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Subspaces and altitudes
in Noetherian lattice modules*

by
J. A. Johnson (Houston, Tex.)

§ 0. Introduction. In a recent paper J. A. Johnson [4] introdueced
the a-adic pseudometric and the a-adic completion of a Noetherian
lattice module. The purpose of this paper is to investigate the a-adie
topology on a sublattice interval of a Noetherian lattice module and to
determine the relation between the altitude of a local Noether lattice
and its natural completion. It is shown (Theorem 2.4) that the a-adic
topology on a sublattice interval is the subspace (a-adic) topology of
the module and that the altitude of a local Noether lattice and its natural
completion are the same (Theorem 3.6).

§ 1. Preliminary remarks. Let L be a multiplicative lattice
and let M be a complete lattice. Elements of L will be denoted by
a,b, e, ..., except that the least and greatest elements of L will be denoted
by 0 and I, respectively. Elements of 3 will be denoted by 4, B, C, ...,
except that the least and greatest elements of M will be denoted by O
and G, respectively. When no confusion is possible, 0 will also be used
in place of 0.

Recall ([4], Definition 2.2) that M is an L-module in case there is
a multiplication between elements of L and M, denoted by a4 for a in L
and A in M, which satisties: (i) (ab)4 = a(b4d); (i) (V aa)(\ﬂ/ By)

=\ @, By; (ili) T4 = 4; (iv) 04 = 0; for all a,b,a, in L and 4, B
a,p

in M. For general definitions and properties concerning Noetherian lattice
modules which are used in § 2, the reader is referred to {4]. In particular,
the a-adic psendometric is developed in § 3 of [4]. For general definitions
and properties concerning local Noether lattices which are used in § 3,
the reader is referred to [1] and [2].

Let M be an L-module and let A, B be elements of M such that
A < B. Then the set {D ¢ M| A <D< B} is a sublattice of M and will
be denoted by [4, B]. We can define a multiplication between elements
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of L and elements.of [4, B] as follows: for a in L and ¢ in M, set a - ¢
= ¢CvA. This multiplication makes [4,B] into an L-module ([4],
Remark 2.8). If M is a Noetherian L-module, then [4, B] becomes a Noe-
therian L-module ([4], Remark 2.9).

§ 2. The a-adiec topology om am interval. We will make
use of the following definition in the proof of Theorem 2.4.

DerFiNITION 2.1. Let M be an L-module, let 4, B be elements
of M such that 4 < B, and let a be an element of L. Then, for all ¢, D
in [4,B], let d(C,D,a, A, B) denote the a-adic distance ([4), Defini-
tion 3.5) between ( and D considered as elements of the L-module [4, B].
Also, for C in [A, B] and a positive real number &, set

N(C,e,a,4,B)={De[A,B] d(C,D,a, 4d,B)<c}.

We will also need the following two results. The reader is referred
to [3] and [4] for their proofs.

ProposITION 2.2 ([4], Corollary 3.11). Let M be an L-module, let A,
B be elements of M such that A < B, and let a be an element of L such that
the a-adic pseudometric on M is a metric. Then the a-adic pseudometric
on the L-module [A, B] is a metric.

PROPOSITION 2.3 ([8], Lemma 0.4). Lot L be a Noether lattice, let M
be a Noetherian L-module, let b be an element of I, let A be an element of M,
and let (B, 4=1,2, ..., be a sequence of elements of M satisfying b'A
2= Bi = Biyy = bBy for all positive integers i. Then, there ewists positive
integer m such that Bp.;= b'B, for all nonnégative integers q.

Let M be an L-module and let a be an element of L such that the
a-adic pseudometric on M is a metric. In view of Proposition 2.2, the
a-adie topology on [4, B] (i.e. the topology generated by the a-adic
metric) is always defined. The following theorem establishes an important
relation between the topology on a sublattice interval [4, B] of M, con-
sidered as an L-module, and the topology on [4, B] considered as a sub-
space of M with the a-adic topology.

TeEoREM 2.4. Lot L be a Noetherian lattice, let M be a Noetherian
L-module, let A, B be elements of M such that 4 < B, and let a be an element
of L such that the a-adic pseudometric on M is a metric. Then, the a-adic
topology on [A, B], considered as an L-module, is the same as the topology
on [A, B] considered as a subspace of M with the a-adic topology.

Proof. By well-known properties of metric spaces it is sufficient
to prove the following two statements for ¢ e [4, B):

(1) given a positive real number e, there exists a positive real number 8
such that ‘

N(A,ﬁ,a,A,B)EN(U,e,a,O, o) ~[A, BY;
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(ii) giwen a positive real number e, there ewists a positive real number 6
such that
N(0,8,a,0, #)~[4,BICN(C,¢&,a,4,B).

First, (i) shall be established. Let ¢ be a positive real number. Set
§=c¢, and let DeN(C,d,a, 4, B). Then, d(C,D,a,A,B)<d. Let n
be the least nonnegative integer % such that 27° < 6. Henee 27" < 4.
Tt follows that d(C,D,a, 4,B)<27"< 6. Hence CvaroB = DVa"oB,
which implies CVard = Dvards. Thus d(C,D,a,0, h) <2< ¢, SO
DeN(C,e,a,0, M)~ [4, B]l. Since D was arbitrary,

N(U,8,a,4,B)C N(0,¢,a,0, #)~[4,B].

