48 , W. Sierpinski.

d'ensembles lindaires parfuils, il existe un ensemble lindaive non dénom-
brable qui est transformé par toute fonction de la famille @ en un
ensemble qui est de 1% catégorie sur tout ensemble parfait de [a
famille @,. ' :

En admettant I'hypothése du continu, on obtient du théordme IIbis
tout de suite ce

Corollaire TIPs: Si 2% —w,, il existe un ensemble lindaire non
dénombrable qui est transformé par toute fonction mesurable d'une
variable réelle en un ensemble qui est de 1% catégorie sur tout ensemble

parfait 1),

) Cf. W. Sierpidfiski C. R. Soc. Sc. Varsovie XXII (1929), p. 58.

icm

On tangents to general sets of points.
By
A. S. Besicovitch (Cambridge, England).

In this note we consider the problem of the set of points at
+which the tangent to a given set exists,

We deal with two definitions of the tangent: one is independent
of the notion of measure; the other is based upon this notion. In
-either case we prove the

Theorem. The set of poinis at which the tangent to a given set
.exigts is always of finite or enumerably infinite linear measureY).

First definition of tangent. Given a plane set E and a limit point M
of the set, either belonging to the set or not, we say that a line M1
is the tangent to the set at the point M if fo any two lines MT', M1”,
however near M1 and on different sides of MI, there corresponds
-a positive number r such that all the points of the set E which belong
to the circle ¢(M,r) (of cemtre M and radius r) lie in the acute angles
between MI' and MI”.

We shall first prove our theorem using this definition.
Denote by G the set of all the points of the plane at which

‘the tangent to the set E exists. Let & be a fixed line and 6 < g—
Denote by G(0) the subset of the points of & at which the tangent
to F makes with % an angle < %

Let G(6,7), >0, be the subset of G(f) consisting of the points M

1) A set E is said to be of enumerably infinite linear measure. if it can be
represented as the sum of an enumerably infinite system of sets cach of finite
‘linear measure,
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for which every segment of length < joining M to a point of &
makes with 4 an angle < g We obviously have

G(6) =1lim G(6,r)
r-»0
so that "
,,
R 60— Y 605
. n=0

Take now a pair of coordinate axes in the plane of the set E
so that the directions of the bisectors of the first quadrant and of
the angle 6 coincide, and divide the whole plane into squares of

side —27: by parallels to the coordinate axes. Taking an arbitrary

point M, of G(6,7) we conclude that the segment joining M, to an
arbitrary point of £ lying in the same square as M, will make

6 . .
with % an angle < 5- And a fortiori a segment M, M, joining two

points of G(6,7) that lie in the same square, will make with % an

angle < 7

Taking an arbitrary square containing points of G(0,r) we define
the funetion y= f(x) by the coordinates of the points of G(6,r)

belonging to this square, Denoting by H the set of ahscissae of

these points we define f(z) by the continuity condition at limit
points of H and linear interpolation at exterior points of H. The
fanetion y = f(x) is an increasing function of z in the square and
represents a continuous curve. Thus all the points of G(6, r) lie on
a finite number of monotone curves (equal to the number of squa-
res containing points of G{(6,7)), from which it follows that G(6,7)
has a finite linear measure. Then by (1) G(6) has a finite or an
enumerably infinite linear measure, which proves the theorem.

Passing to the second definition of the tangent we shall first
give the definition of »-dimensional sets and »-dimensional measure 1),
Let E be a plane set of points. Denote by A(d) a finite or enume-

') Hausdorff. Dimension und Husseres Magg, Math. dnnalen 79 (1918),
pp. 167—179,

A. 8. Besicovith, On linear sets of fractional dimensions. Math, Annalen
101 (1929), pp. 161—193.
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rably infinite set of open convex areas of diameters less than <4
containing all the points of E. Denote by I the diameter of the
variable element of the set 4(d) and consider the sum of numbers 7
corresponding to all areas of 4(d). We write this sum in the form

.

