On Continuous Curves which are Homogeneous
except for a Finite Number of Points.
(Second Part)

By
T. C. Benton (Philadelphia).

In the first part of this paper the discussion of the general case
was not completed. This part will finish the discussion, As it is &
direct continuation the paragraph numbers will continue from the
point where those of the first paper stopped and reference to pre-
vious paragraphs will be made simply by number. (Any number
less than 10 being in the first paper in vol. 13 of this journal),

Iv.

10.0 The second case of 5.9 will now be considered. Let M be
a continuous curve homogeneous except for m POIRtS €41y €iapeery Crmy
each of which have k, arcs meeting at it, and n points tyyy Caggeny Copy
each of which have %, arcs meeting at it. The points ¢, ¢; can be
made to correspond under some m, for all values of ¢ and j; also
the points ¢,, ¢y;: but not ¢, and ¢y

10.1 Each arc of M, (see 58.1) has a ¢, at one end and a Cax
at the other.

Proof Since M is connected there must be some arec M, con-
necting some c;; to some ¢, and having no other ¢-point on it be-
cause if every arc joined only points of .12'0” or only points of

2y there would be at least two mutually exclusive parts of M,

J
f?r the two types of arc cannot meet anywhere but at c-points
since all other points are ordinary points (5.8). If p, and p, are
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homogeneous points such that p, is on this are from ¢, to ¢, and

p, i8 on an are from ¢,, to ¢, and if m,(p,) =p,; then the cor-

respondent of ¢;; must be either ¢, or ¢, because m, is continuous.

This however is a contradiction to the assumption that points of

?c” could not be made to correspond to points of ¢y, and the-
J

refore no arcs joining the two c-points of the same class can exist.

10.2 Let My be the set of all arcs of M which join ¢, to cy; such
that these arcs contain no other c-points of M. Then M is a homo-
geneous comtinuous curve except for c¢,; and cy;.

Proof Let p and ¢ be any two points of M,; and let 7, give
7wy (p) = g. Now the arc of M, which contains p must correspond
to that which contains ¢ and therefore my(c,) = ¢;; and my{cy)=1¢y;
But then every arc of M, must correspond to an arc of M since
7y i8 a continuous correspondence.

10,3 Let a new set be constructed which has exactly the same
c-points as M but which has only two arcs joining the c-points
which in M were joined by a set M. Call this set o7’. In O’
each complementary domain is bounded by an even number of arcs,
for the arc must end in a ¢-puint of the class of which its begin-
ning point was not a member. Let a second new set % be con-
structed by taking the points of 3¢, and joining them by certain

ares constructed in the following lway. In 7" take a complementary

domain 9 which has more than two c-points on its boundary. The

c-points are alternately a point of J¢;; and a point of 2 ¢,;. If the
i i

points of ¢, be disregarded F(9) will be the sum of certain

ares joiningj points of ¢,,. If this be done for all domains of %"

which have more than two c-points on their boundaries the result

is the set &7 which was to be constructed.
104 81 is a set with 3¢, as its only non-homogeneous points and

is therefore a set described in part III

Proof. By making each arc of % correspond to the arcs of
which were used in comstructing it there will result a 1—1, con-
tinuous correspondence except at the points of jEc,, and their cor-

respondents. Since &7’ was homogeneous except for ‘I‘Jc,,-—{—%‘ €y

it is obvious that a correspundence of &7 into itself ean be found
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cuch that any two particular points, nei.ther of which are the cor-
respondents in &% of c-points in on’, will eorrespond. . .

Suppose @ is the continuous co.rrespondence which gives
@90 = N, then @ is 1—1 and continuous except for the l)()]:lts
E\c,j of O and their correspondents in 9/ Also Qj{IE’ 01/}=%01,.
from the method in which @ was constructed. Suppose that
Q(fg oy) = > e

'Oonsider now the case where p, and p, are the two homoge-
neous points of d% which are to correspond under a correspond-
ence of @/ to itself. Then @~*(pu) == ¢y and O~ (p,,)m(',.‘,-. Let
pi be on an arc from ¢y, 0 cy in & which was constructed f'rorri
the arcs oy cs; and ¢y g in O Also let py be on ¢, ¢ of N
which was constructed from ¢, ¢, ¢y ¢35 Of W' Le? 2 he &.homO“
geneous point of &% on the are ¢iu Pi and 2’ the point of &%’ such
that @*(z)=«’. Then @7'(c1, Pu) == C1a oy Also let y bfa a homo-l
geneous point of 9% on the arc ¢, pu and Y’ that point of &%
such that @~ (y)=1y’; then @~'(cy,py) = 1,y Now le.t Tonr
throw z' into y'. Then Loy (64) = €1y and Tapp (¢q;) = ¢y since po-
ints of 3e¢,, cannot correspond to puints of 3¢, Then @ (y') =2,

" & point ‘on ¢y g in O But z=y since @ is 1—1 for homoge-
neous points, but then for continuity @ ()= pi- .
Hence by choosing the correspondence of points where @ fails

to be 1—1 in this fashion on the other arcs we can get the proper -

correspondents for all the @(c,) and still have the result of
(0~ ¥ @) a 1—1 correspondence of & into itself which throws
Pa into p;. i

Lastly consider the case where p, and g are the two points
of &% which are to correspond, where ¢ corresponds to a homo-
geneous point of 77", Let @'(g)==s. Let s be on an arc ¢y ¢y of
o’ and g on an are ¢ c,; of . Let p,, be the point of ¢, ¢, for
which @' (w5)==¢,;, By the preceding case it is possible to con-
struet a correspondence which will make p, correspond to p,, But
then there exists a correspondence which leaves all of &% invariant
except the arc ¢;,¢,; and on that arc puts ¢ in correspondence
with p,.. So p, can be made to correspond to g¢.

Therefore any pair of points of &% except pairs one or both of
shich belong to ?c” can be made to correspond. Hence &/ is ho-

mogeneous except for the points Xe¢,,.
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105 Having shown that it is possible to construct a skeleton
set with all of its ¢-points of the same type, a method is needed to
reconstruct the sets of the new type from those of part IIL Sup-
pose a skeleton set 9 of the type in part IIT be taken. A set a7
(in the sense of 10.3) can be constructed by replacing each arc of
87 by two arcs. Then in any domain not hounded by just two ares
let the arcs of the boundary be replaced by a set of pairs of ares
which have only one point ¢,; inside the domain in common and
each pair of which ends in one of the & ¢;; points on the boun-

dary of the domain. The new set so constructed will be a set &%’
of 10.3. Obviously the correspondences of 10.3—10.5 can be re-
versed except for the points c,; at which the correspondences fail
to be 1—1. Hence the set &7’ is a set with the properties postu-
lated in 10.0 and the extension to more complicated sets of the
same type is easily made.

10.6 On performing the construction of 10.5 only two new ske-
leton sets are found.
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