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Neutral ideals and congruences
by
Iqbalunnisa (Madras)

Introduction. This is an attempt to find whether there is
a (1-1)-correspondence between the congruence relations and neutral
ideals of a latbice (*) in general, and of a modular lattice in particular
(Problem 73 of [1], p. 161). This problem, though not solved fully in
the course of this paper, has led to certain results which are interesting
in themselves.

By defining a neutral ideal in a particular way (as in [1], p. 80),
it is shown that the neutral ideals of a lattice I correspond (1-1) to
a sublattice of the lattice of congruences on L. Hence to every neutral
ideal of I corresponds a lattice congruence 6 on I. Tt is therefore natural
to ask whether every congruence 6 on I has a neutral ideal as the ideal
of elements congruent to zero. As is shown in Section 4 below, the answer
to this question is in the negative.

In Section 2, I discuss the properties of neutral ideals. In Section 3,
I prove the correspondence between neutral ideals and congruences;
finally, in Section 4, I give counter examples to show the inconsistency
of certain questions which arise naturally.

1. Preliminaries. The symbols <, «, -+, - will denote inclusion,
non-inclusion, sum (least upper bound) and product (greatest lower bound)
in any lattice I; while the symbols C, u, n, ¢, ¢ will refer to set-inclusion
union (set sum), interseetion (set product), membership and non-member-
ship, respectively. Small letters @, 5,.. will denote elements of the
lattice and capital letters A, B, ... will stand for ideals of the lattice.

All lattices which are considered during the course of this paper
have 0, the null element of the lattice. ‘

A non-null subset  of elements of a lattice L is called an ideal if
and only if

(i) 2e9,yeI=>24+yeT
and

(ii) 29 and ¢ <z=>teT. (Stone [6]).

(*) For general information regarding lattices, see Birkhoff [1].
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An ideal 9 of a lattice L is called neutral it and only if

t<(@+a){y+d)z,yed)=>t<<eta-b for some 2z2e9.

An ideal U of a lattice L is called m-neutral if and only if 9 as an
element of the lattice of ideals of L distributes finite products.

A Dbinary relation 6 on L is said to be an equivalence relation if it
satisfies

{1 o =ua{6) (reflexive),
(i) o=y (0)=>y =2(6) (symmetric),
(iif) z=y(6), y =¢2(0)=>w =2(0) (transitive),

If it further satisfies the substitution property
{iv) z=20'(0), y =y'(O)=a+y=2a"+y'(0),

then it is called an additive congruence.
An equivalence relation 6 which has the substitution. property

™) z=a'(0), y=y'(6)=>x-y=2a"-y'(0)

is called a multiplicative congruence.

If the binary relation & satisfies the conditions (i)-(v) then it is said
to be a lattice congruence or merely a congruence on L. The congruences
on a lattice L form a complete lattice (see [1], p. 24).

The sum and product of an arbitrary family of congruences are
defined as follows:

a =b(lJ6;)

if there exists a finite sequence a = x,, z,, ..
for some 6, 1 =(1, 2, ...,n), and

o = b(()6;)

.y Tn, = b such that x;_; = 24(0)

it a =>5b(6;) for every .

2. The purpose of this section is to show that the neuntral ideals
of a modular lattice form a Z'-distributive lattice. Certain preliminary
results are needed.

LEMMA 1. The principal ideal generated by o single clement ¢ of
o lattice L is neutral if and only if ¢ distributes finite products.

Proof. Let the principal ideal I generated by ¢ be neutral; then
I<@+a)y+d)(z,yel)=>t <z4+a-b

for some 2 ¢ I. But since x, y ¢ I, we can take # = ¢ and ¥ = ¢. Therefore
t<{c+a)(c+Dd)=>t <2+ a b for some zel.
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Now, any zel is less than ¢ and hence t <z+a-b=>t<c-la-b.
Therefore << (c+a)(c+b)=>ft<ec+a-b. Hence (e+a)(e+b) < c+a-b.
But (¢+a)(c+d)=c-+a-b for all a,b,¢ in L. Therefore (¢c-+a)(c+b)
=c¢+a-b. Hence ¢ distributes finite products.

