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On monotonous mappings of complete lattices
by
V. Devidé (Tokyo)

1. DEFINITION 1. Let §; and 8, be (not necessarily disjoint) complete
lattices and let f be a (one-valued) mapping of S; into 8,. f will be called
monotonous if it is order-preserving, i.e. if for any pair s;, s’ of elements
of §; it holds
(1) 81 < sy=fsi <fsl.

Any homomorphism f of §, into S, is monotonous. For, if s < 57 then
s1=siAsy and fsi = f(siAsy) = fsinfsY, hence fsi < /s

Let Z, be a subset of S;. For any monotonous f and any z, € Z, it
will be f A s, < far, so

81€Zy

(2a, b) FAs<A s anddually \ fs, <7 \{Z 8.
€41

$1€Zy ;EZy 81€2, EN
2. TeeoREM 1. (Main Theorem). Let Sy, Sy, .., Su be (not necessarily
disjoint) complete latlices, f; monotonous mappings of S; into Si V),
t=1,..,n and ¢° = {(s{,..., 85> an n-tuple of elements s7 e S;.
Then, there exists an n-tuple o" = {81, ..., &, of elements s; ¢ S; such
that
{39) 8141 =82 Vfi8i, i=1,..,m,

and that, if &' = {21, ..., 5n> 98 any n-tuple of elements z ¢ S; satisfying
the relations

(4—1) 3,?.;.1 Vfizé < zé.;.] ) 7= 1, ey 90,
then
(8:) si<<e, it=1,.,n.

Dually, there exists an n-tuple o' = {87, ..., suy such that
(31) 81y =sfuAfisi’, i=1,..,n

and that, if ' = <{&)"y ..., &> is any n-tuple satisfying the relations

1 - -
{4;) by <8Eanfisd, i=1,..,n,
then
(3) & <si

() Throughout this paper an index j should always read *j(modn)".
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Proof. Let X be the set of all n-tuples ¢ = {813 -y Sy Of elementy
si € 8; with. the property that for any of these n-tuples o all the relations

(65) 841 Vfe8i < 8441,

hold. We define s; as the g.1.h. of all s; such that 8; 18 the ith component
of some element ¢ of X

i=1,..,n,

{72 si= A 8.
cex
Then, by (2a), (6;) and (i)
(8:) fisi < /}3 fisi < /\E Sig1=8441 .

By (7i41) and (6;) it is also

(9:) 8741 < Sir

80

(105) S2aVTist < i,

(114) firr(s2raVish) < figaSiua ,

(12,) SE42V ira(SPra VFi8h) <88peVTi1She .

This means by (6:14) that (s Vinsny SSVIiST, ey 83V no18h1> I8 an
element of X, whence by (7:4,)
(13;) St < $Tp VISt

Together with (10;) this yields
(141') 8;'-).1 = 8711 vfisé .
N On the other hand, let ¢’ — 71y oy 2> satisfy (4;). Then by (6:)
{’ is an element of X, whence, by (7;), s; < #}. This completes the proof.
. Remark. ]ISfaca,use of (3;) we see a posteriori that the definition (7;)
under the conditions (6;) is equivalent to the same definition under the
stronger conditions
(6:) STV is = 8411,

However, if we would have taken this as the definition of the set z,

we could (in the same way as before) infer only (10;), but not the opposite
relations (13;).

3. We state some corollaries of the theorem. For #n=2, n =1 we have:

C_OROLLARY. 1. Let 8;, 8, be complete lattices and fiy fo momotonous
znappmgs of 8; into 8,, 8, into 8y, respectively. Then, for any pair of elements
7,855, 8¢ 81, 8¢8,, there ewists a pair {s1, s3> [allernatively: <sv, s
i, 1 820 [ y: <84, 82 0]
(15 a, b) 83 =8z Vfl-S‘l ,

[ = s2afsl’,

8 =] Viasz,

s =81 Afos]
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and that, if <o, 2> is any pair satisfying

Vi <%, SVha <z,

16a, b) ° .
( ! [2. <SEAfL, A <STAf%],
then
(172, b) §1<s, &<
’ [ <sf, 2<&].

