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An uncountable collection of mutually exclusive planar
atriodic tree-like continua with positive span
by
W. T. Ingram (Houston, Tex.)

Abstract, In this paper is constructed an uncountable collection of mutually
exclusive eontinua in the plane each element of which is an atriodic tree-like continuum
with positive span. Thus each element of the collection is an atriodic tree-like continuum
which is not chainable.

1. Introduction. In this paper we construct in the plane an uncount-
able collection of mutually exclusive atriodic tree-like continua each
having positive span. The construction is similar to that carried out
in [1], and throughout this paper many references to that paper will
be made.

2. Property L. In this section we obtain the technical lemmas
necessary to the inverse limit constructions of this paper. In order to
conserve space the proof of Lemma 1 contains frequent references to [1].
T={g, 0 0<o<1, 6=0, 0= }=x or 6= n} (in polar coordinates in
the plane), while f denotes the mapping of T onto T' in [1], and O denotes
(0, 0), A denotes (0, =), B denotes (0, =) and O denotes (0, 1).

DEFINITION. A continuum Z in Tx T is said to have property L
provided (a) Z is the union of twelve continua (OB, 00, <00, 0B,

A A
(0A, 0By, (OB,0A), <04,00), <(0C,04%, <0§, OB>, <OB, 0—2—>,
A A A 34 34 A
<0—2—, OG>, <00, 0 —2—>, <0—2—,—4—A>, and <—ZA, 0 5—>Where <ty w) de-
notes & continuam having fivst projection the arc ¢ and second projection
the arc u and (&, ud™ = (u,ty, (b) there exist four poiuts @y, &, %,
.. |84 . . |2B . 1 .
and @, such that #; is in _ZA , &y I8 In ?B , Wy isin —3—0 , and @, 18
34 A
in [%%] and (@, 0) is in <04, OBy n{0A,00> ~ <—4‘: 0§>7 (2, 0)

is in (OB, OAy ~ (OB, oa>n<03,0§>, (@, 0) is in <OC, 04y ~
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A A A
~ {0C, OBy n <00, 0§>’ and (2, 0) is in <0—2—, 0B> A <OE’ og>’
and (c) there exists six points 2, 2, %, %, #; and 2, such that 2, is in

(oM .. . .. [BB s e B
[§ E] 2,18 in [OA], 2 is in [é— 5], 2, 18 in [0OA4], 2 i8 in [O E]’ and #,

isin [0 g] and (B, #,) is in <COB, 00, (B, %) is in (OB, 04, (0,z) is

in <0C, OBY, (0, 2,) is in <00, 04y, (0, #) is in <OC, OB), and (B, z)
is in (OB, 0C).

Levma 1. If Z is o subcontinwum of T x T with property L, then there
is a subcontinuum Z' of Tx T with property L such that fXx f(Z') = Z.

Proof. The continua a;, 1<i< 12, constructed in the proof of
Theorem 2 of [1] serve as the twelve continua whose union is the con-
tinuum Z* and thus f X f(Z') = Z. To see that Z' has property L we need
to add a few observations to the proof of Theorem 2 [1]. The four points
@y, oy, @y, and g are chosen here exactly as they were there, but here

0 -1 .
5 0) (2,) and 2, is

2
we require that @; be a point of [?O 0:|. Since wy= (f

. (440} 20 30
sot| £Y ’ s . 2030
a point o [3 2], 2, is actually a point 0f[3 4:|.

The six points 2], #, 25, 24, 5, and 2, are obtained as follows. (2;)

, A . s B .
Let 2 = (f[O 5) (25). Since z; is in |:0 5]’ 2y is in [gzg] Since (C, 2;)
is in <00, OBY,from the construction of a,= (OB, OC)’ we see that (B, 2})
i in the subset I} of o;. (2;) Since some point in (OB, OA) has first co-
ordinate B there is a point #; in [04] such that (B, 2;) is in (OB, 04).

