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Abstract. We give an asymptotic expansion (the higher Stirling formula) and an infinite
product representation (the Weierstrass product formula) of the Vignéras multiple gamma func-
tion by considering the classical limit of the multiple g-gamma function.

1. Introduction. The multiple gamma function was introduced by Barnes. It is
defined to be an infinite product regularized by the multiple Hurwitz zeta-functions [2],
[3], [4], [5]. After his discovery, many mathematicians have studied this function: Hardy
[7], [8] studied this function from his viewpoint of the theory of elliptic functions, and
Shintani [20], [21] applied it to the study on the Kronecker limit formula for zeta-functions
attached to algebraic fields.

In the end of 70’s, Vignéras [25] redefined a multiple gamma function to be a function
satisfying the generalized Bohr-Morellup theorem. Furthermore, Vignéras [25], Voros [26],
and Kurokawa [12], [13], [14], [15] showed that it plays an essential role to express the
Selberg zeta-function and the determinant of Laplacians.

As we can see from these studies, the multiple gamma function is a fundamental
function for the analytic number theory: See also [16], [17]. However we do not think that
the theory of the multiple gamma functions has been fully explored.

On the other hand, the second author of this article introduced a g-analogue of the
Vignéras multiple gamma functions and showed it to be characterized by a g-analogue of
the generalized Bohr-Morellup theorem [25].

In this article, we will establish an asymptotic expansion formula (the higher Stirling
formula) and an infinite product representation (the Weierstrass product formula) of
the Vignéras multiple gamma function by considering the classical limit of the multiple
g-gamma functions. In order to get these results, we will use the method developed in
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[22]. Namely, by making use of the Euler-MacLaurin summation formula, we derive the
Euler-MacLaurin expansion of the multiple g-gamma function. Taking the classical limit,
we lead to the Euler-MacLaurin expansion of the Vignéras multiple gamma function. The
higher Stirling formula and the Weierstrass product formula follow from this expansion
formula

The details of the proof will be published in the forthcoming paper [23].

2. A survey of the multiple gamma function and the multiple ¢-gamma
function

2.1. The gamma function. The following are well-known facts in the classical analysis:
The Bohr-Morellup theorem says that the gamma function I'(z) is characterized by the
three conditions,

1. T'(z+1) = 2T'(2),
2. T(1)=1
3. L logT(z+1) >0 for z > 0.

The gamma function is meromorphic on C, and has an infinite product representation

I‘(z+1)e”ﬁ{(1+;)_lei}, (1)

n=1
where 7 is the Euler Constant. This is usually called the Weierstrass product formula.
The gamma function has an asymptotic expansion, which is called the Stirling formula,

logI'(z + 1) ~ (z + 1) log(z+1) — (2 +1) — '(0)

o0
ZT

as z — oo in the sector As := {z € Cl|largz| <7 —d} (0 < d < m), where

zet? = B,(t)
ez—lzz T

By, = By(0) (the Bernoulli number), ((s) is the Riemann zeta-function, ¢’(s) = £((s)
and [z], = x(z —1)--- (x —r + 1). Note that ¢'(0) = —log V2.
2.2. The Barnes G-function. Barnes [2] introduced the function G(z) which satisfies
L Gls-+1) =T(:)GE)
2. G1) =
3
3. dd—logG(z—i—l) >0 for z > 0,

and he called this “G-function”. He proved that the G-function has an infinite product
representation

00 2
_ o2 (0) =Gy - T3 2\ _
Giz+1)=e 7772 H{(l—i—k) exp Z+2k
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and an asymptotic expansion

2

z 1 3, 2z 1 y 1
log G(z + 1) (2 12>log(z+1) 1 §+§+ZC(0) logA—i-O(;) (2)

as 2z — oo in the sector As where A is called the Kinkelin constant. Voros showed this
constant can be written with the first derivative of the Riemann zeta-function (cf [26],
[24])
1
oL

2.8. The Vignéras multiple gamma function. As a generalization of the gamma func-
tion and the G-function, Vignéras [25] introduced a hierarchy of functions which satisfy