COROLLARY 2. Let | be a monotonous mapping of a complete lattice S
inio itself, and let s° be an element of S. Then there emist elements s', s'"
such that

'

(18a, b) s'=38%vfs', &' =s°Afs"
and that, if z is any element of 8 such that
(19a, b) sSPviz <z [2<s°Afz],

then 8' <z [# <s”
For o = {04, ..., 0u> [0®* =[1;, ..., 1»>] we get from the theorem
COROLLARY 3. Let 8y, ..., 8 be complele lattices and f; monotonous

mappings of 8; into Siyi. Then there exist n-tuples o = <8, ..., s>

[o" = (87, ..oy $u>] satisfying

(20;) Siv1 = fisi,

y 2y 18 any n-tuple satisfying

" —
Sit1 = Ji8i

and such that if & = {2, ...

(21 a, b) feve o [m<fizd,
then
(22;) $i<z [Bea <]

In particular, if ¢ is any “closed f—éhm’n” (as are o' and o"), i.e. if ‘

(212) Siy1 = f:‘zi »
then
(227) 8 <m<sE.

For n =2 and n =1 this yields:

CoroLLARY 4. Let 8y, S, be complete lattices and f,, f, monotonous
mappings of S;into 8,, S, inte 8, respectively. Then there ewist pairs {s1, 85>,
[<sY, 8551 such that

(232, b) se=hsi,  si=fuss [ =fisl, 8 =fosi],
and that, if {2y, 2, is any pair such that

(24a, b) hee<2, hua<a [B<ha, 4 <fhl,
then

(252, b) 81 <7y, 2<% [2 <SY, a8y
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COROLLARY 5. Let f be a monotonous mapping of o complete laitice S
into itself. Then there ewist fiz-points &', 8" of 8 for f such that if 2 is any
element of S satisfying )

(263, b) fe<z [e<fe],
then s’ <& [# < 8"]; in particular such that any fiz-point 2 of S for f satisfies
¢ <28’ (3).

4. Theorem 1 and Corollaries 1-5 were derived without use of the
axiom of choice and the (completed) set of natural numbers.

By Theorem 1, to each n-tuple ¢°= {s7,..., 85> were associated
uniquely determined n-tuples go® = 0’ = {81, ..., 2, w6° = &' = {57, ..., s>
satisfying (3;) resp. (3;) and the extremal properties (5;) resp. (5).

With the use of transfinite ordinals we can give another definition
of go, yo, alternative to (7;) and its dual.

Let y be the smallest ordinal with the property that the set of all
preceding ordinals has a cardinality greater than the greatest of the
cardinals &8y, ..., &Sy of the sets Sy, ..., 85. We define a transfinite sequence
of length y 41 of n-tuples g, = <$1q, ..., S by transfinite recursion in
the following way:

(273) $i, =87, i.e o,=0
if a> 0 is an ordinal which is not a limit number, then

(28;) Sia = 81,a-1Vf518i 1,013

if @> 0 is a limit-number, then

(29;) S.a=\ 83
B<a
Then obviously
(804) @ < 0 = 87 < 8igy K Sy -

First we prove that there is an ordinal 8, § < y, such that o, = Gy.
For each 4, ¢=1,..,n, there is an ordinal & < y such that
Sie; = 84541 For, if for some ¢ and all ordinals o (a < ¥)

(319) 8ia < 84041

would hold, then, because of {8|@ < 9} C 8;, this would contradict the
assumption %8; < %{ala < y}. (With (31;) also s 85, a < B for limit-
numbers B; otherwise sy, = 81441, contrary to (31;).) The greatest of all
d; can be taken as §; then o — Oat1.

(%) The special case of this Corollary when 8 is the power-set of a given set with
C as < is contained in the author’s short note On monotone mappings of the power-set,
Portugaliae Mathematica 21, 2 (1962), pp. 111-112,
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THEOREM 2. We have o; = ¢'.
Proof. From
(32y) S5 = 8ip+1

we infer by (30;) and (28;), for a = 641,
8IV i18i-1 < 8isVio18i10 = Sipt1 = Sis,

hence by Theorem 1, (4;—,), (5;) it holds

(333) 57 < 85

On the other hand by (27,) and (3;_,)
(34;) 8, = 8§ < 8¢
80 the relations
(35:) Sin < 81

hold good for « = 0. .

Let us suppose that they hold good for all e, « < f. In order to prove
that they then hold good for g too, we distinguish two cases:

a) § s a limit number. Then, by (297), (35, is obviously satisfied
for a = p.

b) B is not a limit-number. Then, by the induction hypothesis ((35;—1)
for a = pg-1)

(36;) Si-1,5-1 < 81 3
(37:) fi-18i-1,8-1 < fim18ie1,
(38:) SEVfi18iap1 < SFV 18ty = 85,

Hence by (28;) for « = 8, (30;) for o =0, a = f—1, (38;) and (36;41)
(39;) i = 8ip—1V fi-18-1,8-1 = (85,8-1 V)V i—18i~18-1
=811V (83 Vfim18i1,5-1) < 85p1VSF =8} .

