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A note on inverse binary operation in abelian groups

by
R. Padmanabhan (Winnipeg)

Tt is well known that in a group <&, +, —, 0, all the group operations
can be expressed in terms of a single binary operation a¥b = a—b. Thus,
0= a%a, —a= 0%a and a+b = a¥%(—>b). It is not known whether the
‘right subtraction’, the ‘left subtraction’ and its transposes are the enly
binary operations in groups in terms of which all the other group operations
can be expressed. However, in [1], Higman and Neumann have stated
that, in the case of abelian groups, these are the only operations having
the property and Professor Neumann says (*) that there exists no explicit
publication of the proof so far. In this note we give a proof for the same.

Notations and definitions. A binary operation in a group
(@, +, —, 0 is a word in two symbols, say a, b and in the group symbols -+
and —. It is known that any word in a, bin an abelian group can be written
in the form ma--nb where m and n are integers (ma stands for ‘a4 a-+...m
times’). If f(a, b) is the word ma-nb, then the length of the word f is,
as usual, the positive integer |m|+-|n, while the ‘degree’ of the word f
is, by definition, the integer m-n.

" TugoREM. If a%b is a binary operation in an abelian  group
(G, +,—, 0> in terms of which all the other group operalions can be ex-
pressed, then a¥b = a—b or else a%b=">b—a.

Proof. Given that

a+b=g(a,b), some word in the binary system (G, %,
—a = h(a), some word in the binary system (@, %,
and so, (or even otherwise)

0=oa+(—a)

g(“; h(a))
= f(a), some word in <G,% .

if

Moreover, we have G+ & = G, i.e. given a in G, there exist elements b, ¢
in @ such that a = b-+e, or a = g(b, ¢) = UK, where % and v are words
in b, ¢ and the symbol %. So we have @G = @G.

*) In a private communication.
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Since @ is an abelian group, we have a¥b = ma - nb, where m and »
are integers. First of all, it is easy to observe that neither m nor
be zevo. For, if m = 0, then a%b = nb, and hence, in the additive
of integers Z, for example, Z%7Z # Z. (%)

It m and n are both positive integers then

N can
group

a%e = (m+n)e and  a¥%(e¥a)= (2m-+n)a, and so on,

i.e. if the length of the polynomial on @ increases, then its degree will
also increase. Thus in Z, for example, no word f(a) will he identically
zero. Similarly m and # eannot both he negative. Thus wm and » are of
opposite sign.
Let a%b = ma—mnb, where m and % are now positive integers.
Let us assume that m > a.
Case i: n# 1. Let m = n+k (since m > n)
a%b = (n+k)o—nb
= n(a—>b)+ka .

Consider Z, — the additive
We have

group of integers (modn). MHere a¥%b = La.

a+b=yg{a,b)

= gl(aa b)*hl(ay b)

= kgy(a, b)

= k(gz(a'y b)¥hy(a, b))

- kz%(“; b)

= K'gpla, b)
where g,(a,b) i3 a word of length 1, ie. gy(a,d)==a or b. Thus a+-b
= {c”a or 6+b = k®b. In the first case we get, e.g., that b = 0--b = "0 = 0
while in the second case, by a similar argument, we get @ == 0 which is

a contradiction since in Z, (n 5% 1) there are at least two elements. Thus
the case n % 1 is impossible.

Case ii: n= 1 (therefore m = 1).
© @%b = ma—b,
a%a = ma—a = (m—1)a.

Let f(a) be of degree p and g(a) of degree g. Then f(a)%y(a) = (pa)¥%
*(ga) = (mp—g)a has degree mp—g. Thus it ha) = f(a)¥%g(a) =0,

(*) This argument fails'if n=1. However, if n=1 t ill
. L, if =1 then rd he identically
zero. 1.am thankful to referee for this remark. oot flepwiltbe enticall
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then mp —¢ = 0, i.e. mp = ¢. Hence we conclude that if for some word
k(a), h(a) is identically zero, then it implies that there exists a polynomial
(in @) whose degree is a multiple of m.

LEMMA. In the groupoid {G,%> where a%b= ma—>b, there erisis
no polynomial (on a single letter, say a) whose degree is a multiple of m.

The proof is by induction on the length of the word f(a). If f(a) is
of length 2 (i.e. f(a) = a%a), then its degree is m—1 and hence it is not
a multiple of m (since m # 1).

Let the statement of the lemma be true for all words f(a) of length
less than or equal to k.

Let f(a) be a word of length k-1, 50 f(a) = z(a)¥*y(a) where z and ¥
are words of length less than or equal to % and hence their degrees d; and dy
are not multiples of m. Therefore degree f(a) = md,—dy is not a multiple
of m. The proof of the lemma is complete.

Thus, the integer m cannot be greater than m. Similarly one can
show that . cannot be less than #. Therefore m = n. Consider the abelian
group Z again. We have axb = m(a—>b) and unless we have m =1 we
have Z%Z # Z. Thus a¥%b= a—b. .

Similarly in the other case where a%b= —ma+ nb where m and »
are +ve we get a¥xb= —a+b. This completes the proof of the theorem.

Added in proof (29. 3. 68): A. Hulanicki and 8. Swierezkowski in their paper
On group operations other than wy or yz, Publ. Math. Debrecen 9 (1962) 142-148, have
claimed to have given an affirmative solution to the problem of Higman and Neumann
mentioned in the first paragraph of this paper. What actually they have shown is the
existence of a group @ in which there exists a binary word other than a—b or b—a
in terms of which all the other operations of & can be expressed. But the question
here is not whether there exists a group ¢ with the stated properties but whether
there exists a binary group word which works universally for all groups. In fact, the
question interpreted in the former way can be easily answered even-in the case of
abelian groups: Considering the word ax b= 3a+2b in Z; the additive group of
integers (mod 5), we have (a3 b) % (b %b) = —a-+b and hence all the words of Z; can
be expressed in terms of %, but e. g, 2—3 # 23 =235 3-2. But Higman and
Neuman have themselves observed (last sentence, page 221 of [1]) that in abelian
groups the left division and the right divigion are the only operations with the de-
sived properties. The general problem appears to be open.
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