n, n = 0,...,N} such that {®, =
D) + dna, n=0,1,...,N} is a self-financing strategy and the initial value
of the new portfolio is V.

Proof. Let V,, := V,,/(Sy,,a) and define

n

(5.1) =7 +Z (@, AS;) — (®y,, Sn).

It follows immediately from (5.1) that {¢,, n=0,..., N} is predictable.
On the other hand, the self-financing assumption is equivalent to

n
j=1
(see Proposition 1.1.2 in Lamberton and Lapeyre (1996)). Substituting @; =
P + ¢ja to (5.2) we obtain

(5.3) (@),,50) + bnla, Sn) = Vo + Y (8, AS;) + Y ¢;(a, AS;).
- :
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Since (a,S,) = 1 and hence (a, AS,) = 0 for any n, (5.3) implies that
_VO+Z (@), AS;) — (@), S,)

and therefore {¢,} is a unique predictable process such that {®,,} is a self-
financing strategy. m

Proof of Proposition 2.1. (1) Let a € ]Ri and suppose the sequence

{gn,n =0,...,N} is a martingale with respect to the measure P, ~ P.
Assume that {®,,} is an admissible strategy such that Vo = 0. Let

Vo =Vy/(Sn,a), n=1,...,N.

Since for every self-financing strategy {®,} equality (5.2) holds, it follows
that {V,,} is a martingale with respect to P,. Thus

(5.4) E,Vy = E,Vo = Eo(Vo/(So,a)) = 0,

where E, denotes the expectation with respect to the measure P,,.
Since Vy > 0 and P ~ P, equality (5.4) implies that EVy = 0, i.e., the
market is arbitrage-free.
(2) For any d-dimensional predictable process {®/, } set
n
Uy = Z(@;,A@-% n=0,1,...,N.
j=1
According to Theorem 1.1 in Kabanov and Kramkov (1994), we have to
prove that v,, > 0 foreachn =0,1,..., N implies vy = 0 a.s. By Lemma 5.1
there exists a unique process {¢,} such that {®, = @, + ¢,a} is a self-
financing strategy and Vp = 0. Then for the self-financing strategy {®,,} we
have
~ ~ n ~ n ~
(5.5) Vo =Vo+ ) (@), AS;) = D (8], AS;) = vy,
Jj=1 Jj=1
If v, > 0 for all n = 0,1,..., N, then from (5.3) and the definition of the
arbitrage-free market it follows that Evy = 0. =
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