Conversely, let ¢ distribute finite produets. Then

(e+a)le+d)<ect+a-b
t<(w+a)(y+b)(z-yel),

and when
t<({ct+a)(e+b)

since I is the principal ideal generated by c¢. Therefore ¢ < (z-+a)(y+b) =
=t << (¢+a)(e+Dd)=>t < e+a-b; that is, t <z-4-a-b for 2 =c e I. Hence
1 i a neutral ideal of L.

CororLary., When the lattice L is modular, if ¢ distributes finite
products, it distributes finite sums also (see [1], p. 78) and hence is a neutral
element (see [3]). :

Henece in the case of a modular lattice I the lemma reads as follows:

The principal ideal generated by an element ¢ e L is neutral if and
only if ¢ is neutral.

LeMmA 2. The sum of any family of neutral ideals of a latiice I is
a neutral ideal.

Proof. Let N = }'N;, each N; being a neutral ideal. Elements
%,y e N are given by

LB+ Bt 0, YSK<Y Yt tYe,

s,s" being finite and z; e N, and yye Ny (vide [1], p. 140).
Since 0 belongs to every ideal, we can add as many zeros as are
necessary and write

<+ Lt t 0, YS<HtYhtoot Y,
gsuch that «;, y; ¢ N; for each 4. Therefore

t<(w+a)(y+bd) for x,yeN
=t < (B +2+... to+a){y,+yYs+ .+ 9.+ D)
>t <z + (@t ... +o+a) (Yo .. F Yy +B)
(for some z, e Ny, since &,y € N,)
s>t<ytt @t +a+a) (Yt FY+b) (2 eNy; 2 eNy)
>t <+t +2+a-b  (2eN; for each )
=>i<<2t+a-b (zeXN)

where 2 =2, +2,+... +2,.
Therefore N is a neutral ideal.

(Zi, Yi EN,; for each ’l:)
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It is easily seen that 0 is a neutral ideal. Therefore the mneutral
ideals on any lattice L form a partially ordered set with 0, and every
non-void subset of L has a least upper bound (by Lemma 2). Hence
the neutral ideals of any lattice L form a complete lattice (vide [1], p. 49).

LeMMA 3. The product of two and hence also of a finite number of
neutral ideals of o modular lattice L is a neutral ideal.

Proof. Let X and Y be npeutral ideals of L. Let 2,9ye¢e XA Y
>z,ye¢X and z,ye¢ Y. Now

, < (e+a)y+d)=>t <z +ta b (2eX);
also
t<(w+a){y+d)=>t<ztab (eX).
Therefore
t<(e+a){y+b)=>t <(z,+a- b){z+ab)
>t a bda{zta-b) (L is modular)
>t<a b+a(0+2)(2+a-b)
>t a-btu(zt2-a-b) (0,2¢Y for some z ¢ Y)
>t<<ab+te- -54+2 a-b (L is modular)
>t 4ta-b (5-%eXnY)
=t<Le+a-b for some zeXAY.
Therefore X ~ Y is a meutral ideal. This proof -can be extended
%0 a finite number of nentral ideals.
THBOREM 1. The neutral ideals of a modular lattice satisfy the infinite
distributive Tow: N ~ (D N;) = D (N ~ N,).
Proof. Now N~ (2N D (N ~ Ny). Therefore it is enough if we
prove that

(2,625 7y X)

FA(2N)C N AN).