1. Gp(z+1) = Gro1(2)Gr(2),

logA=—("(-1)+

2. Gn(1) =1,

dn+1
3. g logGn(z+1) >0 for 2z2>0,
4. Go(z) = 2,

and she called these functions “the multiple gamma functions”. Applying Dufresnoy and
Pisot’s results [6], she showed that these functions satisfying the above properties are
unique and that it has an infinite product representation:

RNTESS 2 (40 (0) - Eg’%n)]
h=1

& S(;)><_1>n o {; . <<m>)H ®)

Eo(z) = meN;xN* Hg % (s(;)>n_l} +(=1)"log (1 + S(Zm)ﬂ :

’(/}nfl(z) = log anl(z + 1)7

Gn(z+1) =exp

< 11

meN?—1 xN*

tz k

e —1 > z
=1 t)—
1 +;pk()k!,

S(m) =my +m2++mn for m:(m1)m27"'mn)7
and N* = N — {0}.

2.4. The gq-gamma function. Throughout this article, we suppose 0 < ¢ < 1. A ¢-
analogue of the gamma function was defined by Jackson [9], [10]:

o 1 —qz+k —1
T(z+1g) = (1-¢) 7 [] (1—qk> :
k=1
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Askey [1] pointed out that this function satisfies a g-analogues of the Bohr-Morellup
theorem. Namely, I'(z; ¢q) satisfies
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where [z] := (1 = ¢*)/(1 — q).

As ¢ tends to 1 — 0, I'(2; ¢) converges I'(z) uniformly with respect to z. A rigorous
proof of this fact was given by Koornwinder [11].

Inspired by Moak’s works [18], the authors [22] derived a representation of the g-

gamma function
) _ 1 1—4¢? S
logT(z:q) = (z—2) 1og(1q) —|—1ogq/1 §1iqu§
Box ( log g

1 oo
C 1
@)+ 35 Og‘H; R\ —1

_|_

2k—1
> Mo_1(¢%)

where

1 1 loggq /°° By (t) log q 2 i1
=——1 R o e
Gila) = -5 loga— 15 -1 )y T2 \gmn_1) 7

0o §2m (t) log q 2m N .

and the polynomial Mn(az) is defined by the recurrence formula

M(z) =1, (2®— x)%ﬁn(x) + naM, () = My (2).

Each term of the formula (4) converges uniformly as ¢ — 1 — 0. So we get another proof
of the uniformity of the classical limit of logI'(z; q).

2.5. The multiple q-gamma function. Recently, one of the authors [19] construct the
function G, (z;q) which satisfies a g-analogue of the generalized Bohr-Morellup theorem

L Gn(z+ 1;q) = Gn-1(2:9)Gn(2:9),

2. Gp(l;9) =1,

3. %loanH(z +1;¢9) >0 for 2 >0,
4. Go(z;q) = [2]-

We call it “the multiple g-gamma function”. It is given by the following infinite product
representation:

Golz +13q) = [z + 1]
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_ z+k

()
Gn(z+1;9) =1 —¢q)" H ( ) (1 — gkyon(=h) (5)

1—g*

(n=>1),

gn(z;u) = (Zi?) N (n_—u1>'

In the next section, we derive a representation of the multiple g-gamma function like

where

(4) and consider its classical limit. This limit formula gives some important properties of
the multiple gamma function.

3. The Euler-MacLaurin expansion. Our main tool is the Euler-MacLaurin sum-
mation formula

N —~ B -1 -1
0= [, foa - 3R - )

b /; Bal®) 1) (1),

n!
where B,,(t) = B, (t—[t]) and [t] denotes the integral part of t. We apply this to log G, (z+

L q).
From the infinite product representation (5), we have

- <;> tog(1 —g) = i (n_—kl) log(1 — ¢* %)

k=1

log Gn(z + 1;q)