This proves that (35;) holds for any a < ¥, in particular for a = §;
this and (33;) yields os = o'.

Dually we get a transfinite series with the limit pa°.

5. It is easy to see that the MAPPInGs @85 = i [9; 8% = 87| are mono-
tonous increasing [decreasing], i.e.

(40;a, b) Se< s [wes; <8,

and idempotent mappings of 8; into dtself.

Proof. The monotony is obvious from (6;) and (7;); (40a) follows
from (6;).
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From (402) and the monotony of ¢; we infer
(41) isi < gisi-

On the other hand, for §§i1 = 8;11 (3;) yields

(42) Prr18i41 = SV ePiSis
50

(43) fs®i8i < Qiw1Siva

and also

(44) Pit1Sir1Vipisi < @it18ier .

But (44) means that ' =
hence by (5:)
(45)

@181y <oy PuSny satisfies (4;) for sPr1 = @iri8i41,
2
@8 < @isi -
(41) and (45) prove the idempotency of g;.

Let now ¢[y] have the meanings as in 4. Then, ¢ is a fiz-point for
o[yl if and only if all the relaiions
(46;) [$i+1 < fusi,
hold.

Proof. Let go = ¢. Then by (3;)

fisi < 8541 t=1,..,n,

(474) Si41
s0 (46;) is satisfied.
On the other hand, from (46;) we infer

= @it18i41 = Si4a VIi@iSe = Sy V81,

(48;) SivaViisi = Se,
50 (4;) is satisfied with {' = o and therefore by (5;)
(49;) Qi8S < 85

(40;2) and (49;) prove that now gpo =a. )
6. As an illustration for applications of the Theorem 1 we prove
the theorem of Cantor-Bernstein.

THEOREM OF CANTOR-BERNSTEIN. Let 8, S, be sels and fl, fa ( -1
mappings of 8y into 8y, 8, into 8y, respectively. Then, there exists a (1-1)-
mapping of 8, onto 8,.

. Proof. The power-sets 89,, S8, of §,, §, are complete lattices if
< i8 defined as the set-theoretical inclusion C. We extend f1, f» to mappings
of 88, into 88,, 88, into 8§, respectively by

(504, b) hiy = zlE}z thads,  fZy= zUz {fa2e}

for all Z,C 8,, Z,C 8,. Obviously, f1; f2 are monotonous.
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By Corollary 1, for s = 8;,—f»8,, s?«O, st =0, $§=8—-8

there exist sets U, Uy; V;,V, such that (cf. (15a), (16a), (17a))
(51a,b) Uy =Ty, Uy=(8—8:) v fls;
(52a,b) Vo= (8:—A8) v AV, TVi=FfV,

and that for any pair Ui, Us satisfying (514, b) [V1, Vs satisfying (524, b)]
it is
(52'a, b) U,CU;, U,CUs; [V,CVi, V,CVi].

By Corollary 4 there exist sets W,, W, such that (cf. (23b),
(251))
(53a, b) Wy=4HW:, Wi=fW,
and that for any pair Wi, Wy satisfying (53a, b) with
“:” lty is
(54)

(24b),

“4C™ instead of

WiCW,, WiCW.

‘We shall prove that U;,V;, W, and U,, V., W, are disjoint and
that U, u Vo Wy =8, UouVou Wy=8,.
First (A\B is the set of elements of A4 which are not elements of B),

U\W. = LUNAW, = A( U1 W)
UN\W, = [(8;—728:) w [ Usl" fo Wa = (because. of fyW5C [ So)(S;—f28:) v
v (faUs \JaWa) = (81—7:85) © fo( U2\ W) ,
so by (8la) U, C U \Wy, U;CU\W,, ie. Uyn Wy =0, Uy~ Wy=0.