Yet @ e N~ (X N,); that is, a e N and a ¢ 2N, 0
finite v and =, e N,. Therefore

¢ =a (L, + 2+ ... +2)

(0+a)(w1+wz+ -tz (0,3 eN)
A< ta (Bt
=>a=a(y+a(m+.. +m‘v))
S0=0Y+a (B+..+2)
=a =0y +0+a)(2+..+2) (0,0eN,)
=a <+t o(@t .. +3) (Yo Ny)
=a=0 (a9 +v+a- (G+.. +n)
>a=0Y+a Y+ 0 (B+...+2) (L is modular)
==y -+ay,+...+ay, (y;eN; for each 1)
=>aeX(NAN) (a-y:eN~ N, for each ).

< @ + @y ... + o, for

(for some 7, ¢ Ny)

(L is modular)
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Therefore ¥ ~ (3N;) C Y (N ~ N;) and hence
Na(XN)=2(NAN).

COROLLARY 1. The neutral ideals of & modular lattice form a complete
D, -distributive latlice. Hence i s pseudocomplemented (for definition,
see [1], p. 147).

COROLLARY 2. When the lattice is distributive, all ideals are neutral.
Therefore the '»dea,ls of a distributive lattice form a pseudo-complemented
distributive lattice.

Luvma 4. An ideal I of a lattice L is neutral if and only if I is
m - neutral.

Proof. Let I be neutral; that is,

t<(@z+a)(y-+d)(w,yel) >t <eta-b (zel).

Congsider two ideals 4, B of L such that a4 and b e B: then a-b
e d ~B. Hence
te(IvA)yn(IuB)
=t < {e+a)(y+b)
=>t<Le+a-b (zel)
=>telvw (4dnB).

Therefore (I v A)n(IuB)=Iu(4dAB).
Thus I distributes finite products and hence is m-neutral.
Conversely, let 7 be m-neutral; that is,

(Twvd)An{(IuB)=Iu(4dAB)
for any two ideals 4, B of L. Therefore .
(ITudyn(IvuB)CIu(dAB).

Choose A, B as the principal ideals generated by a, b respectively.
Let 2, yel. Then

1< (@t a)(y+0)
>te(Ilvd)n(TuB)
>telvw(dnB)
>t L2ty 0y
>tL2+a-b

(med; byeB and zel)
(since @, < @ and b, <b).

Therefore, I i a neutral ideal.

CorOLTARY. When the lattice L is modular, an m-neutral ideal is
neutral as an element of the laitice of ideals of L. Hence an ideal of a modular
lattice L is neutral if and only if it is meutral as an element of the lattice
of ideals of L.
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When the lattice L is non-modular, a neutral ideal of I need not
be nentral as an element of the lattice of ideals of L. For, consider the
ideal I of the non-modular lattice L as shown in figuwre 1.

i

Fig. 1

I is a mneutral ideal of I, but it is not neufral as an element of
the lattice of ideals of L, since T ~ (4 w B) %= (I ~ A)u (I ~ B) where
4 =(0,a); B=(0,b) for, In(AdvwB)=1I and I~nAd)v(I~B)=A4.

Further, when the lattice is non-modular, the principal ideal generated
by a single element ¢ can be neutral even though ¢ is not neutral in L.
Yor, I i3 » neutral ideal of L, but ¢ is not neutral, since ¢ = ¢- (a+b)
F e a+c-b=a.

3. The purpose of this section iz to point out the correspondence
between neutral ideals and congruences on a lattice I.

Lemma 5. The congruence modulo om ideal is a lattice congruence
if and only if the ideal is neutral (see Theorem 1 of [5]).

Proof. Let I be a neutral ideal. Define a binary relation: 2 =gy
if and only if #+a = y-+a for some ael. Clearly this relation is

(i) reflexive: z =z for #+a =2-1a for all acl;

(i) symmetric: z=y=>y=z, for s+a=y+a=>y+ta=ax+a (acl);

(iii) transitive: 2=y; y=z2=z=z for 2-+ta =y+a; y+b
=2+b »x+atb=2+a+b, where a,b, (a-+b)el.

Therefore, ="’ i an equivalence relation.

