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3. (8, F) satisfies condition (ii). Su ot
’ s . ppose |p—q| < ).
¢ = a and &' g0 that 0 < 2f;1(m')<f;1(m)—-|p—g], = J @) Chooss
1. Finally, T (a,0)=0 for 0<a,b< 1. Suppose a, b, ¢ given
A —1 — — :
Choos‘e @ 50 that f; (2w)_1< Jo'@)+f5'(¢) and then p, g, # such that
gl <fa'(®); lg—r| <fi(2) and |p—r| > £ (22).
‘ 1“]16 author wishes to express his thanks to Professor T. Nishiura
for his help and encouragement during the preparation of this paper
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Sequents in many valued logic I1*

by

G. Rousseau (Leicester)

The notions of validity in classical and intnitionistic logic may be
defined semantically by the methods of Tarski [5] and Kripke [2]
respectively. If we veplace the two truth-values occurring in these def-
initions by & system of M truth-values, we obtain what may be referred
to as classical M-valued logiec and intuitionistic M -valued logic re-
spectively. Gentzen [1] gives sequent caleuli LK and LJ for classical
and intuitionistic logic. The present work is concerned with the many
valued analogues of these caleuli. We shall limit our attention here to
propositional logie; some remarks about predicate logic will be made
at the end of the paper. We show that for each choice of M -valued truth-
functions there exist corresponding sequent caleuli LK and Ly for
classical M -valued logic and intuitionistic M -valued logie respectively.
The relation between these caleuli is similar to that between LK and LdJ.
We note that the caleulus LK differs from the sequent calculus con-
structed in [3] (§1) in that the notion of sequent is more restricted.

We take M = {0,1, .., M—1} (M =2) as the set of truth-values
and congider a fixed system of M -valued truth-functions fy: M™ M
(k=1,...,u). We also choose a set U of atomie statements and con-
nectives Fj of degree rx (k=1,.., %), thus determining the set & of
statements. We denote statements by the letters a, 8, %, ... and finite
sets of statements by I, 4, ...

A sequent is an expression of the form
(1) IO\l o gl g1 s
where for each « € & the set {m: a e 'y} is the complement of an interval
of M. Thus if eIy then either a eIy for all m’<m oI a e I’y for
all m' > m. Sequents will be denoted by the letters IT, X, .., 2. We
observe that the notion of sequent as here defined coincides with that
used in [3] only in the case M = 2. '

* This paper is a sequel to [3]. We note that p. 32 line 18 of [3] should read:
a, Iy = (JaD p)D I™yp). Tt is simpler however to make the correction in the
way suggested in [4].
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If I7 is the sequent (1) then the mth place of IT is the set IT [m] = r1,.
If IT and X are sequents then there exists a sequent J7X whose 1 th place
is I(m] o X[m] for all m e M. If IT| [m] C Z[m] for all m e M we write
II'C Z. If R is the complement of an interval of M then for each I there
is a sequent Iz whose mth place is I' if m e R and empty otherwige,
In partienlar, if B is the set [0, m] (resp.[m, M ~1]), then we denote 4
by illm (vesp. |I:5).

By a classical valuation we mean a map v: A—>M which assigns
& truth-value to each atomic statement. We define v*(a) by induction
as follows: (i) if a e then ¥(a) = v(a); (ii) if o, v & e S and Iy iy
of degree r =7}, then

Moy ap) = fk(v*(al), vy ‘v*(ar)) .

If 4 is any partially ordered set then a family (v3);e4 of mappings
v3: A—+M will be called an intuitionistic valuation if for cach a €9 we
have for all 4, ye A

m(a) < v (a)  whenever 3 <u.

We define vf(a) by induction as follows: (i) if ¢ e then i(

@) = vy(a);
() if ¢, 0y 0 €S and Fy is of degree 7 = y; then

(2) v5(Fray ... @) = 121; Teloi(an), ..., vh(ar)) .
j=2
It is clear that for each ¢ e @ we have for all 1, pe A

3) v(a) <vf(a)  whenever 2 <u.

We say that a mapping h: & M satisties the sequent (1) if m e h(I%,)

for some m e M. A classical valuation » i said to satisfy the sequent I7

if v* satisfies IT; an intuitionistic valuation (v,);c, is said to satisfy the
sequent IT if o} satisfies I7 for each 4 € 1. 1 g sequent is satisfied by every
classical (resp. intuitionistic) valuation then it iy said to be classically
(resp. intuitionistically) valid. '

LEeva. Let iy be o truth-function of degree v = vy, and let m be any
truth-value. Then there emist Jamilies of sets

Riiel; j=1,..,7) and BiGel*;j=1,..,

such that each RE is the complement of an interval of M and such that

(4:) fk(fl‘]_, veey mr) < M == /\ [;I:l eRf\/ Vil’r € E;_]’
. jer-

(5) Tl o 2) = m <= A e eRiv ... va, cRY.
iel+

We can suppose the numb

e of conjuncts to be at most [3(M"+1)], and this
bound is best possible.