"o . o A .
{23) Since there ig a point in 0—2—, 00> with second coordinate C, suppose

BB\
) (@), a point of Eg} Then

32/ 2

(25, 0) is a point of the subset I of o, and (0, zp) is in o, = (0C, OB)". (#)
Since some point in <0C, 0A)' has first coordinate C there is a point 2
in [OA] such that (0,2, is in <00, OA). (2;) Since (OB, 0C)» contains
a point with second coordinate O, suppose (@,, ) is such a point. Let

’ B -t foal s B

2= (f]OE))—) (@,). Note that ¢ is in [Oé—] while (25, €) is a point of the
subset Ii of a so (C,z) is a point of o, = (00, 0B). (z;) Let
o 00‘1 S .. [BB] ,. . [CC L .
.5 = |f| 7 (#5). Since 2, is in 33 Zg 18 in [2—5] The pomj; (B, ‘ze)
is in the subset I} of ¢ = (OB, OC)'. This concludes the proof,

(@1, 0) is such a point. Let z; = (f
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DrrmvTON. I Z is a continuum with property I, a continuum Z°
with property L such that fx f(Z') = Z will be called a lift of Z with
respect to <.
DEFINITION. Denote by # the mapping of T onto T’ defined by

(@, 4m) it O=i=,
r(x, 8) = {(=, 0) it 0=m=,
(w,my if
Denote by g the mapping r of.
The following lemma is easy to establish.

LevMma 2. If Z is a subcontinuwum of T X T with property L, then v X r{Z)
is a subcontinuum of T x T with property L.

3. Span and inverse limits. In this section we show that any continnum
which is the inverse limit of an inverse limit sequence {T, fa} Where for
each n Tp=T and f, is in {r,f} has positive span.

Tmvma 3. Suppose, for each n fn is in {r, I} and 3= fifs e Jn—
if n>1. Then, if n>1, oft >4

Proof. Let

17, = (([0B]x {0}) v ({B}x [0CD) w (([00]x {B}) o ({0} x [0B])) v
. U (([0ATX {0}) © ({43 X [00]) © ([001x {4}) v ({0} x [04D) v
o (([04]x {B} U ({4} X [0BY) v (([0BIx {4}) v ({B}x [04]) v

oA (Ao « o) (o)
[ £)-

|
e o)) foml) - 2]

o (o3 )x o for il (] ) (o))
2 4 4 2
I (p, ¢) is in Z,, d(p, g) > }. Further note that Z, has property L.
Suppose Z, is a subeontinnum of T'x I having property I such thatb
fa>1, fIXfNZn) = Zy. If fa= 1, leb Zpyy = 7X 7(Zz) and note that fn X
X fulZpys) = Zn. IE fo =, lot Z,,, e the 1ift (use Lemma 1) of Zp with
respect to fx f. In either case Z,,, has property L. Since XN Z )
= Zy, oftT = & .
TaEorEM 1. Suppose, for each n, Tn= T, fn is in {r,f} ond M is
the inverse limit of the inverse "imit sequence {Tn, fa}. Then oM > 0.
Proof. Apply Lemma 3 and then Theorem 4 of [1].
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TueoREM 2. Suppose, for each n, Tn=T, fu is in {f, g} and M is
the inverse limit of the inverse Limit sequence {Tn,fn}. Then M is atriodic
and oM > 0.

Proof. The argument that M is atriodic is similar to that given for
Theorem 1 of [1]. That ¢M >0 is a direct consequence of Theorem 1
above.

4. Plane embedding. In this section we  construct an uncountable
collection of mutually exclusive tree-like continua in the plane. We then
show each of them hag positive span by showing each is homeomorphic
to the inverse limit of an inverse limit sequence on simple triods with
bonding maps from {f, ¢}.

DEFINITIONS. A tree-chain § which is the union of three chaing
A(A;, Ay, .y Ay), B(By, By, ..., By) and C(0y, Oy, ..., Op) of connected
links such that 4; = B, = C; will be called a simple tree-chain. Note that
we are using conventions of chain notation as in [2]. The link 4, = B, = (,
will be called the junction link of S. For notational convenience when
i=j ="k we will denote § by 8(4,B, 0,q). § will be called taut if each
two non-intersecting links of § have mutually exclusive closures.