(iv) an additive congruence: 2 =y =z4-2 =y -+2 for

rz=y >x+a=y+a for ael
>z+2z+a=y+z+a for all 2
>r+e=y-t=z.
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(v) a multiplicative congruence:

T=Y >xe=y-2.

By (iv)y, a=y=>zta=yta for aecl.

So w-2ta-b<(wta)(z+d) for all 2¢L and a,bel, or z-2+a-b
<(y+a)(z+d) or z-240-b <y -2-+¢ for some cel.

Similarly,
y-2+a-b<(y+a)(z+b)
< (2+0a)(z+D)
<a-2+d for some deT.
Therefore,

z-2+a-btet+d<<y-z+a-btetd
and
z-2ta-btetdzy-2ta-btetd;

that is, #-2+a-b+c+d=y.-2+a-bt+ec-+d and a-bt+¢--del. Hence
r-2=9y-2
Thus, # =y is a lattice congruence on IL; that is, any neutral ideal
is a congruence class (congruent to zero) under some lattice congruence.
Conversely, let 6 be a lattice congruence modulo an ideal I; that
is, s =y if and only if z+a = y+a for some ael. Let t < (a+z)(b+¥)
(ay bel). Then
t=t-(at+z)(b+y),
t=t-x-y-(6)

=>i+a-y =x-y(0) since 0 is a lattice congruence.

Therefore t+#-y+¢=a-y-+c for some cel; that is, t <z - y+e.
Hence

t<(a+2)(b+y)
=t<e+ax-y for some

(a, bel)
cel.

Therefore I is a neutral ideal.

CoroLLARY. Any ideal of a distributive lattive L is a zero class under
some suitable congruence relation on L.

Definition. The congruence modulo a neutral ideal is ecalled
a neutral congruence.

It is easily seen that there is a (1-1)- correspondence between neutral
ideals and neutral congruences. If a non-neutral congruence @ has
2 neutral ideal N as its zero class and if # is the neutral congruence
corresponding to the neutral ideal N, then 6 C @.
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For if @==0(f) then a4t =>b-1t for some ie N; also t= 0(d).
Therefore a-+t = b+t = a =b(P). Hence 6 C P.

THEOREM 2. The neutral congruences on a lattice L form a complete
X- distributive lattice.

Proof. Let 6, 0,,... be an arbitrary family of neutral congruences
on I. Let 6 = >0, Let Ny, N,, ... be the corresponding neutral ideals
and let ¥ = Y N; Let @ be the neutral congruence corresponding to
the neutral ideal N. Then 6 = @; for, a = 5(0) implies that there exists

a finite sequence a = @y, &y, ..., %, = b such that z;_; = ,(0;) >, +¢;
= g;+1%; for some i; e N;. Therefore,

Tyth=a+h (G eN),

ByAty =@ty (helVy),

T+t =m,+1, (tvENv)~
That is,
Lo+t + e Ft =2+ 4+ .41,
a+t+...+1, = b—i—t1+...+t,.,
and
tt .. t+te SN

Therefore a =5 (P) and hence 6 C &,

Next let :
a=b(9).
= e+t +..+h=b+4+...+1, t;eN; for some ¢ and finite %,
a4+ .. o =att .. A tpea( 0)
a-+bh 4.+l =a+t ... +ho(0r_1)
a+1 =a(6,)

Therefore, a1, +...+ = a(0).

Similarly b+t 4.+t =0(8). But a+t-+...+ip=b-Ltt,+...+1.
Hence a = b(6). Therefore @ C 6. Hence 6 = .

Therefore, an arbitrary sum of a number of neutral congruences
is neutral and the identity congruence is also a neutral congruence.
Therefore the neutral congruences on any lattice L form a complete
lattice (see [1], p. 49). Further, the congruences on any lattice L, and
in particular the neutral congruences, satisfy the infinite distributive
law 0~ (36;) = 3 (8A0;) ([1], p. 24). Therefore the neutral congruences
on any lattice form a complete X'-distributive lattice IL,.

