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by
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In this note we shall give a complete characterization of abelian di-
visible groups which admit compact topologies.

This work is in part an answer to the following problem of 8. Hartman:

Let {K.}.er denote the class-of topological groups obtained from
the group of rotations of the circle by different compact and undecom-
posable topologies. The question is whether all groups K. are topologi-
cally isomorphic?

We shall show that there exists a clags T*

CT of the cardinal con-
tinuum of non-isomorphic groups K,, ve T*.

1. Terms and notation

All groups ave additively written abelian groups. A group is called
-divisible if for each integer #- and each g € G the equation nz=g¢ is sol-

vable in & We know [3] that a divisible group is of the form
6= DR+ ) o,
¢ r

where the groups R+ are isomorphic to the group of rational nmumbers
and the group 0:;, is the direct sum of 4y quasicyeclic groups C,0. Denote
the eyelic group of order » by C,.

The topology v of the group G is de
group G, with the topology 7 'is the direet sum of its two closed sub-
groups. If any tepology of the group G is one-dimensional, connected
and compact, then that topology is undecomposable ([4], p. 263).

Two topological groups . and @ are topologically isomorphic

(symbolically F'=@") if there exists 5 bicontinuous isomorphism of @°
and G".

The character group (
of the topolegical group

(1)

composable if the topological

topologized in the known manner

e ([4], p. 242)
G is denoted by @
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Let @& be an arbitrary torsion-free group, g0 an element of @ and
PryPeye- Bhe increasing sequence of all prime numbers. We denote by
kl(’g) the greatest integer & for which the equation pﬁm:g is solvable
ix'lr G if there is no maximal exponent of this property we write k,(g)= co.
The sequence

(kn(!/)) = (7‘71(9) i k2({/) 3 )

thus defined is called the characteristic of the element ¢ € &. Consider
two characteristies, (ki(g)) and (k/(h), as equivalent it kj(g)=»k(h) for
all but a finite number of indices n with ki(g) #£co and k/(h) = co.

2. Lemmas

The following lemmas are well known:

1. If a topological group @ is discrete, then G is compact ([4], P 242).

2. If a topological group G is discrele or compact, then Go=G ([4], '
p. 256). N -

3. If @ is discrele and G =y, then G=2% ([4], p. 261).

4. The character group of a compact torsion-free topological group is
divisible ([2], p. Hd). .

5. The character group of a divisible compact topological group is
torsion-free ([2], p. 55). ‘

6. The (compact) character group of a discrete topological group of
rank n has the dimension n ([4], p. 263). B

T. A compact divisible topological group is connected w-nd, vice versa,
a compact connected topological growp is divisible ([2], p. 55).

8. The characteristics of mon-zero elements of a iorsion-free group of
rank 1 are equivalent ([3], p. 191).

9. The class of the characteristios equivalent to the sequence (Ic,,(g))
defines up to an isomorphism the group G of rank 1 ([3:!, p. 191).

Each characteristic of this class is called a characteristic of the group G.

10. To each sequence of positive numbers and the s?/mbols' oo co_rr;s:
pords @ torsion-free group of rank 1, having that sequence for its characte
ristic ([3], p. 192).

3. Theorems

Let @ bé any compact connected topological grou‘}). The g;‘o:;)ctg;
as a divisible group, is of the form .(1). Bx Lemma a,t t?ﬁ cS eauence
gronp @ is a discrete torsion-free topological _group. Le e seq
(ku(g)) be the characteristic of an element ge G-
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THEOREM 1. If ky(g)=oc for each g e G, then the group O,,:o does not
occur in the swum (1).

Proof. If the above statement were not true, there would exist
such a non-zero character y of the group &, that p,y would be a zero
character, or p,z(@)=0; hence y(p,&)=0. But according to the hypo-
thesis each element of ¢ is divisible through p,, which means that
PG =G, whence y(G)=0, which contradicts the assumption.

THROREM 2. If there exists such an element g e ¢ that Jealg) = o0, then

the group C,,:o appears in the sum (1).

Proof. The equation py®*'z=y¢ is not solvable in &, whence

pe@IG S G The elements of the group G/p@+*G are at most of
order p®*1 This group, as a discrete topological group, has a non-zero
character y,. The superposition of the natural homomorphism & onto
G/pe@+'@ and of the character z, is & character of order at most pa®-+?
of the discrete topological group &. In view of the divisibility of @ we
conclude from the existence of such element in @ that the whole group
(oo appears in the sum (1).

THEOREM 3. If (?/p,,é 8 a cyclic group, then in the sum (1)

appears
exactly one direct summand Cpeo. o
.

Proof. Egdch character of the order p, of the group @ is a character
of the group &/p,@, and vice versa. Hence there are exactly p, elements
of order p, in @, which completes the proof.

TEBOREM 4. If G is of rank 1 then Gp,G is eyclie.

Proof. Since all elements of the group G/p,G have bounded orders,
‘the group G/p,G is the direct sum of eyclic groups. Let a, + .4,
@, +PaG, ... be generators of those groups. Let a, == a,; since @ is of rank 1,
we have ka,=ma, and (k,m =1; then ka; + p,G=ma, + p,&, but thus
ka,=ma, € p,@, whence p,|k and Palm, which gives a contradiction.