+

S G (3 b log(1 — )}, (6)
3=0 k=1

where

() -Eeuin

By the Euler-MacLaurin summation formula, we obtain

3 (n__’“1> log(1 — ¢**++)

k=1

n—1 1 jn_lsj J 1yl

7=0
m Br d r—1 7t
S ()
r=1 t=1
m Br
= S Fur1(z0) + Rum(z0), (7)

r=1
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where
Li.(¢? i
L) = o)) = g1~ 0), L= L, (1)
log" " ¢q
Li.(2) == Z " (Euler’s polylogarithm),
k=1

oo [
e A (R E I

and ,,5; is the Stirling number of the first kind defined by

ZnSjuj =ulu—1)(u—2) - (u—n+1).

j=0
Similarly, we have
00 J T. ;!
k7 log(1 — + —— L1 +Cj(q), 8
> ko1 =4 g ,Hzr,jﬂ)l @
where
n+1
B,
Cilq) = — Z ijﬂ,r—l(Q)
r=1 "'

[ o ()
fiv1r-1(q) = [5;_11 {tj log <11__(§> thl .

Substituting (7) and (8) to (6), we have
log G (z + 1;q)
= (the terms containing L, (z) and L)

+(the term which converges as ¢ — 1). (9)

L,(z) and L, give rise to a divergent part in the expression (9) as ¢ — 1 — 0. But, thanks

to the identity
2t 1—-¢7
Lija1(z) = Flog ( 1—g >

!
(2—1 i 17 €7 ¢t logg
T - da
+Z:(:) ! +1+Z lfr 1 ol 1—¢f ¢

we can show that the first term of (9) vanishes. Therefore, log G, (2+1; ¢) reads as follows:
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PRrROPOSITION 1. Suppose Rz > —1 and m > n. Then we have

log G (2 + 1;q)

(=41 " B, ANt/ 2 1 — g+

{< )2 ) <n—1)}1°g(1—q>
n d r—1 P z+1 §T qg Iqu

+;{(_dz'> (n—1)}x/1 T %

n—1 m
B,
+ z(:) Gn,j(2)C5(q) + z; T Furo1(2:0) = Rom(2:9).
j= r=

4. Classical limit. Now, let us calculate the classical limit. As ¢ — 1 — 0, we see
that for ¥z > —1,

(i) log (1_‘1“) —log(z+1),

l—q
2+l er € o0 ¢r—1
) € ¢ logg _/ £ __1 r_
(i) /1 i s dé — T d¢ = e {(z+1)" =1},

(111) Fn,r—l(z; Q) — Fn,r—l(z)a

(iv)  Ram(2:q) = Bpm(2),

0 G- T (5) woen)

t=1

_1\n 0o n+1 _
+(7(143)1)!/1 Bni1(t) <5t> {t/ logt} dt,

e (8) ()Y
et S [ (3] (22D

Furthermore, from Vitali’s convergence theorem, we can show that the convergence is

where

uniform on any compact set in {fz > —1}.
The constant C is relevant to the Riemann zeta-function. Indeed, we obtain

C; = —e(C(=) - o1

by applying the Euler-MacLaurin summation formula.

(10)



436 K. UENO AND M. NISHIZAWA

Thus we have proved the existence of the classical limit of G,,(z + 1;¢), and put it to
be

Gn(z+1):= lim G,(z+1;q).

q—1-0

The uniformity of the convergence ensures that G, (z + 1) satisfies
L. Gu(z+1) =Gn_1(2)Gn(2),
n+1 ~
( > logGp(z+1) >0 for z>0,
(1) =1,
4. Go(z+1) =z+ 1L
From the uniqueness of the function satisfying these conditions, we have
Gn(z4+1)=G(z+1) for Rz>—1.
Namely, as ¢ - 1 —0,
Gn(z+1;9) > Gp(z+1) in {Rz> -1}

Using the functional equation G, (z + 1) = Gp_1(2)Gr(2), we can show the following
theorem.

