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A decidable w,-categorical theory
with a non-recursive Ryll-Nardzewski function

by

James H. Schmerl * (Storrs, Conn.)

Abstract. According to the theorem of Ryll-Nardzewski, a complete first-order theory T'is
wo-categorical iff for each n<w, the set Sy(T) of its n-types is finite. For such theories T, we call
the function n—+|Sy(T)| the Ryll-Nardzewski function of T. Waszkiewicz asked if the Ryll-Nardzewski
function of a decidable theory is recursive. It is shown that this question has a negative answer.
More specifically, for any Turing degree b there is a function G: w->w of degree b with the following
property: whenever a is a degree such that 4 is recursively enumerable in a, then there is a complete,
No-categorical theory of degree a whose Ryll-Nardzewski function is G.

According to the classic theorem of Ryll-Nardzewski [1], a complete first-order
theory T is s,~categorical iff, for each n<w, the set S,(T) of its n-types is finite. For
such theories T let us denote the function n—|S,(T)| by Ry, which we call the Ryll-
Nardzewski function of the theory T. Th(? following question was posed by Wasz-
kiewicz in [2]: Is the Ryll-Nardzewski function of a decidable ,-categorical theory
always recursive? It is the purpose of this note to give a negative answer to this
question (*). More -generally, we consider a relativized version of Waszkiewicz’s
question: If the Turing degree of T'is a, then what are the possible Turing degrees b
of Rp? It is a straightforward matter to show that b must be recursively enumerable
in a. Our theorem shows that this is the only restriction. What is perhaps more
surprising is that the Ryll-Nardzewski function of degree b canbechosen independ-
ently of a.

THEOREM. For any Turing degree b there is a function G: w—w of degree b with
the following property: whenever a is a degree such that b is recursively enumerable
i a, then there is a complete 8q-categorical theory of degree ain a language consisting
of one binary relation symbol whose Ryll-Nardzewski fumction is G.

* Research partially supported by NSF Grant GP-32463.

(%) A negative answer was also given by E. Herrmann of Humboldt University in Berlin. His
results, obtained independently of ours, are contained in a manuscript entitled “About Lindenbaum
functions of §,-categorical theories of finite similarity type”. Thé examples he gets are-not, however,
as extensive as ours. : .
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Before embarking on the proof of the theorem, we note the following con-
ventions. All theories which we use are in a countable language. All §,-categorical
theories are assumed to be complete and deductively closed, so that the decision
problem for such theories has the same degree as the theory itself. The set of finite
subsets of a set X" will be denoted by [X]<“. For a finite object X, we denote its
Godel number by " X . We identify a natural number with the st of its predecessors.
The cardinality of a set X will be denoted by | X, Finally, we will make a concession
to expediency by frequently confounding symbols and their denotations.

The proof of the theorem requires the construction of a model, The actual model
we construct will be for a finite language: the further improvement to a language
with just one binary relation symbol is a routine exercise, and will consequently be
omitted.

Let us start by considering functions f: w-—»o which are finite-one; that is, for
each n< w, the set {i<w: f () = n} is finite. Our first goal is to construct a model 9 .
To accomplish this we let T'; be a theory in a language which consists of a unary
predicate symbol U, and for each i<w an (i+1)-ary relation symbol P, and an
(f()+1)-ary relation symbol Q;. Let T} be axiomatized by the following sentences
(D~©):

() VR(Pi(xo, ..., x)=x # x;), Whenever 1<i<w.

@ VE(Pxos e X)=P (Xntys -ves Xqy))> Whenever i<e and n is a permutation
of i+1.

Because of sentences (1) and (2) we can unambiguously refer to P(X), where X is
a nonempty, finite set of variables. We will say that X is minimal if P(X), yet ~1P( Y)
whenever YSX and 0 # Y  X. We will write Min(X) for X is minimal,

3 VX, Y(PX) AX<s Y-P(Y)),
@ VX(Min(X)A[Xn Ul = n>X-U| = f@+1),
®) VX, Y(Min(X) AMin(Y) AX—U = Y~U~|X| = |Y]).

Lastly, we give a schema which defines the relations 0,.
© VX(Q,) & (X1 U=0A3YMin(Y)A|Y] = n+f () +1A YU = X))).
Of course, sentences (3)-(6) are schemata. Notice that T;is an V3 theory, and as
a set it has the same degree as f.

It is readily observed that T} has a model-completion T/, and that Ty is a com-
plete, 8,-categorical theory. Let B be a countable model of T}'.
' We now form a new structure Ay in the following way. Let M be a collec-
tion of subsets M<B such that the following are satisfied:

(@) if Me M and Fe[M]*°, then 7IP(F);

(b) if Fy, F, € [B]"® are such that Fy n F, = @ and TIP(Fy), then there is
Me M such that F,<M and F, n M = @; ‘ ‘ ‘
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©) if xq,...%€B and My, ..., My, No, .., Nye M are all distinct and
are such that ~P(({xg, .., ¥—1} 0 M;) U {x.}) for each i<m, then, there is-
ye(Mo N oo 0 Mp)—(Ng U ... U'N,) such that {xp, ..., X and {xg, «-p Xp—1, I
realize the same type in B.

