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Abstract: This paper presents the polyharmonic modelling of synchronous generator (SG) in machine
variables. The simple geometry and windings physical layout has been used for inductance calculations of
a salient-pole SG. The main advantage of this model is the ease of describing an autonomous power generation
system (APGS) in terms of its topology and thus providing effective analysis at the static and dynamic states,
both for normal and fault operations. Particularly, the model can be used to obtain SG voltage and currents for
their more extensive harmonic analysis. Comparison of the simulation and measurement results has shown
their good agreement, i.e., validating the elaborated polyharmonic model of SG.

1. Introduction

Development of autonomous power generation
systems (APGS), i.e., from more electric
aircraft/vehicle systems to combined heat and
electric power generation systems (micro-CHP),
are a fast growing branch of research and
industry activates [3, 8, 9]. The demand for
power in these systems is growing along with
expectations for their reliability and efficiency.
One of the most important elements of APGS is
the synchronous generator (SG) which can
operate in different network topologies — with or
without grounded neutral point. Also an
asymmetric load may be often applied to the SG.
An accurate and computer efficiency model is
required to analyze the static and dynamic
behaviour of the SG [4, 5, 6, 7, 11]. Particularly,
a polyharmonic model in machine variables have
to be used to obtain SG voltage and currents for
their more extensive harmonic analysis [2].

This paper presents the polyharmonic
modelling of SG in machine variables. Winding
function approach presented earlier by previous
researchers [1, 4, 10, 12] has been modified and
expressed in general form to account the
magnetomotive force (MMF) space harmonics
for developing expressions for self- and mutual
inductance calculations.

2. Polyharmonic model of synchronous
generator in machine variables

2.1 General equations

An  clementary  two-pole,  salient-pole
synchronous machine shown in Fig.1 will be
used for developing a polyharmonic model of
SG in machine variables.

bs axis

as axis

cs axis

Figure 1. Physical description of two-pole
salient-pole synchronous generator with hybrid
reference frames: axes as, bs and cs fixed in
stator, axes q and d fixed in rotor

The stator windings (denoted by as, bs, cs) are
symmetrical and placed at the magnetic axes as,
bs and c¢s displaced by 120 degrees,
respectively. The rotor is equipped with
a field winding (denoted by fd), and two
damper windings (denoted by kg and kd) placed
at magnetic axes d and ¢ are at right angle,
respectively.

Using the notation elaborated by P.C. Krause
[4] the voltage equations of SG in vector-matrix
form are following:

uabcs = _rs‘iabcs + % (1)
di,,
u,, =ri, +—=" )

rqdr dt
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where ry, r, are the diagonal matrices of the
stator and rotor winding resistances, i, and
r,- are the vectors of the stator and rotor
currents, respectively.

The flux linkage vectors Ay, and Ay in the
equations (1) and (2) are following:

el ) ]
;"qdr (L sr (61 ))T Lr iqdr
In equations (3) the matrices denote:

L, is the stator windings self and mutual
inductance

Laxas (er ) Lasbs (er ) Laxcs (0) )
L = Lasbs (Hr) Lbsbs (9) Lbscs (9 ) ’ (4)

s ¥ r

Lasz‘x (er ) LhSL‘S (gr ) Lcscs (01 )

L, is the rotor windings (field and damper
cages) self and mutual inductance

Ly, 0 0 S
L= 0 Ly L )
0 Lkd/d Lkdkd

L,, is the mutual inductance between stator and
rotor windings

L askq (er ) L asfd (Hr ) L askd (6 )
Lsr = Lbskq (Qr ) Lbsfd (er ) Lbskd (9 ) (6)
Lcskq (01 ) Lc.y/d (Hr ) Lctkd (6 )

where 6, is the electrical angular displacement
of the rotor, the subscripts s, 7, f and k denote
stator, rotor, field and cage windings,
respectively.

The electromagnetic torque in terms of the
energy stored in the coupling field

T :(Pjéw‘(abcv’ qdr> L erﬂL ) (7)
2 a6

e
»

The torque and rotor speed are related by:

T = —Jd——Bma),m +T, )
dt

where J is the inertia expressed in kg.m’, B,

friction coefficient, @, mechanical angular

speed of the rotor, . electrical angular speed of

the rotor. They related by

® _46, and o = id .
r dt ¥ 2 rm

where P is the number of poles.

The input torque 77 is positive for a torque input
to the shaft of the SG.

2.2 Inductance matrices

The following assumptions to simplify the SG
model are assumed: (i) only the first and third
space harmonics of stator and rotor windings
MMEF are considered, (ii) saturation of magnetic
circuits is neglected.

