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Rotation groups under monotone transformations
by
A. G. Haddock (Batesville, Ark.)

Lucille Whyburn [1] has several theorems concerning rotation groups
under topological transformations. We generalize her results by relaxing
the condition that the transformation be topological.

Unless otherwise specified, § is to mean a compact Hausdorff space
(M is to mean a plane Peano continuum), 7' will be a monotone trans-
formation such that T'(S) =8 (I'(M)= M), and if T allows a set K
of fixed points then 7 (K)= K. The proofs of most of the theorems
follow in a straightforward manner along the lines of Whyburn’s proofs
and are not included.

TaworeM 1. If C, is a component of 8 —K, then T(C,) and T7(Cy)
are components of S—K.

TERoREM 2. Let C, be a component of S—K, Cp = T"(Cy) for each n,
and let @ be the collection Cyn. Then G forms a commutative group where
the group operation is defined for any two elements C; and C; as C;C; = T°(C5).

THEOREM 3. Buvery component of §— K lies in one and only one rotation
group.

LEMMA 1. If T(x,) = %, and {z;} is a sequence of distinct points con-
verging to @y, then {T '(x:)} is a sequence of sets converging to &,.

Proof. Letting L = ljm;, it follows from the continuity of 7' that

1=0 J—
TYIL) is closed and hence compact. Suppose first that a:oéli_mT”l(wi).
Then there is an open set U, about w, such that U, ~ T™ML) = @,. Let

oo

U; for i> 0 be an open set about z; such that Us~ (| ) = 0. It
7

#1,f=0

follows that U;= T~ %(U;) is an open set containing T~x;) such that
Uin G T Yx;)) = ©. Hence the eollection {T:} including i=20isan
T#i,7=0

open covering of 7 (L) which contains no finite subcovering. This con-
tradicts the fact that 77 '(L) is compact. Suppose now that there exists
a point y in Tm 7 (x;) such that y # @,. Then by the definition of the
limit superior, given any open set U about y, U intersects infinitely many
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of the sets 77 () and hence T(U) contains an infinity of the points ;.
Therefore, T'(y) is a limit point of the sequence {z;}. It is known that
T(y) # @,- This contradicts the fact that the sequence {z;} converges
to #,. Let {T ()} be any subsequence of {1 (x)}. It follows, from

an argument similar to the one above, that lim T Xwy,) = 2. Hence it
k3

follows that Lm T (z;) = &,

TaeoREM 4. Ij C; and CO; are two elements of a rotation group, then
G~ 0y = C;— 0;.

Proof. It is now shown that 0;— C; C C;— C;. Note that C; = T%((,)
and C; = i (0y). Hence U; = T7%¢;). First consider the case where
j—1 = 0. It then follows that 0; = C; and the theorem is proved. Next
suppose that j—4 = k> 0, then T* is a continous mapping of C; onto 0.
If © e 0;— C;, then there is a sequence of points {z;} in C; which converge
to #. By the continuity of 7% it follows that the sequence {T%(2;)} converges
to T'(2) = @. Therefore, z is in C;— C;. Finally suppose that j —4 = —& < 0,
in which case T (C;) = C;, or T%¢;) = C;. Note that (T%)™" is T7F. Again
let {@:} be a sequence of distinet points from ¢; converging to » in C;— ;.
Since T™ satisties the conditions in Lemma 1, it follows that lim 7 Y(x;)
= g. Therefore x is in C;—C; since T“k(mi) C 05 for each 4> 1. In a sim-
ilar manner it can be shown that C; —C; CO;— ;. Therefore it follows
that @«G,- = 6;'_ Oj.

CoroLLARY. If 8 s locally connecied, then for amy rotation group
F(JC)=UF(C:)=F(Cx) for Cx a fized cemeni of the rotation group

(where F(A) denotes the boundary of A relative to S).

CoroLLARY. If p is in F(C,) and accessible from C,, then for any
Oy in @, n> —1, p is accessible from C,.

TrEOREM 5. If C is an element of a rotation group of M under T of
order greater than 1, then C has property S.

From a result of G. T. Whyburn [2], it follows that under the hypo-
thesis of Theorem 5, every point of F(C) is accessible from C.

THEOREM 6. If C is an element of a rotation growp G of M with order
greater then 1, then F(C) is contained in some simple closed cwrve. If F(C)
contains more than two poinis, then the order of G is less than or equal two.
If @ is infinite, then F(C) reduces to one point, and for any preassigred
positive number &, the diameter of Oy is less than & for all but a finite number
of the subscripts 4.

THEOREM 7. Let M be a two-dimentional sphere. If there is a rotation
group under I' of order greater than 1, then K is a simple closed curve.
Hence, there is only one rotation group and it has order 2.
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