Analogously V; AWy =0, Von W, = 0.
Secondly,
UV, = f1 U8 —f1.81) v /1 V1] = (because of 8,0/, Uy) LUNAT:
= fJ.( UI\VI) 1
UV = [(81—7e80) v 12 Usl\fe Ve
= (because of f, ¥, C f,8:) (81 —~128:) © (f2U:\f=V2)

= (8;—728:) v fal Uz\Vz) ]
so by (5la) U, C UNV,, U, CUNV,, ie. Uy nVy=0, UsnV,= 0.
Thirdly, because of A\BD (4 v O\(Bw (),
A8 —(Uiv Vio W)l =8 —(hUiv AV v W) D [(8e—f181) v
v HSNUS:—f18) v AT v AViu Wl = 8o~ (U, Vo u W),
and analogously
falSe— (U v Vo 0 W) D 8, — (U v Vv W),

50 by (54) 8, — (U uV v W)C Wy, ie. §;—(TuViu W)=
U v Vyu W, =8, and analogously U,uV,w W, = §,.
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Hence the mapping f of §; into §, defined by
fo, = {f131 for s, elU,u Wy,
L =

T, for s eV,
is (1-1) and omto.

A new proof of the well-ordering theorem, as suggested by the proof
of our main theorem, will appear in Colloquium Mathematicum.

Addendum. The author wants to express his gratitude to the Editors
of Fundamenta Mathematicae for calling his attention to the following:
Our principal theorem is a generalization of a theorem by A. Tarski
(4 Tattice-theoretical fim-point theorem and its application, Pacific J. Math. 5
(1955), pp. 285-309). Some results concerning the same topic are included
also in the paper of E. 8. Wolk, Canad. J. Math. 9 (1957), pp. 400-405
and in the paper of A. O. Davis, A characierizcation of complete lattices,
Pacific J. Math. 5 (1955), pp. 311-319. Concerning the theorem of Cantor-
Bernstein, a proof analogous to ours is included in a paper of R. Sikorski,
On a generalization of theorems of Banach and Cantor-Bernstein, Collogquium
Math. 1 (1948), p. 140-144, and also in the book of A. Tarski, Cardinag
Algebras.
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Mehrfach wohlgeordnete Mengen und eine Verschirfung
eines Satzes von Lindenbaum

von

E. Harzheim (Koln)

§ 1. Einleitung. Hat man in einer unendlichen Menge I eine
Menge 7' von Wohlordnungen, so nennen wir eine Teilmenge K C M
einen beziiglich T ordnungsgleichen Kern, wenn in K alle Wohlordnungen
aus T iibereinstimmen. Nennen wir ferner eine Teilmenge M'C M, die
M’ = M erfiillt, einen Vollteil von 1I, so besagt der Satz von Lindenbaum
aus [2]:

Hat man eine unendliche Menge M und in M endlich viele Wohlord-
nungen, so gibt es zu diesen einen ordnungsgleichen Kern K C M der
Michtigheit K = 1I; —K ist also Vollteil von M.

Ziel dieser Arbeit ist es, diesen Satz auch noch auf mehr als endlich
viele Wohlordnungen auszudehnen. Es wird sich ergeben:

Ist I = s,1, ¢ die Kleinste Kardinalzahl, fir die 87> s, ist, und T
eine Menge von Wohlordnungen von M mit T < ¢, so gibl es einen ordnungs-
gleichen Kern beziiglich T, der Vollteil von M ist.

Fiir Limeskardinalzahlen wird ein analoger Satz hergeleitet werden.

Der Satz von Lindenbaum l4Bt sich beweisen, indem man ihn fiir
den Fall zweier Wohlordnungen beweist, woraus sofort seine Giiltigkeit
fiir den Fall endlich vieler Wohlordnungen durch Schluf von # auf n-+-1
folgt. Fiir unseren Fall 148t sich diese Methode nicht mehr anwenden.
TWichtigstes Hilfsmittel £iir unseren Beweis wird ein Satz graphentheoreti-
scher Art (Satz 1) sein.

§ 2. Definitionen. Wir brauchen im Folgenden einige Begriffe,
die etwas allgemeiner als die analogen Begriffe in [1] definiert sind.

Die zu einer Kardinalzahl k gehérige Anfangszahl bezeichnen wir
wieder mit (%), und W(a) bezeichne die Menge aller Ordinalzahlen,
die <a sind.

Unter einer Folge innerhalb W(w,) verstehen wir jede (transfinite)
Folge f: a9, ¢y, «ory Oy ...y <A, von Ordinalzahlen aus W(w,); dabei
heiBe A die Ldnge der Folge, sie sei auch mit I(f) bezeichnet. Statt a, schrei-
ben wir auch f(»). Ist » < 4, so nennen wir die Folge der a,, 0 < %, den

11%
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