For the modelling it is assumed that the air-gap
length variation may be approximated as [4]:

1 ! 9
a a—-a, cos(2(¢x -0, )) @)

where ¢, is the angular displacement of the
stator (Fig.1), a is the absolute value (in meters)
of the air-gap length along d axis, the relative

value of a is expressed as 1__ 1 while the

a o +a,

(g, -0.)=

minimum air-gap length is and the

al +a2
1
a —a,

maximum IS

, the relative values of ¢

%

and ¢} are expressed as ¢/ = %1 and o) =

The MMF of the stator winding is defined as:
MMFas (¢a > t) =

(10)
(cos(g, )+ 43, cos(34,))

where N’y represents the number of turns of the
equivalent sinusoidally distributed stator
winding, A4’; is relative value of the third
harmonic amplitude of stator winding MMF
expressed as A; =4, /4, (4, and A3 are

absolute values of the MMF amplitudes of the
first and third harmonic, respectively). Similar
expressions as (10) are defined for other stator
phases taking into account that their magnetic
axes are displaced by 120° with respect to each
other, respectively.

The MMF of field winding is defined as:

MMF/d(¢r9t): (11)
N', , .
===, (0fin(g, )+ 43 5in(G4,)

where N’ represents the number of turns of the
equivalent  sinusoidally  distributed field
winding, ¢, is the angular displacement of the
rotor (Fig.1), 4 'yy is relative value of the third
harmonic amplitude of field winding MMF
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expressed as 4, =4, /4, (A and Asy are

absolute values of the MMF amplitudes of the
first and third harmonic, respectively). Similar
expressions as (11) are defined for the cage
windings kq and kd taking into account that
their magnetic axes are displaced by 90° with
respect to each other, respectively.

The equations (10) and (11) are right for the
stator and field winding space distributions
expressed as following:

N, (4,)=- l(t)[d‘; MMF, (..t )] (12a)
Nu(¢)= zfdl()(d(; MMF (..t )] (12b)

Substituting equation (10) and (11) into (12a)
and (12b), respectively, yields:

’

- ]\27“ (sin(;/ﬁx )+ 34;, sin(3¢s )) (13)

N, (4,)=

4

Ny, (¢,,)= —%(cos(¢,)+ 343, cos(3¢, )) (14)

Taking into account the above consideration, the
following expressions for calculating the SG
stator and field winding self and mutual
inductances can be developed, respectively, as
following:

L..(6)=L, + 17([) % .
N, ()% (152)

AP
L |75E=a)

1
L.,\0)=—=
asfd ( ¥ ) l/»d (l) x

N, (@)
¢+ 1
[ {%MMMFM (é,t)rl}dé

MMFas(f,t)rl}d.f dé.

(15b)

27
dg,

[2

L—L+

O

i Nfd(¢ )x
L/z r"‘*”[ F6) MMF (¢, t)rl:|d§

¢

(15¢)
dg,

where / is the axial length of the air-gap of the
machine and 7 is the mean radius of the air-gap,

and & is dummy variable, the subscript / denote
leakage inductance. Similar expressions as (15)
are defined for other self- and mutual inductances
of the matrices (4), (5) and (6), respectively.

For further model development it is assumed that
the first harmonic amplitudes of self and mutual
winding inductances, associated with the air-gap
field, may be expressed as following:

LS:EN;IA (16)
2

Lsfd =(A2[; J[Nz;d)/l (17)
L, =(NZ’”’J A (18)

where A =rizu,a is the magnetic permeance of

the air-gap. Similar expressions as (15) — (18)
are defined for self- and mutual inductances of
the cage windings kg and kd, respectively.

The final expressions for calculating the
winding inductances are following:

(1 42 o] -

L o(0)eL sL (19)
aaaé( r) Is + s (1+A;vja£ COS(ZHr)

2 20)

((1 242 ) +(1- 4., ), cos(z(e,—’;m

(al’+(1 A;,d) 2, )sm(& )+

La.vfd (er ) = Lsfd ! (2 1)
(Aa' ( aj Ay = 22 ]J sin(3l9,,)
(1 + 437, )al’ +
Liya=Lp+tLly|l(1 @2)
2~ Ay |2
Similar expressions as (19) — (22) are

developed for other stator phases and field
winding, respectively.
3. Simulation and measurement

The developed SG polyharmonic model has
been verified for a 10 kVA, 3-phase and salient-
poles machine (data given in the appendix).
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The MMF distributions of the stator winding

(Fig.2) and field winding (Fig.3) have been

calculated using the SG manufactured data sheet.
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Figure 2. Plot of the air-gap MMF due to the as
stator winding with the assumption that i,;=1 A
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Figure 3. Pl%f the air-gap MMF due to the fd
winding with the assumption that i;=1 A

Having determined the stator MMF (Fig.2) and
field MMF (Fig.3) plots the harmonic
coefficients 4 '3, and 4’3, have been calculated.
To determine the coefficients o’;, a’, the SG
EMF ¢, has been measured as a function of
time and the harmonic analysis has been carried
out (Fig.4) using Mathematica software.
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Figure 4. Measured EMF wave (above) and its
harmonic analysis (below)