icm°®
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f. Any subset S of M" can be éxpressed as the 11111'.0%1 (1)2 ayt most
o O i intervals of M. Indeed, if M is even
T lartesian products of intervals - Inc ‘ ever
[4(M +,.1_)} 1?11(3 sum of 1M two-element products of intervals, and {fﬂ]{[
Fhen Mthlesn M" lb the sum of §(M™ —1) two-element produrct..s of interv &02
B r with a single one-element set; in either case M’ is the s,j.lmthe
tog%}’lill one- or two-element products of interv-zbls; we ob’?&un -h
[é(M ' .)] resentation of § by forming the intersect.lons of 8§ Wlth‘ e:c‘—
.desu‘ed‘ 1e£e~ }or two-elements produnets of intervalsz since each s.ueh1 in ﬁ;
: ﬂ‘lebeig obviously a product of intervals. The first part of the lem
S?:;mf]jﬂl)owg by an application of this remark to the sets
hist v
S = {(&y, s @) e M2 filmy, ooy mp) > M}
w 8= {(®r, ooy @r) € M2 fi(r, oony 52 <} )
= 2)} has
S = ): My e =0 (mMod2); :
. swively. The set S = {(1, ..., M) ey 1 mod2)j s
165%;(;2‘1e)]yelemems Dut includes no Cartesian product of 1u1te1;(q;;’_rl .
o timn one element; from this we deduce that the bound [4(]
more e

i ssible. o . —
* beIsttpfO:Sbe g truth-function of degree » = r; and let m be @ truth

—value. For any dy, ..., ar ¢ S the séquent
‘allki l“l[c:
' - i itielt.
' if @ s by T (g, vy ar) i€
. by 7 (ay, ey 0p) if €17 or e ) .
i ]\;‘*?edflﬁi)xfegesgrib:}(tilia rillés of the sequent calc.uh LKy and Ldas
‘ 3 ¢ ing® rule:
Both caleuli have the following “weakening” rule

b
-

i T f ch
Tn addition hoth caleuli have the following introduction rules for eac
n )
Fr and m:
IIT; (G ey i) (G e D)
IFyay .. trln
ITITH (agy oeny an) (@ e 1)
H\Fyay .. arlm . )
; : i lieg in the fact that in LK
iffer Dbetween the two caulcu.]x e fuct -
?Iﬁaelf::liy(g’l;ff%:?c‘;ay be applied unrestrictedly whereas In LJy we T
b
quire that
(6) P} D I .. 2 (M ~1].

Aalenle: a

A Seqllellb II is said to be fllndﬂlmentall if there eXJSt a statem nt
such that « occurs in every bpla ) of . eine rovable
G H In ther Oazlcllll.lb the pr 1

(Fy m)™

(F, m)™
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sequents are those obtainable from fundamental sequents by repeated
application of the rules. We note that the rules (Fx, M—1)" and (Fr, O)F
are redundant since their conelusions are always fundamental sequents,

The completeness of the classical sequent caleulus can be proved
as in [3]:

TrEEOREM 1. 4 sequent is provable in LKy if and only if it is classically
valid.

In order to prove the completeness of the intuitionistic sequent
caleulus, we first show that every sequent provable in LJ,, is intuitionisti-
cally valid.

Clearly every fundamental sequent is (intuitionistically) valid, and
any sequent obtainable from a valid sequent by rule (Wk) is valid.
Hence it suffices to show that the introduction rules (Fg, m)~ and (I, m)*t
preserve validity.

Let (92)ze.4 be an arbitrary intuitionistic valuation, and suppose that vf
satisfies the premisses of (B, m)™. If v} does 1ot satisfy I7, then v} satisfies
the sequent I7; (ay, ..., a;) for each iel”, and go by (4)

Tulv¥(a), .., ot (@) <m;
applying (2) we obtain
O F ey o) < om

so that of satisfies Fyrq, ..
the premisses of (Fy ,m)”
(Fx, m)™ preserves validity.

Suppose now that the premisses of (Fy, m)*

)" are satisfied by the
intuitionistic valuation (t2)res. Let 2 be any element of A. If v} does not

satisty I7, then by virtue of (8) and the restriction (6) on I7, we see that v
does not satisfy IT for any u>A. Hence, for all u> vy satisfies
ITf(ay, ..., o) for each ieI™, and so by (5)

- @l . Thus we have proved that if v} satisfies
then it also satisfies the conclusion. Hence

Felo(a), ..., te(ar)) = m;

by (2) it follows that
U Fray o ) zm R

so that v satisfies (Fya, ... q,l. Thus the conclusion of (F, m)* is satisfied
by zf for arbitrary Ae A, and so it is satisfied by (r,)
therefore that if an intuitionistic valu
(Fx, m)" then it also satisfies the ¢
validity.