To establish (ii), let & be a positive real number. Choose m to be
the least natural number & such that 27% < & Now, consider the sequence
(@iMABy, i =1,2,.. Since a** 14t = a(a’4oA B) and since B = a(a’dbn B),
we have a'dlb > a’doAB = ¢t tIMAB = a(aiMAB) for all positive in-
tegers 4. Hence, the sequence <{a’#-AB) satisfies the conditions of Pro-
position 2.3. Thus, there exists a positive integer n such that

(%) avHiMAB = ai(arMAB)

for all nonnegative integers 1. Now, set = 9™t ™ andlet DeN (¢ O(qi f;n ?, 0, M)
~[A,B]. Then 4 <D< B and d(0,D,a,0, #h)<d=2 .H(?nce
Ovartmp = Dvartmph, so  BA(AVartmal) = BA{DvartmA). Since
BA(CVartmpo) = OV(BAart™ M) = COVa™(a™ M A B), and. since  BA
AMDVartm i) = Dyam(aMAB), by modularity and (x), it follows that
Ova(arMAB) = Dvam{arMAB). Hence, CvamB == DVa’"Bi,m and thus
OvamoB = DvamoB. Consequently, 4(C,D,a,4,B)<27" <g¢ and
%0 DeN(C,e,a,4,B) Since D was arbitrary,

N(C,d,a,0, Moy n[A,B]C N (O, ¢, a, 4,B),
which establishes (ii), q.e.d.

§ 3. Altitudes in local Noether lattiees.. Throgghout this
section, L is a local Noether (Noetherian) lattice Wmh.umque proper
maximal (prime) element p, and L* i the p-adie co1.np1et1on of L. Re.ma.ll
(4], § 8) that L* is a local Noether lattice with unique proper max1m?1
(prime) element pL*. In this section we shall use p* to denote pL*.

Levma 3.1. Let g be an element of I such that g is p-primary. Then
qL* is p*-primary.

Proof. Since ¢ is p-primary, there exists 2 natural number n such
that p® < ¢. Oonsequently, (p*)" = (pI*)" = (p™)L* < ¢L* by [4], Corol-
laxy 5.11. It follows that gL* is p*-primary, g.e.d.
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LEMMA 3.2. Let g* be an element of L* such that ¢* is p*-primary.
Then

(1) ¢* ~ L is p-primary;

(i) (¢* ~n D) I* = g*

Proof. Since ¢* is p*-primary, there exists a natural number »
such that (pmL* = (pL*)" = (p*)" < ¢*. This implies p» = (p")L* ~ L
< ¢* ~ L by [4], Proposition 7.2. It follows that ¢*~ L is p-primary.

To show (ii), let {(g; i=1,2,..., be the completely regular rep-
resentative of ¢*. Since the sequence {p"vp®, i=1,2, ..., is the com-
pletely regular representative of pnIL* ([4], Remark 5.2), and since
(p")L* < g%, we have p*vp? < ¢ for all positive integers 4, by [4], Prop-
osition 5.9. Hence p* < ¢; for all integers ¢ = n. Since [p», I is finite
dimensional ([2], Theorem 1.4) and since <{g:>, # = 1,2, ..., is decreasing
([4], Remark 4.8), there exists a natural number m > n such that ¢ = g,
for all integers 4> m. Hence /A ¢i= ¢m. Consequently, (¢* ~L)L*

i

= (/} @ L* = gul* = ¢*, q.e.d.

ProrosirioN 3.3. There ewists a one-fo-one correspondence bétween
the p-primary elements q of (L, p) and the p*-primary elements q* of (L*, p*).
The correspondence is such that g and ¢* correspond if and only if qI* = ¢*
and ¢* "L = q.

Proof. Let P(p) = {g e L| gis p-primary} and let P(p*) = {g* ¢ L*| ¢*
is p*-primary}. Consider the extension mapping from P(p) to L* (i.e.
g—>qL* of P(p)~L*). By Lemma 3.1, ¢L* is an element of P(p*) for
every ¢ in P(p), and by Lemma 3.2 the extension map is onto P(p*).
Since the extension map is one-to-one ([4], Proposition 5.3) and since
qL* n L = ¢ ([4], Proposition 7.2), the proposition follows, g.e.d.

If ¢ is a p-primary element of L, then, for each positive integer n,
we let D(q; n) denote the lattice-dimension of [¢, I] (observe that D(q, n)
is finite by [2], Theorem 1.4). We will need the following two results.
The reader is referred to [2] for their proof.

ProrosITION 3.4. ([2], Corollary 3.5). Let q be a p-primary element
of L. Then there éwists a polynomial D*(q, ) and a natural number n such
that D*(q, m) = D(g, m) for all integers m = n.

TEmOREM 3.5 ([2], Theorem 3.9). Let g be a p-primary element of L.
Then the degree of the polynomial D*(q, ) is the altitude of L.

TEROREM 3.6. Leét (L, p) be a local Noether lattice and let (L*, p*)
be the p-adic completion of (L, p). Then dallitude L = altitude L*.

Proof. Clearly p is p-primary and p* is p*-primary. Hence, by
Proposition 3.4, there exist polynomials D*(p,®) and D*(p*, ), and
there exist natural numbers N, and N, such that D*(p,n)= D(p,n)
for all integers n = N,, and D¥(p*, n) = D(p*, n) for all integers » > N,.
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Let N be the greater of N; and N,. Consequently, D¥(p,n)= D(p, n)
and D*(p*, n) = D(p*, n) for all integers n > N. We know that each
element ¢ = I in [p®?, I] is p-primary and that each element ¢* % IL*
in [(p*)", IL*] is p*-primary. Thus, since p and (p*)" correspond, we
have D(p, n) = D(p*, n), for all positive integers n, by Proposition 3.3
Hence D*(p,n)= D*(p*,n) for all integers n > N. It follows that the
polynomials D*(p, #) and D*(p*, x) are equal. Hence their degrees are
the same, and consequently the altitudes of L and L* are equal by
Theorem 3.5, q.e.d.
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