The instantaneous value of EMF ey, can be
expressed:

e aLg";(Q’)w,ﬁ (23)

i

Substituting the equation (21) into (23) yields
the following expressions for the amplitudes of
first Ey1,s and third Eg3,; EMF harmonics (phase
values for as winding), respectively:

. a,
Eypin = _lfda)rLsfd(all + (1 - Ag/u )22] 24

Eypn =—140,Ly, 3[14;{0‘1"43'/‘1 - CZZ]J (25)

Using the equations (24) and (25) the values of
the air-gap coefficients a’; and a’, have been
determined.

For the considered SG a steady-state analysis at
constant rotor speed have been carried out for
no-load and load tests.

Two SG simulation models — monoharmonic
(MHM) and polyharmonic (PHM) — have been
elaborated using the MAST language of the
Synopsys/Saber simulator [7].

A simulation schematic of the SG model
elaborated using the Synopsys/Saber Sketch
software is shown in Fig. 5. Under the symbol
“ELMOR GCe64a” is denoted the SG model.
The “inside” of this model contains adequate
equations and formulae presented in section 2.
Chosen simulation and measurement results are
shown in Fig.6 — Fig.9. The constant angular
speed operation of the SG has been assumed.
The SG has been loaded by resistive load
providing approximately 45% of the rated load.
The neutral point of the SG and the load has
been connected and grounded.

The measurement results have shown that there
is a relatively large third harmonic component
in the stator voltage and current, i.e., the third
harmonic have a significant influence on the
shapes of the voltage and current waves of the
studied SG. The simulation results have shown

that the influence of the third harmonic
component is relatively smaller when
comparing with the measurement results.

Moreover, the measurements have shown that
the relative value of third harmonic component
of the stator voltage has increased from 8% to
23% for no-load and rating load, respectively.
From the simulations it follows that the third
harmonic component has decreased from 8% to
6.4%, respectively.

It has to be noticed that a relatively greater
difference between the measured and simulation
results are for the third harmonic component of
the neutral wire current of the SG (Fig.9).
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Figure 5. Simulation schematic of the SG model
elaborated using the Synopsys/Saber Sketch
software
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Figure 6. EMF of the SG at no-load: vas_meas
— measurement, vas_sim_poli — PHM
simulation, vas_sim_mono — MHM simulation
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Figure 7. Stator voltage (phase to neutral) of
the SG at load: vas_meas — measurement,
vas_sim_poli — PHM simulation,
vas_sim_mono — MHM simulation
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Figure 8. Stator current of the SG at load:
ias_meas — measurement, ias_sim_poli — PHM
simulation, ias_sim_mono — MHM simulation
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Figure 9. Neutral wire current at load:
i0s_meas — measurement, i0s_sim_poli — PHM
simulation, i0s_sim_mono — MHM simulation

While comparing the measured and simulation
results it has to be noticed that for the simulation
model of the considered SG the third harmonic
component has been taken into account only for
the mutual inductance L,y . Neglecting this
component for the other inductances has an
influence on the accuracy of the simulation
model. Moreover, assuming linear magnetic
circuit also decreases the accuracy of the
developed model.

The comparison of the measured and simulation
results of the studied SG for other load
characters (pure reactive and mixed) will be
presented at the conference.

4. Conclusions

In this paper, the simple geometry and windings
physical layout has been used for inductance
calculations of a salient-pole synchronous SG.
Winding function approach presented earlier by
previous researchers has been modified and
expressed in general form to account the MMF
space harmonics for developing expressions for
self- and mutual inductance calculations. SG
equations in terms of machine variables were
obtained using the coupled magnetic circuit
approach and simple geometry and windings
physical layout.
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The developed linear polyharmonic model of
the SG exhibit a network with the same number
of external terminals/ports as the real machine,
and represents its behaviour in terms of the
electrical (stator and rotor windings) and
mechanical (shaft) variables as well. The main
advantage of this model is the ease of
describing APGS in terms of its topology and
thus providing effective analysis at the static
and dynamic states, both for normal and fault
operations. Particularly, the model can be used
to obtain SG voltage and currents for their more
extensive harmonic analysis.

Experiments have been conducted on a salient-
pole SG and the results were found to be in
a close agreement to the simulation results.
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Appendix

Synchronous generator parameters: type GCe64a
(manufactured by ELMOR), 10 kVA, 231 V (Y),
0.8 pf, 4-pole, 1500 rpm, / = 130 mm, » = 194.6 mm,
a = 0.8 mm, 42 stator slots,

N,;= 70 turns/phase, 9 pitch, »=0.33 Q,

Nu= 177 turns/pole, ry= 2.25 Q.
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