The collection 9 can easily be constructed by a sort of forcing construction.
We now define the structure 2, to be (B u M, U, M, E), and let T; = Th().
Tt is easily seen that T; and f have the same degree. Here we use the fact that a com-
plete theory is recursive in any of its axiomatizations. Also, it is easy to see that T} is
§,-categorical. For, let us form an expansion of ¥, by adjoining the relations P,
and Q, for i<w. Thenwe get the structure Wk = (U, P;, 0))ico, which is a definable
expansion of A, and which admits the elimination of quantifiers. Thus T} is
N,-categorical (using the fact that f is finite-one).

From the previous observation, we can even get an explicit method for evaluating
Ry, (). For a finite-one f: w—-o let

FHE) = [{i<w: £ =}l
and o
I(f) = {i<o: i+f@+1 = n}.
Then there is a primitive recursive H: o x oo (the choice of which does not depend
on f) such that

(N Ry n+1) = H(r-(lm(f): m<n) LT f* ]nj) +7*(n), for any finite-one f: w—-w.

From (7) it follows that there is a primitive recursive sequence {M;: i<w)
of functions M;: w—w with the following property. Whenever f+ w—o is a finite-
one function and G: w—w and n<w are such that f*(#)<G(i+1) for each i<n,
then
® M,(Gl(n+1) N>Ry, () -

Let id: @— be the identity function. The function Rr,, is a primitive recursive
function with the following significant property. For any degree a lot ASw be an
infinite set of degree a, and let f: w—A be a monotonic bijection. Then the theory T} is
such that both T; and Ry, have degree a, and that Ry (m)< Ry, () for all n<o.

For each BS o we are going to define a function G®: w— . Let cg be the charac-
teristic function of B; that is, cp: @—{0, 1} is such that c,,(n) =1iff neB. We
now define G® so that G®(0) = 1, and

©)  Gr+1) = e+ Myas( (@1G+D) U {Cn+ 1 DY)+
¥ ("J?l) MGG+ 1) DRy, (1D
i=0

»

It is clear that G® and B have the same degree. o
Now let us fix a degree b, and let Bcw be a fixed infinite set of degree b. We

will write G for G®, and show that G satisfies the condition of the theorem. Let a be
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a degree-such that b is recursively enumerable in a. Let T” be such that the degree
of T” and the degree of Ry are both a, and Ry < Ry,,. (Sucha T"is described above.)
There is a bijection F: w—B of degree a. For each j<w let By = {F(i): i<j}, and
then let G; = G%, The following properties are all evident:
(@) If i<j<ow and n<ow, then Gn)<G;n).
() imG; = G. '
J

(iii) {G;: j<w) has degree a.
‘We are next going to define a function f: w—w. Let us first make the following
convention: if j<i<w and h: i—wo, we then set Ry, () = Rr (1), where

b if

I = {n+1 if

Notice that if f: w—+a is any finite-one function which extends &, then Ry, () < R ()

We will define f by induction by defining a sequence {f;: i<} of functions f;: i—»w
such that f;, 1 2f;, and then setting /' = |J {f;: i<w}. Let

n<i,
nzi.

nt1
10 fial) = (<Gt D> 3, (") Re, ) Rt 11,

It is clear from (7) that f is finite-one: a rough estimate for f* is given by
[¥W<Gn+1).
The function f was chosen so as to satisfy the following identity, which we now
verify:
an G) = zo (’]’) Ry () Rpn—j) .
J= .
It is clear from (7) and (10) that it suffices to show only that

60> 3, (1) Re, ) Rt

But this is a consequence of (9) (keeping in mind both (8) and the fact that

Rp<Rp).

To complete the proof of the theorem, we construct the desired theory T.
Let B be a countable model of 7%, and let T = Th(%;+B). Here, A, +B is the two-
sorted structure which is the disjoint union of A, and B. Since T has degree a
and Ty also does (since T; has the same degree as Ry ), it is clear that T'has a degree a.
Finally, a moment’s reflection is enough to conclude from (11) that Ry = G. This
completes the proof of the theorem.

Remark 1. It is clear from the proof of the theorem that if b = 0, then G can
be chosen to be primitive recursive. Thus, there is a primitive recursive G such that
for any degree a there is an s,-categorical 7' of degree a such that Ry = G.

Remark 2. From the manner in which the G’s were constructed it is easy to
see that there is some primitive recursive G, such that for each G constructed in the
proof, G(m)< Go(n) for each n<ew. It is, however, easy to find a decidable 7" such
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that Ry majorizes every recursive function.'Let f: w—w be a ﬁnite-oge recurs?ve
function such that f* majorizes every recursive function. Then T is recursive
and Ry, majorizes every recursive function.

We close with the following problem.

PropLEM. 'What is true if only finitely axiomatizable N,-categorical theories
are considered?

Added in proof. Herrmann’s article has now appeared, (Bull. Acad. Pfﬂon, §ci. Sér. Sci.
Math. Astronom. Phys. 24 (1976), pp. 17-21.) A similar result was obtained independently
by M.C. Venning in his Ph. D. thesis (Cornell Univ., 1976).

References

{11 C. Ryll-Nardzewski, On the categoricity in power <¥,, Bull. Acad. Polon. Sci. Sér. Sci.

Math. Astronom. Phys. 7 (1959), pp. 545-548. ) ) .
21 J. Waszkiewicz, On cardinalities of algebras of formulas for w,-categorical theories, Colloq.

Math. 27 (1973), pp. 7-11. ;

Accepté par la Rédaction le 18. 8. 1975


Artur