Suppose # is an even integer not less than 4. The statement that
the simple tree-chain B (H*, E?, B®, 12n) follows the f-pattern with respect
to the simple tree-chain D (D, D% D* n) means F has the following three
properties with respect to D: (1) E' is the union of four chaing
(B, B}, ..., By,) running straight through D® from D2 to D}, (Byppqy - » o)
running straight through D' from D} to D}, (Byyy, ..., B},) running
straight through D* from D}, to Di, and (g, ..., Bi,) running straight
through D®from D2 to DS where each of these four subchains of B* strongly
refines the corresponding subchain of D with three links per link, (2) B is
the union of four chaing (&2, ..., B%,) running straight through D? from
D} to D3, (Bipiy, -, By,) running straight through (D3, ..., D,) from D}
to 1),,,2, (Bintas ooy B,) running straight through (Dj, ..., Di,) from D},
to Di, and (EMH, B},,) running straight through D® from D} to D}
where each of thege four subchains of #? strongly refines the correspond-
ing subchain of D with four links per link, and (3) B®is the union of two
chains (B3, ..., B§,) running straight through D* from D2 to D? and
(Benirs ey Bigy) running straight through D® from D! to DE where each
of these two subchains of E® strongly refines the corresponding subchain
of D with six links per link.

By exchanging the roles of D* and D? in the definition of the f-pattern
one obtaing the meaning of the statement that H follows the g-pattern
with respect to D. ‘

TBEOBEM 3. If 8,,8,,8, ... 18 a sequence of simple tree-chains such
that (1) for each ¢ 8 is taut and mesh less than 1fi and ( 2) if i is a positive

An uncountable collection of mutually exclusive planar atriodic free-like continua 717

integer, S;,, follows the f-pattern with respect to S; or 8., follows the

g-pattern with respect to 8;, then M) 8% is an atriodic iree-like continuum
i1

with positive span.

Proof. Let {T,,fi*'} be an inverse limit sequence such that for
each ¢ Ty= T and fi*' = fif 8,,, follows the f-pattern with respect to §;
while 1= g if §,,, follows the g-pattern with respect to S;. Denote
by H the inverse limit of {T', ff"'} and by K the tree-like continuum
M 8i. By Theorem 2 H is atriodic and has positive span. We complete
=1
the proof by showing H and K are homeomorphic.

Suppose 8p = Su(@n, bu, ¢n, 12" k). Since T, = [04A]w [0B]v[0C]
we subdivide T, by subdividing each of 04, OB, and OC into 12" %
subintervals of equal length.”Denote by y» a transformation defined on
the set of links of 8, as follows: If L is the junction link of 8, ya(L)

A B c . A
=aq,\| 0 =" 012"‘% v Ol?-”*‘k . ¥ L is not the junction

link of 8, then for some j>1 L is the jth link of a, and (L) is

Lf|U—D4 4 . S )
7\ T 19”"% or L is the jth link of b, and ya(L) is

"1( U—DEB B N 0 L i the jtb tiuk of i
w || T 19"‘1k i ink of ¢, and (L) is
—~1 _l)G jG
T (12"—17;’12"-%
two links of 8. Denote by L a link of 8, containing #. If two links of
8, contain  denote the other by I, while, for convenience, if not,
denote by I, the link L,. Then, let Ru(®) = ya(Ls) v yn(Ly). Denote

by b the function throwing K onto H defined by h(z) ={) Rz . Itis
izl

not diffieult to argune that h is a reversible, continuous transtormation

throwing K onto H.

) . If 2 is a poiut of K, then  belongs to no more than

THEEOREM 4. There ewist uncountably many mutually exclusive atriodic
tree-like continua in the plane each having positive span.