THEOREM 2. Asq — 1-0, G,(z+1;q) converges G, (z+1) uniformly on any compact
set in the domain C\Zo, and

log Gn(z +1)

5. The higher Stirling formula. As |z| — co in Ay, we can see that
| Rnm (2)] = Oz, |Frr-1(2)] = O(z77F7).
Thus, we have proved the higher Stirling formula:
THEOREM 3. As |z| — oo in the sector As, we obtain

log G (2 + 1)

N{<z:1>+§%<_i)r—1 (nil>}1og(z+1)
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~S G (2) {g’(j)+ 1} +TZB”Fn,2r_1(Z)-
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Ezxamples of the higher Stirling formula. Let us show some examples. In the case
that n = 1, this formula coincides with the Stirling formula. In each case that n = 2, it

coincides with (2). Namely, we have
log G2(z + 1)

2 1 3 1 !
~ ('22 12)1og(z+1)—4 SR REMCA

1 1 . By, 1
—— — (z—2r+1).
122+1 + ;2 [2r]3 (z 4+ 1)2r—1 (z—2r+1)

In the case that n = 3 and n = 4, we obtain
logG3(z + 1)
z

3 2 1 11 5 13
N(Z—4+24>10g(z+1)—z3+z2+z—

6 36 24 3 72
22—z, 2z—-1 , 1
- 1) - (=2
e+ E e - L)
—l—i ! —i—i{zQ—(67"—11)z—|—(47"2—16r+16)}
12241 = '
log Ga(z +1)
P AR 19
oz Z 1 1
(24 56 720) og(z +1)
4,2, 2 U3
= 9" TR T30 T m
23 —322+22 , 322 —62+2 , z—1, 1,
———— O+ ————— (=) - ¢(=2)+ =¢'(=3)

6

LR S | 6.2+ 13,0
I S JE R S
12241 720 (2 +1)3 2772

6

B2r 1
+Z[ 2, W{z (127 — 27)2% 4 (20r% — 947 + 111)2
r=3

—(8r% — 56r” + 134r — 109) } .
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6. The Weierstrass product representation of the multiple gamma function.
In this section, we derive the infinite product representation of the multiple gamma
function more explicitly than (4). First, we observe the following proposition.

PROPOSITION 4.
Bjt1(k+1)
, ) FES!
exp(¢'(—7)) = exp(P, H ( ) exp (P (s + 1) — Py (k)
where
j+1
B, -
Pj(z) == ZO Wsﬁj.rxj H,

d\" ( 7Tt | ti+1
= (5) - logt— ———
o (dt> {J+1 % (a+1)2} .

and the infinite product converges absolutely.

This proposition is proved by using the Euler-MacLaurin summation formula and
(10).
Similar calculation shows

PROPOSITION 5.

log Gz + 1) = . Gy ()5 (2) (1)
j=0
where
Ky(2) = Z2EE D oz 1)~ () + P+ 1)

+Z{ (z+k+1)—Pj(z+ k) + T Py

Bjji(z+k+1) o (z+k+1)]
k=1

Furthermore, the infinite sum of the last term is absolute convergent.
By using Proposition 4 and careful consideration on K;(z), we can see

N Sl P s
+Z{ (2 + k) 1og(1+ i() XJ: L l},

=1

where

Q)(2) = Pz +1) - 2 (7))
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1 i+ 1) L (—1)
+— Bii1-_(z .
SO (M LERIE) e
The infinite sum in this formula converges absolutely.
Finally we can derive the following theorem:

THEOREM 6. Forn € N, we have

G(z +1) = exp (Fu(2)) ﬁ {(1 + %)_<""1) exp(@n(z,k))} ,

k=1
where

Polenk) = oy 3 { > ’;‘i&"z”}<—1>ﬂ+w.

pu=—1 \r=p+1 H

Ezxamples of the Weierstrass product representation. By making use of Theorem 6, the
Weierstrass product representation of the multiple gamma function is derived explicitly.
We give some examples. In the case that n = 1 and n = 2, the results coincide with the
Weierstrass representation of the gamma function and the G-function. In the case that
n = 3 and n = 4, we obtain

)
3 z T —1 3 2
meo{-Fr S reen- 200 (5-5))

(HE)LT)QX G B B R S
k P\ " 1)k \a2 2) 27|

k=1
G4(Z + 1)
0L B 19, 5
TP T T8 Tt T
22— 22 23 — 322422 2% — 423 4 422
s e - EE R R ) - B
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