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An addition to ““Substructures of reduced powers”
by

B. Weglorz (Wroctaw)
@ .

Abstract, In the paper there is given an answer to the problem “Is for every relational
structure 9 and any. two filters & and § the limit power A|(F RS) an elementary extension of
WFR)?

In this note we give an answer to the following question: is for every relational
sttucture 9 and any two filters # and ¥ the limit power U|(F ® %) an elementary
extension of U|(F ®, %)? The question was motivated by the fact that A|(F @ P n
ANANF @r D) = A(F ®,%) and the structures A|(F @ 9), AF @ %) and
A|(F ®, %) contain the same structure as an elementary substructure (see [1]).

We assume the notation and terminology of [1] but for simplicity we write
A|F instead of A'|F#. We say that a partition & of I is given by an equivalence
relation FSI? if & is the set of equivalence classes of F. £ is a & -partition if 2 is
given by F for some Fe &. A pair (x,) of elements of a Boolean algebra # is
a decomposition of an element z of B if x Nz is atomless y N z is atomic and
2Sx U y. We say that (x,y) is a common decomposition of a family {z;:ie I}
of elements of a Boolean algebra if for every iel (x,y)is a dccomposftion of z;.
An element z is decomposable in a Boolean algebra B if there is a decomposition
(x, ¥) of z such that x, y € B. Let us notice that the fact that z is decomposable
can be expressed by an elementary formula (Ex)(Ep)(x v y = 2A@q(x) Ao ()
where o(x) says “x is atomless” and @(x) says “x is atomic”. If & is a filter on I
then we identify the elements of 2|# with the corresponding subsets of I. (i,7) is
an ordered pair, if p = (i, ), then (p), = i and (p); = j. C is the Cantor set.

DEeFNTION. Let & be a filter on J2. We say that & is an Olympia filter if
there is a & -partition £ of I such that every element of & is decomposable in 2{#
and there is not a common decomposition of & in 2|#.

LemMA. Let F be an Olympia filter on I*. Then there is a set J such thar if 9 is
a filter of all subsets of J*, then 2((F @ %) is not an elementary extension of
2T @, 9.
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Proot. Let # = {P;: jeJ} be an & -partition of I with no common decompo-
sition in 2|# such that P, is decomposable in 2|F for jeJ. We put

Z = U{px{j}: jeJ}.

Of course Ze=IxJ and Ze2|(F ®,%). We claim that Z is decomposable in
[(F @ 9) but is not decomposable in 2|(F @, ¥). In fact let(Po, ;, PL{) be a de~
composition of P;. It is obvious that if X, = U {(Po,; o Py {j} jeJ} and X,
= U {Py,; 0 PYx{j}: jeJ}, then (Xy, Xy) is a decomposition of Z in 2(F ® @S
On the' other hand assume that (Zg, Z;) is a decomposition of Z in 2|(# ®, ¥).
Then ({i: (i,/)€Z nZy}, {i (@,NeZnZ,}) isa common decomposition of &
contrary to the assumption.

Now we shall prove that there is an Olympia filter,

ExamprE. Let T = {(i,/): i<j,j<o} and let I =CxTu T. Now we shall
define a filter # on I’ Let for i<o

Pi=U{Cx{u{h:teT and (0, =i}, 2= {P;i<w}

and
B= U{(Cx{Pu{t): teT, (Ho<i}.

Also for any te T and for any closed and open subset U of C let By = Ux {t},
We define &# as the filter generated by the set

Fo={Fp} U{F;: i<o}U{Fy: teT,U=2C .U closed, and open}

where Fp = | {P?: i<w}, F, = B} U (I~B)* and F,y = B}y U (- B, g)* |
Of course for i< P; is decomposable in 2|# by (p; n B;, P;—B;). Also there

is no common decomposition of 2. In fact let (X, Y) be a pair of elements of 2|#.

Since & is generated by &, there is a finite set sy <w and a finite set s, of pairs

(¢, U) such that te T, Uis a closed and open subset of C and X and ¥ are unions

of elements of the partition given by

F=N{F:ies}n) {Fo: (t,Nes,} A Fp.
Equivalently
1)
where for ke Ky U Ky R, is of the form
@ Pin (N {BfP: tesy} a ( {BIGY: (2, U) e sy)

for some geZs, and he?s, (V' =V, V® = — V). Let

x= {Ry: keKy} and Y= U{Rk: ke Ky}

ip = max{i: ies; or ((j,D U)es, for some j<iand U a closed and open
subset of C}.
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Assume that Py ., N ¥ contains all atoms P; . Then (i, ip+1) € ¥ and by (1)

and (2) Y 0 P41 ECx (o, ig+1). But the last element is atomless hence (X, Y)
is not a decomposition of P;, .
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