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1. A function on a group of the form

Y — pf1 ke Ko
O(Ly g eney ) = Ty L2 1. 1

< g,

where s; € {1,...,n}, k=11, 2§ ;5 is called a word.

A word with constants on o group @ is a function on this group of
the form

P(DByy ey L) = G010y Tolly von Orllig

where a; e ¢ and o;=6i(y,...,x,) are words.

We consider the following property of a topological group G:

(A) Let be given any two words with constants p(@y,...,2,), v (@, goee g &)
on Q. If
(1) ‘p(wly"';xn)ZW(mll"'7wn)
for every , eV, ..., 2, ¢ V,, where V,,...,V, are open sets in @, then (1)
holds for every x,,...,z,eG.

This property has been introduced by 8. Balcerzyk as a natural
hypothesis in some theorems (cf. S. Balcerzyk and Jan Mycielskj [2)-
The problem whether every connected group has property (A) remains
open *). It is the purpose of this paper to prove this for locally compact
groups and for Abelian groups.

2, We shall consider functions of the form

(2) 1 (@)= R aukeq,... ok a,

where a; ¢ ¢, and k; are integers s 0, and the following property:

(A") For every function y on G if y(V)=1 %), for any set V open in @,
then (@)= {1}.

!} N. Aronszajn [1] puts forward a weaker hypothesis,
*} 1 denotes the unity of @.
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LemMA 1. The properties (A) and (A') are equivalent.

Proof. (A)—(A’) trivially.

(A")—=>(A). We put (1) into the form a;'pp~"ay=1; then (A’) im-
plies (A) in the case n=1. An induction with respect to n completes
the proof.

‘We need also the following lemma:

LeMMA 2. Every conmected Lie group @ has property (A).

Proof. We congider the elements x,y,zy—' e G in any local systems
of analytic coordinates. Then, as is well known (see [3], p. 316), the co-
ordinates of @y~ are analytic functions of the coordinates of # and y.
By an easy induction we verify that the coordinates of y(x) are analytic
functions of the coordinates of z in any local systems of analytic co-
ordinates. Then, by well known properties of analytic functions, (A')
holds since G is connected.

3. Now we can prove the following
TaeorEM 1. Brvery locally compact conmected group has property (A).

Proof. It is a fundamental result of H. Yamabe [4] that

(3) Ewery neighbourhood U of the wnity of a locally compact connected
group G contains such a closed normal subgroup N that G/N is a Lie group.

Let us take the natural mappings h: 6—G/N, and put
2*(@) = 2F b {ey) w*2h (@) ¢k R (a)  for -meG/N.
*  We suppose that (V)= {1} for an open VC@, then
(4) (V)= {(h(1)}.

The mapping % being open, h(V) it open in G/¥. Then, G/N being a Lie
group, by Lemma 2 and (4)

MG N)= (1)}, d.e, (GCNCU.
Then, by (3), »()CM U where U runs over all neighbonrhoods of the
unity of G. Hence x(%‘):{l}, q. e. d.
TaEOREM 2. Bvery conmected Abelian group has. property (A).

Proof, Let G be a connected Abelian group with the additive no-
tation. Then (A’) states that if

(8) . mV={a} (ae@) for an open VC@&
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then o
nG@= {a}.
G heing connected, V generates @ and by (5)
(6) ' nGC{0,+a,+2a,..}.

But G being connected, (6) implies nG={0} (and a=0), q.e. d.
Remark. It can be proved for. each of the equations

ar=2xa,

ar=a"ta, ar=21x%

that if it is satisfied in a neighbourheod of the unity of a connected
group ¢ (a e @) then it is satisfied in all ¢. But for the equations k

=1, ar*=10
the same problem remains open. B ' A
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On the existence of free subgroups in topological groups
. B by z" 4\; [ )

S. Balcerzyk (Torud) and Jan Mycielski (Wroctaw)

1, Tn this paper we prove the existence of free algebraic subgroups
in some topological groups. Our chief results (theoremis 2 and 3) state
the existefice of a free subgroup of the rank 2% in every compact, con-
nected, non-Abelian group and in every locally compac’g, connected noi;;f
-zolvable group!). ' ' o i Lt

These problems arise in connection with some special constructions
on the sphere (see. e. y. [12], [13]). W. Sierpiniski [17] has proved that
the group of rotations of the sphere contains a.free subgroup o‘f‘the?
rank 9%, His proof is effective (i.c., does not use the axiom of choice).
This effective method is further developed by J. de Groot [53]. M. Ku-
ranishi [10] proves the existence of a free subgroup of ra,nll; 2 in every
semi-simple connected Lie group. Clearly our results generalizes all these
theorems, but we are using the axiom of choice and the result of Ku-
ranishi. A part of our reasoning (the proois of Theorem 1 and Lgmn}? 1?
is analogous to a proof of the above mgntioned theorem of Slerp;ps]m
given by J. de Groot and T. Dekker [6]. .

The authors are indebted-to prof. J. Xog for some general 1dea§
of this paper. ;

2. Notions -and notations, The rank -of a free group F [of an
Abelian free group F] is the cardinal number of a set of free generators
of F and is, as we know, uniquely determined by #.

A set of free generatory of a subgroup of & group
set in G. S o

The group generated by all-the commutators: in@ group @ is hca.]led!
the commutant of G. - S ]

":The clogure of ‘the commutant of & topological - group 18 called its
closed commiutant (it is*normal becanse the closure of a normal subgroup.
is normal). ; ’ : ‘

@ is ca]ied a free

1) These  results have ‘Been anmounced-in [2]. .
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