We have now proved that if g
is intuitionistically valid. Note

2e4. We have proved
ation satisfies the premisses of
onclusion; ie, (F,m)* preserves

sequent is provable in LJy then it
that the only property of the partial
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order used in this proof is the reflexivity; this property however is
essential. o

THEOREM 2. A sequent i provable in LIy if and only if it is intui-
tionistically valid.

Proof. In view of what has been proved already, it suffices to show
that every valid sequent is provable. .

If 2 is an unprovable sequent then there exists an unprovable
sequent Q% such that

(M) e
and such that for each connective Fj and each truth-value m,
(8) if [Froy ... am C Q% then IT; (e, ..., @) C 2* for some 41,

This may be seen ag follows. If |Fray ... ci,-i,;_C_Q then, b?qause .Q is 11111:
provable, there exists ¢ ¢ I~ such that Q.Z'[.; (ayy oy o) = .Q. is unprovab. eé
now apply the same argument to Q' with respe'ct to a ‘c11:ffererd“;2 ,seg,llen
|Fray ... arlm C £'; continuing in this way we obtain a sequence 2, 27, h
which must terminate after a finite number of steps in a sequent Q* wit
the desired properties (7) and (8).

If @ is zn unprovable sequent and X = |Fyqy ... arli C 2 then there
exists an unprovable sequent 27 such that

(9) it lalif CQ then |aif CQ° (¢eB,le M),
and such that
(10) ITH(ay, ooy ar) C2° for some iel”.

To see this we argue as follows. Let IT be the sequent whose Ith placf
is R[0] ~ ... ~ Q[1] for each [ ¢ M; since 2 is unprovable anc:i Hleal.‘;: o;,i]ey;
CQ, it follows that IT|Fray ... arlh is unprovaple; but then since I sad 181*'-
the restriction (6), we see that ITTT] (ay, ..., &) is unprortabl(? for gome ¢ 610 ;
the sequent 2% = ITIT{ (ay, ..., a,) has the desired pl‘OpeI‘tlei (9) jmd ( 31

Let IT be an unprovable sequent. We construct a “free” A a;l
a mapping A->[T; which associates with each node A an Enllarozla.wz
sequent II;. The construction proceeds byf leve.ls: at the 0-t . ev1 e
place a single node 1, with I, = II*; if 1 is at the kth evc;t nd
Z=|Fya, ... a,fs; C IT, then we connect A to a nodfa U= /A(ng 1 the
{(k4+1)-th level and set IT, = IT;*. The set A is partially ordered in
obvious way.

By (7)3an.d (9)- we see that for all a e and meM

(11) if |a|m C IT, then |a|, CII, whenever A< pu.

9
Fundamenta Mathematicae, T, LXVII
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No I, is fundamental and so it is possible for each a e % to define Uy(a)
as the least m such that a ¢ I[m]. The family (v;)1c4 is an intuitionigtic
valuation in view of (11).

We shall prove that for all a e S

(12) it welljim] then vi(a)#m (led).

This holds for a ¢ by construction. Suppose (12) holds for Uiy ooy Oy
and consider « = Fia, ... ar. If a e IT}[m] then either |al;, C IT, or |al;; C I7,.
In the first case we have by (11)

[Pras o arlm CIT,  for all g 1.

Hence, by (8), for all x> 1 we have II; (ay, ..., a,) C IT, for some iel”.
Thus by inductive hypothesis we have for each =

'\é-[v;f(al) ¢RI A o A vHa) ¢ B
€
We deduce by (4) that for each p = 2
FeloMa), ..., vh(ar) > m .
Thus by (2) we have
U (Feq oo ar) > m .
In the second case {Fyq, ... a7, C II;, 50 by (10) we have for suitable
p=2
If(as, .., o) CIT,  for some iel™.

Thus by inductive hypothesis

V [0(a) ¢ R A .o A 0¥(a,) ¢ BRI

ielt+

Hence by (5) we have

fk(”:(al): ey ”;:(ar)) <m,
and so by (2)
B Frar ... ) < m .

Thus in either case we have vi(e) # m, and this completes the proof
of (12). If IT were valid then 1I7;, would be valid; hence for some a¢S
and m e M we would have

ila)=m and  aell[m],

jwh'ich contradicts (12). We see therefore thaf every unprovable sequent
is invalid, which ‘was to be shown. '

TheQrems 1 and 2 solve the problem of construeting sequent calculi
for classical and intuitionistie propositional logic. We may consider the

icm®
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game problem for predicate logic. From [3] it follows that for each choice
of M-valued truth-functions and quantifiers there exists a ealeulug of
sequents for the corresponding classical M -valued predicate logic.
However it remaing open whether a similar result holds for intuitionistic
M-valued predicate logic. In certain cases the result does hold — e.g. for
the quantifiers X = sup X and VX = inf X. ’
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