38 M. Lubanski.

[5] B. Knaster, Quelques coupures singuliéres du plan, Fund, Math. 7 (1925),
p. 264-289, ' ’

8] C. Kuratowski, Sur les coupures irreductibles duw plan, Fund. Math. 6 (1924),
p. 130-145. ; :

[7] K. Borsuk et 8. Mazurkiewicz, Sur les rétractes absolus indécomposables,
Comptes Rendus de I'Ac. des Sc. 199 (1934), p. 110 and K. Borsuk, On an Irreducidle
2-dimensional Absolute Retract, Fund. Math. 37 (1950), p. 137-160.

81 C. Kuratowgki, Topologie 1I, Warszawa-Wroctaw 1950, p. 371 and p. 380.

[9]1 K. Borsuk, Uber eine Klasse von lokal cusammenhdngenden Rdaumen, Fund.
Math. 19 (1932), p. 220-242, in part. p. 224,

[10] K. Borsuk, On the imbedding of systems of compacta in simplicial complexes,
Fund. Math. 35 (1948), p.. 217-234. In particular p. 224 and 230.

icm

A Solution of a Problem of R. Sikorski
By }
Shin’ichi Kinoshita (Osaka)

¢. Kuratowski showed in his paper?!) that there exist two 1-di-
mensional compact sets (on the plane) which are not homeomorphic to
each other, although each of them is homeomorphic to a relatively open
subset of the other. In this note we construct two 0-dimensional com-
pact sets satisfying the same condition ?), which give the answer to a pro-
blem of R. Sikorskis?).

Let P be a given 0-dimensional perfect compact set and let p be
a given point of P. Let @, be a countable ecompact set such that the a-th
derivative Q'Y of @, consists of a single point ¢, (¢<2w). Let R,
=P q,+p>Q, in the product space P x Q.

Consider the set of points p,=2C= 7, n=0, 1, £2,..., and put
Apn = (1/m,ps), m=-1, +2,..., on the plane.

We construet the setS Dmpun 3 @nn, on the plane as follows:

If m is positive and m-+n >0, let Dy, be a topological image of
Ruyny, Where @, corresponds to (ps @mrn), the diameter being less than

1,..{1 1 -
5 Min (ﬁ‘mﬂ,cl' ,p[,,;+1~p,,,,)-

If ui is positive and m+ n<0, put Dpp=am,. If on the other
hand m is negative and im|{+n>0, let D,, be a topological image of
Ros\mj+ny Where a,, corresponds to (Dy Qutimi+n), the diameter bheing
Tess than

1ot (2 1
3 MG T 1 Pinir ™ Pl

If m is negative and jm|+n <0, put Dpyn= pa-

1y ¢. Kuratowski, On a Topological Problem Connected with the Cantor-Bern-
slein Theorem, Fund. Math. 37 (1950), p. 213-216.

) The construction of this example is essentially analogous to that of C. Kura-
towski, which are 1-dimensional, for the proposition in his paper that two sets are
not homeomorphic can be proved by the same method as in this paper.

3) Coll. Math. 1 (1947-48), p. 242. See also C. Kuratowski, loc. cit.
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Put
. | 1
A= [ Pant g 0=0) = + (o= Ha=0 o 1]+ 0,0+ 0,1,

mn

B .—:A—DE (m=1)—(1,0)—(1,1),

mn

(=B —DE (m=—1)—(—1,0)— (—1,1).
mn

Then A, B and O are (-dimensional compact sets and B and ¢
are open subsets of A4 and B respectively. Clearly 4 is homeomorphic
to C. Therefore each of 4 and B is homeomorphic to a relatively open
subset of the other.

Now we shall prove that 4 is not homeomorphic to B. Suppose
on the contrary that there exists a homeomorphism % which maps A
onto B. It is easy to see that A(0,1)=(0,1), 2(0,0)=(0,0).

It @=(1/m,1), then there exists m’ with mm’ >0 such that ()
= (1/m’,1);

if &= (0,p,), then there exists »' such that h(@)=(0,pn);

if ®= Wy, m>0 and m-+n >0, then there exist m' > 0 and »' with
mn=m"4n' such that h(z)= au.;

and if s=ay,,, m<0 and |m|+n>0, then there exist m'< 0 and
n' with |m|-+ n=|m'|+n’ such that h(x)= tmy.

For each natural number ¢ and %k>¢-+1, the homeomorphism A
has the following properties: i

(+) On the left-hand half of 4, 4. e. on the subset of A, the x-co-
ordinates of whose points are negative, the number of points @, with
|ml+n=% such that

y[amn] >pi) y[h(a‘mn)] <pi 4)

is equal to the number of points ., with |m’}+n"=k such.that

Y[ ] <Py ylh (am'n')] > Pi.

(»+) On the right-hand half of A the number of points ay,, with
m-+n=Fk such that '

Yl tmn] >p:, Y[h{ama)] < s

is larger than the number of points am, with m’'+ n'=% such that

ylam] <Pi y[h(a'm'ﬂ’)] > i

Put ‘t,.—-=(0,p,.). For each ¢, there exists a natural number u(t,) such
tl-la,h Y[R(@ma)1= y[R(t,)] for every m with m| =u(t,). Put Ti={tg,bts1yeer,tus}
(2=1,2,...) and let u[i]=Max{u(t,)}, where £, ¢ T:+17YT;). Then u[4]=1.

*) ylal denotes the y-coordinate of a.
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Now let v (i) =Max {y[t.]}, where t, ¢ T;-- k™ (T}), and let v[7] be the integer
such that v(¢)=p,;. Then v[i]>=17. Let &> ul[i]-+ v[i].

Then we have the following proposition:

&) There exists ot least one Gy ny Which satisfies one of the jollowing
conditions:
(1) >0, i+ n=ki, ylama])>p; and YL (@mn)]<<p_;.
(2) om0, i)+ =kiy Ylamn]l<p_, and Y @myn))] > i

In fact, by the definition of k; the number of points a,, with
m+n=k; (where m >0) such that
¥ ama) >pi, P LY (@Gma)] < s

is equal to the number of points a,, with [m'i+n'=Fk (where m'< 0}
such that

Yl rw] > piy P SY[h(@n )1 < ;e
This number will be denoted by w,.

Similarly the number of points am, with m-+n=1»% (where m >0}

such that

P NYlamal <piy  Ylh(@ma)l>p:
is equal to the number of points a,, with
such that

m" +n'=k; (where m'<0)
p_,- é.’/ [am'n’] <Pi- ’/[h ((I,,,rn')] > Pi-
This number will be denoted by w,.

Now we assume that there is no point which satisties (1) or (2).
Then on the left-hand halt of 4 we have w,>>w, by (s), since there is
no point which satisfies (2). Similarly on the right-hand half of 4 we
have w, >w, by (=),si nce there is no point which satisfies (1). Then we
have 1w, >w,>w,, which is a contradiction, and this proves the pro-
position (,

Now let {a,,,,,,,,.'}: be a sequence where ay,, satisfies one of the con-
ditions of (,

If there exist infinitely many m;>0 in the sequence {amy}, then
there exists a subsequence {a,,,ij,,‘.j} which converges to a point s such

that y[s]=1. Since the sequence {h,(a,,,ij,,,.j)} must converge to (0,0), we
have h(s)=(0,0), which is a contradiction.

If there exists infinitely many m; <0 in the sequence {am,}, then
there exists a subsequence {@m; »,} which converges to (0,0). Then the
sequence {h(a,,,,.,,,,.j)} converges to h(0,0)= (0,0), which is again a contra-
dietion, and the proof is complete.
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