CoroLLA®RY 1. The distributive lattice L, s o sublaitice of the lattice
of all congruence relations on L (see [4]). )
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COoROLLARY 2. The number of neutral elements of L i3 at most equal
to the number of meutral congruences on I,

Levyva 6. The product of a finite number of meutral congruences on
a modular lattice L s a meutral congruence.

Proof. Let 6,, 6, be two neuntral congruences on L. Let N, N, be
the corresponding neutral ideals. Then N, AN, is a neutral ideal

(Lemma 3). Let 6 be the neutral congruence corresponding to Ny A N,.
Then 6 = 6, ~ 6,. For let

a=b(0)>atlor=>b+z for Te N, AN,.

Therefore # ¢ ¥, and o ¢ N,. Hence a4 = b(6;) and a = b(6,). Hence
6CH, A0,

Next let a = b(6;) and a = b(h,). Thus a+ 2 = b2 for some z ¢ N,
and a+y = b+y for some ¥ ¢ N,. Therefore

(at+2)(a+y) = (b+2)(b+y),
a+a-(a+y)=btwe (b+y) (L is modular).
Now
o+z-y <a+z-(aty)
<btae (b+y)
<b+z-(0+2)(y+b)
<b+a-(y,+b-2)
<b+e-y+b-z
<b+o-yy.

That is, a2 <b+2 for 2,2, ¢N.

Bimilarly b+2< a+2 for #,2¢N. Hence a+ztade=>b+tszt
+#5+2, and 2+ 42 ¢ N. Therefore a=b(8); that is, 0~ 6, Co.
Hence 6 =6, ~ 6,.

Therefore the product of two and hence of a finite number of neutral
congruences of a modular lattice L is a neutral congruence.

Remark. When L is o simple modular laitice with (0,1), no element
of L is newtral (except 0 and 1).

Proof. Let L be a simple lattice. Then there are only two con-
gruences and both of them are neutral. Therefore L, (the lattice of
congruences on L) is simple.

Further, the number of neutral elements of I < the number of
number of neutral congruences on L, i. e. 2 in this case (Corollary 2
of' Theorem 2). But any lattice hag at least two neutral elements, viz.,
the zero and ome of the lattice. Therefore L has no neutral elements
excepting 0 and 1. T ' -

(for some y e N,)
(L is modular)
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The converse is not necessarily true; that is, when I has only 0 and 1.
as neutral elements, I need not be simple. This is shown in figure 2.

4. In this section we give certain examples to prove certain negative
statements.

Example 1. The kernel of every congruence on a lattice L (even
when L is modular) need not necessarily be neutral.

6 on L
Fig. 3

Let 6 be a congruence on the lattice of fig. 3. I is the zero class of
the congruence 6 on L. I is not a neutral ideal, for though f < (@ +d)(a+¢)

f<z+d-e
Example 2. If 6, and 6, are two congruences on a lattice I such

that the kernel of 6, and the kernel of 8, are neutral ideals; then the
kernel of 6, 6, need not be equal to (the kernel of 6,) « (the kernel of 6,).

1] [2

8, on L 0, on L
Fig. 4

for all =zel.

6,0, on L

For, 6, is a congruence on I with I, as its kernel and 6, a second
congruence with I, as kernel. But the kernel of 6, u 6, is equal to the
whole of L, whereas the (kernel of 6,) u (kernel of 8,) = I,.
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Example 3. If 6 and 6, are two congruences on a lattice I such
that the kernel of 6, and the kernel of 6, are neutral ideals, the kernel
of 0, 6, need not be neutral.

If L L
6, on L 6, on L 6,0, on T
Fig. 5

I, and I, are neutral ideals on L and are the kernels of two con-
gruences 6; and 6, on L. But the kernel I, of the congruence 6, v 6, is
not a neutral ideal.

My thanks are due to Professor V. 8. Krighnan for helpful gnidance
during the preparation of this paper.
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