A()

Define now the lower bound of this sum 31 for all possible
A0
sets A(J), then the »-dimensional measure m, E of Z is defined by
the equation
m,E=liml.bd ¥ p.
d—0
Acy

To every set E corresponds a number #, such that

m, E=0 for all »>y,
m, E=o0 for all »<Cy,.

The set E is called a v,-dimensional set or simpler a w,-set and the
number v, is called the dimensional number of the set E.

Of course we assume the set £ to be measurable with respect
to this measure in Caratheodory’s sense.

The »-dimensional density is defined in the obvious way.

Remark.
An immediate application of the theorem which has just been
proved to the case of a Jordan are leads to this interesting result.

If the dimensional number of the set of points represented by
a Jordan arc is greater than 1 (it may be egual o any number from
1 0 2) then the arc has a tangent only at exceptional points of the are.

Second definition of tangent. Given & set E of finite and po-
sitive v-dimensional measure and a point M (either belonging to the
set B or not) at which the lower v-dimensional density of E is po-
sitive, a line M1 is called the tangent to the set E at the point M if
Jor any two lines MI', MI" however near MI and on different sides
of MI, the part of the set £ included in the obtuse angles between MI
and MI” has zero w-dimensional density at the point M.

We shall now prove our theorem for the case of this definition
of the tangent. Denote by G the set of points at which the tangent
'
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o the set Z exists. Let G(a) be the subset of G of points at which
the lower »-dimensional density is greater than a positive number a.

We have

a->0
Consider now the set G(a,4) of all the points M of G(a) at which
the following condition is satisfied
m, {B X ¢(Ml)} > a @ )y for all IS4

We have
) G ()= lim G(a,4).

Let now % be a fixed line and 6 <C g Denote by G(a, 4, 6) the
set of the points of G(,2) at which the tangent makes with A an

angle < —g« Then the set G(e,4) may be represented in the form

(4 Gla, )= G(a,40)
0

where the sum is extended over a finite set of overlapping angles 6
(bisected by different lines &) covering the whole angle from 0 to 2.
Take now an angle 6, 6§ <6, < g, with the same biseetor as § and
a positive number & satisfying the condition
) 2e< a (sin ﬂl—:j Q) :

Denote by
{¢ (M, 1) outside 6}

6 .
the system of radii of ¢(M,l) making an angle = 3 with 2 and

let G(a,4,6,4), 0<<4; <4, be the set of points M of G(a,4,06) fur
which the following condition is satisfied

(6) m, [B X {¢(M,1) outside 6)] < e(21y> for <4,
We have
) G(a, 4, 0) =}im G(a, 40,4,

1—>0

Divide the plane of the set £ into squares of the side Y and

Zu
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let M,, M, be any pair of points of G(e,4,6,4,) belonging to the
same square. Then we shall prove that
the direction My M, makes with h an angle < %‘

For, if not, the distance from M, to the sides of the angle 6§, with
the vertex at J; and the bisector parallel to h, is greater than

. 6 — . — 6
M, M, sin —1—2—9 and thus the cirele ¢ (.Mg, M, M, sin 2 3 0) consists
of points whose joins to M; make angles greater than or equal to
0 .
5 with A,
We have

mAB X o (M B My s 91—-2—(—’)} >a (21141 M, sin ;9)”

and ag the cirele c(M,,2M, M,) contains the circle c( M,, M, M, sin b, ‘2“’ g)

we conclude that

8) m, [E X {c (M,, 2 M, M) outside 0}} >a (2 M, M, 5in 2 o)y

2
on the other hand by (6)
9) my, [ B X {e (My,2 M, M,) outside 6)] < e (4 M, M,)*.

We conclude from (5) that (8) and (9) are contradictory and
thus our statement is proved. Then in the same way as in the case
of the first definition of the tangent we prove that the set G/(e, 2,6, 4,)
lies on a finite number of rectifiable curves, i. e. that it is of finite
linear measure. Then from (7), (4), (8), (2) we conclude consecuti-
vely that each of the sets

G(a,1,0), G(a,i), Ga), G

is of at most enumerably infinite linear measure, which proves the
theorem.

Trinity College, Cambridge, England.
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