4. Corollaries

Let us take an arbitrary sequence of integers and symbols oo
(kl,km.:). This sequence defines (up to an isomorphism) the torsion-free
group & of rank 1 for which the sequence (k;,k,,...) is the characteristic.
If we consider the group @ as a discrete topological group, its character
group @ is compact, connected and one-dimensional. Let the group &
cgn‘espond to the characteristic (%,%,,...) of the group @. Isomorphic,
discrete, topological groups have topologically isomorphic character
groups, and vice versa. )
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CorOLLARY 1. FEquivalent characleristics correspond to topologically
isomorphic topological groups, and vice versa: topologically isomorphic groups
correspond to equivalent characteristics.

By theorems 1-4 we have

COROLLARY 2. The characteristic (k,k,,...
algebraical form of the group G.

Tndeed: if Ic,,=o§>, then the direct summand Cpeo does not appear

) of the group @ defines the

in @; if k,7 oo, then there is exactly one direct summand C,= in G.

JOROLLARY 3. The group H of the form

SEAS .

€0 i

where O=c¢ has a compact topology.

Proof. As follows from Corollary 2 and lemma 3, the group H ecan
be the character group of the group H of rank 1 and in the characte-
ristic {k,} of H only k, 5= co.

The characteristic (ky,%,...) for which k,=oco for all but a finite
number of indices =1, ,Ny,...,2, corresponds in our correspondence to
2 one-dimensional, connected and compact topological group & of the
algebraie form ¢=3 R} 4,00 4 ... 4. From the fact that all charac-

. m T

teristics whose element = co for all but a given finite number of indices
W= Ny Wy ey b aT€ equivalent follows

COROLLARY 4. All one-dimensional, compact, connected topological
groups of the algebraic form (= > R, +Cpee+...+Cpoo are topologically
3 m [

isomorphic (with the sequence Puy,...,Pn, fived).

Let (ky,k;,...) be a characteristic for which there exists an infinite
sequence of indices {u;} such that %,z oco. This charaeteristic corresponds
to the compact, connected, one dimensional topological group G of the
form G=3 R 43 (e0.

i i Kl

The class of non-equivalent characteristics with &, 7oco (i=1,2,..)

has the cardinal continuum.

OROLLARY H. The class of topologically non-isomorphic, one-dimen-
sional, connected and compact topological groups of the algebraic form
A‘Z‘R,—I— ;’ C',,:lc has the cardinal continuwum.

This answers the problem concerning the group of rotations of the

circle raised by S. Hartman.
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5, The main result

THEOREM 5. A divisible abelian group @ admits a compact topology
if and only if it is of the form
@ G= R+ 0%

€T r
where 1° T=2™ =8, 2° 4, is finite or 4,= 2%, s 2%, 8° for each p T >1,.

Prootf. Sufficiency. It can easily be seen that the group G of
the form (2) with conditions 1°-3° can be expressed as a complete direct
sum of groups having the form
3) DR+ e

LEQ i i
where D=¢ and {n;} is a finite -or infinite sequence of integers. Each
group of the form (3) has a compact topology, as was stated in Corol-
lary 2. The group & has then a compaet (product) topology.

Necessity. Let @ be an arbitrary divisible group that has a com-
pact topology. By lemma 3 #=2" where n=~G. The following simple
reasoning shows that the torsion-free part of the group & has also the
cardinal 2"; that implies that G fulfils 1° and 3°. Let a,,...,4,,... be a ma-
ximal set of linearly independent elements of the torsion-free group &,
and #;,x, two linearly independent elements of the torsion-free part of
the group of rotations of the circle K. Let y be an arbitrary function
on &,...,a,,... t0 z,,x,. This function can be prolonged to the cha-
racter of the discrete topological group @. Indeed: let a e &; we have
A= Ny Oy + ooe Ry, By, - LY g (@)=, y(0,) + ... + 1y, x(a,,) a0d x(a)=2z,
where 2 belongs to the torsion-free part of K and is a solution of the
equation ne= 1, x(a,)-+ ...~ Ny x(a, ). Then x is the character of the
infinite order of the discrete topological groups @, whence the torsion-
-free part of the group & has the cardinal 2" and n>>0,.

To get condition 2° we consider the subgroup G, of all elements
of order p of the group &, and observe that G, is the character group
of the discrete topological group G/p@. If G/p@ is infinite and has the
cardinal s by lemma 3 G, has the cardinal 2%1),

6. Example

From the existence of torsion-free undecomposable groups of rank
greater than 1 follows the existence of compact connected topological
groups of dimension greater than 1 which are not direct sums of their

1) The fact that the number of Cpoo summands in the compact topological group
either is finite or is an infinite cardinal of the form 2% s known (see [2], p. 55).
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closed subgroups. Therefore the produect topologies of complete direct
sums of one-dimensional, compact, topological groups do not exhsust
the elass of all compact topologies of divisible groups. For example:
any pure subgroup € of the group of p-adic integers is undecomposa,ble;
(cf. [3]) and C/pC~C, Hence the character group of the discrete topo-
logical group €' is by theorems 1-4 of the algebraical form €'— 2 R, +Cpo.

If ¢ has rank o, finite or not, then dim (=g, and, in view oftthe unde-
composability of €, C is topologically undecomposable.
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