Proof. If §= 8(4. B, (, i) is a taut simple tree-chain in the plane,
there exist two tant simple tree-chains §; and §; each with mesh less
than half the mesh of §, each strongly refining 8 so that 8y follows the
f-pattern with respect to 8§, 8, follows the g-pattern with respect to S,
and (87) does not intersect @).

Thus, there exists an uncountable collection U of sequences such
that if §;, S,, S, ... is one of them then for each i (1) S; has mesh less
than 1f4, (2) S} is a subset of the plane, (3) §;,, follows the f-pattern
with respect to §; or §;,, follows the g-pattern with respect to §;. Further,
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it 8, Sy, Ssy - and 8, 85, 85, ... ave HWO sequences in the collection T,
there is a positive integer n such that (S;) does not intersect (8"
By Theorem 3, each sequence in this uncountable collection U de-
termines a planar atriodic tree-like contintum with positive span. Further,
it I and K are two continua each determined by a sequence in U, then H

does not intersect K.

5. Remark. In 1939 Waraszkiewicz [3] published a paper in which

he claimed that the plane contains no atriodic tree-like continuum which
is nobt chainable. However, each continuum in the collection of plane
continua described in this paper has positive span and, thus, is not
chainable.

References

span, Fund. Math.

(11 W.T. Ingram, 4n atriodic tree-like combi with posith
77 (1972), pp. 99-107.

{21 — Ooncerning non-planar circle-like continua, Canad. J. Math. 19 (1967), pp. 242-250.

[8] Z. Waraszkiewicz, Sur les courbes e-déformable en arcs simples, Fund. Math.
32 (1939), pp. 103-114.

UNIVERSITY OF HOUSTON
Houston, Texas

Regu par la Rédaction le 9. 3. 1973

icm

On smooth continua
by
T. Mactkowiak (Wroctaw)

Abstract. A metric continuum X is said to be smooth at a point p if for each sub-
continuum K of X which contains p and for each open set ¥ which contains X there
exists an open connected set U such that K C U C7T. If the continuum X ig hereditarily
unicoherent at p, then the definition of smoothness at p» mentioned above is equivalent
to the definition of smoothness at p introduced by &. R. Gordh in [7]. Moreover, it is
proved that if the continuum X is hereditarily unicoherent at some point (or if X is
an irreducible continuum), then X is hereditarily unicoherent at each point at which
it is smooth; thus X is smooth in the sense of Gordh at each such point. Therefore, we
conclude that the notion of smoothness at a point (introduced in this paper) is
independent of hereditary unicoherence at a point, and smoothness at a point may
be defined for all continua.

The set of all points of X at which X is smooth is called the inttial set and is de-
noted by I(X). It is proved that if a mapping f on a continuum X is monotone (or open,
or quasi-interior), then f(I(X)) CI(f(X)). This is a generalization of Theorem 4.1 in 7]
(Theorem 4 and Corollary 6 in [13]). Furthermore, we give a new relation between the
initial set of the preimage and the initial set of the image for confluent mappings.
Namely, if a mapping f on a continuum X is conflunet, then f(X)N\I (f(X)) C f(X\I(X)).

§ 1. Introduction. Investigating smooth continua, defined by
G. R. Gordh in [7], we have observed that the notion of smoothness of
a continuum at some point at which it is hereditarily unieoherent, can
be easily extended to the notion of smoothness of a continuum at some
point at which it need not to be hereditarily unicoherent, i.e., that the
notion of the smoothness of a continuum is independent of the mnotion
of its hereditary unicoherence. Moreover, the idea of the smoothness of
a continuum at a point is, as will be seen, s generalization of the idea of
the local connectedness of the continuum at that point in some sense.

In this paper we study some properties of smooth continua, in par-
ticular we give some characterizations of them, and, iuncidentally, we
investigate the invariability of smoothness under some classes of continu-
ous mappings, and the co-existence of smoothness at some point and
hereditary uuicoherence at another point in an arbitrary continuum.

Theranthor is very much indebted to dr. J. J. Charatonik, who con-
tributed to these investigations.
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