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On the continuity property of Gaussian random fields
by
HISAO WATANABE (Fukuoka, Japan)

Absteact. The conditions for sample paths to be continuous arve considered
for Gaussian random ficlds, Especially, the necessary conditions are described.

§ 1. Yntroduction. Let X = {X(}), f« R% be a zero mean, real, sta-
tionary, separable, mean continuous, Gaussian random field with a d-
dimensional Euclidean parameter space. Then, the covariance function
o(f) = B(X (I-+®) X (3)) is expressed byﬁfd cos (£, 1)dF (1), where (,) denotes

the inner product, £, 3¢ R® and F(-) (*) is a bounded positive measure.

The purpose of this paper is to desceribe the continuity condtitions
of path functions (which are known for the 1-dimensional parameter
case) for random fields. Most sufficient conditions for sample functions
to be continuous are already described for random fields. Thus, we shall
be concerned mainly with sufficient conditions for sample functions to
be discontinuous.

Tn the case of the l-dimensional parameter space, the conditions
in terms of the spectral measure F(-) were given by Kahane [4] and
Nigio [7]. The corresponding results for random fields are the following.
Let s, = F(Tec Sps1)—F(ie 8p), where  Smu = {4; 12| <2",
n=0,1,2,... -

Trmonum 1. If X (B) 48 continuous, then 3 sh< oo,

feml

Tymormm 2. If there ewists a docrensing sequence { M} such that &, < M,

and f MY < oo, then X has continuous paths.

Neml,

As is shown by Maxeuns [5] and Marcus and Shepp [6], these conditions
are neither t0o strong, nor necessary and sufficient. Howoever, they give
a simple criterion for some cases. In § 2 and § 3, we shall give the proof
of the above theorems.

A result borresponding to theorem of Marcus and Shepp ([61, p. 380)
is as follows.

() F.ig oceasionally used as a measure or as a point funetion.
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TaEorREM 3. Let X be the above-mentioned Gaussian process and let
{X(r),7< R} be a stationary Goussiam process which is a resiriction to a
1-dimensional parameter subspace of X. Let o*(h) = B ((Y(r—i—h)—— Y(r))z).
Let p be any nondecreasing local minorant of o, that is, for some ¢ > 0,

oMy =pm)>0, 0<h<s,

p(h)}, O0<h<e.
Iy
f ‘P(e—zz)d-” = 00,

then the paths of X are not continuous.

Proof. The proof is easy. In §4, we shall deal with applications
and comments.

A necessary and sufficient condition for Gaussian sample paths to
be continuous is given by Sudakov [9], but it seems to be difficult to
express his condition by any explieit formula involving the spectral
function or the covariance function.

§ 2. Proof of Theorem 1. Let {Ty,j =1,2,...} be an increasing

sequence of positive numbers such that ) —= < co and T;>=1. Let

1;1: v,

% (@) = max (1—lal, 0),

6,(2) =1°£Ix(—1}:—j), — o< A< oo,
J=r

00y ooy Ja) = 0,()0, ) .. O,(3),  — o< A< 0 (i = 1,2, ..., d),
1 [ o (A
K,.(t) =-]—/§_.; —[o 6“% ('—E)dl, — o <Lt< oo,
Kr(tly"'atd) =Kr(7“1)"-Kr(td)7 — << oo (4= 1527---7d)y
l —'-1— 6, (A) dA -
r(t)*l/g- ¢“'0,(4) di, 00 <1< oo,
T oo
zr(tlytw"'std) = Zr(t:l) "-lr(td); — o< < o (’L =1, 27---7(1)7
Ty
B == f ¢46,()dw, — oo <1< oo,
27 T,
U (bry ooy t) =1L (t) ... I (ta), —oo<h<eo (1=1,2,..,d).

On the continudty property of Gaussian random fields 83

Hence we note that
Lo(tyy oy oevy tg) = 0.
Also, we remark that
a

bty oy ta) = [ [Guir® 25 (8).

i=1 '

Asg is well known, X (%, ... ;) can be written in the form

o0 oo
K (lyy bay oy by ©) = [ oo [ OAFORBDGB (A Dy, .., Ay, ),
—o0 —c0

where @(+) is a Gaussian random measure.
Also, we put

1 d o0 o0
Y, (s oy ooy by ©) S(VT) f fX(t]—sl,tz—sz,...,td—sd, w) %
T/ leo —c0
XU, (81 8ay +0vy 82) A8y . dSy,
1 a [-<] ©o
Yty tay ooy bay @) =(7§_’:) f fX(tl""gutz""sz,"-;td’_"gm w) X
T/ lw —c0

L3
XU (81, 80y 005 82) 081 ... A84.

We can rewrite ¥, and Y in the following way:

T T,

W o
Tty tay ooy tay @) = [ oo [ bttt 0,3, Dy, .y Ag) X
-, 7, :
XAD(Ayy Ay o vy Agy ©),
* fre T il £
Y7 (bay bay ooey gy @) = [ gttt 6,0y, Ay .y dg) X
i =Ty

KA (g, gy +-ey Aay @)
Sinece X (¢, w) is continuous with probability one, by Fernique [2] we
obtain
a = B( sup |X(H)) < oo.
fef0,1}¢
We have the following lemma.
Levma 2.1. S

B( sup |Y5®)) < B( sup |Y,(5)) <a.
Tefo,11% te[0, 1%
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Proof. Let us put Z, (3, ... 63) = Y, (¢ ... )
Then Z, has continuous paths and

Y7 (byy oy +oes ta)e

Zyltis tay ooy ta) = : S G (1 1) %
Gty st e O, ~ O,y

X ADP(Ay; Aoy -vey Ag),y

‘where []T = {(Ayy.-es Ag); Ml <T (4 =1,2,..., @} Therefore, we can
eapily sce that Z, - 1 = Y¥,; moreover Z, and Y, x mo mutually independent
ag continuons functlon valued random vzurla.bles, and uging Lemma 3.2.4.A
in Delporte ([1], p. 143), we have

B < BT,

where || - denotes the uniform norm of continuous functions. Since
1 o0 oo -
(V_Z_;) f fl,(sl, Say +eey 83)A81 A8, ... A8z = 1, we have
Y, <o

Define stationary Gaussian processes V, and V) by

1\¢ .
Vot tay v tg) = | 7= ceo | X (B =81y B85y eavy Ig— 8y, @) X
Vor

e, |8 =—
i VT,

X K (81, 82y +v vy 8g)dS1dS, ... dsg,

V:(t1:t27---atd) (1/2 f f Yr+1(.t1_817t2"“827 o ta—38gy ©) X

CTATH
Vv,
X I, (81, .0y 8q)ds, dSy ... dsy.
The following estimates are crucial for the proof
V2
K,.(t) = m(l——COSTrt) = O,
- 2V2 -
B, ()@ < —oee f K. (fdt =1
1f Vr l/T,. ’ % " ’
VT,
£ Vs £
L)@ <—e  and fz 8 — 1.
lf <= Ju

VT,

icm
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By making use of the above estimates, we have

‘ ‘ o
f K,(gl,sz,...,sd)dsldsz...dsdgi/—;
ol > 7 v,
and f
o 1(81480y oeySg) A8 dsy ... dsy < —=
- . r( 1‘7 21 H d) 1%z d\]/T
Wﬂsﬂal/'—!:—— r
r

where O is an abgolute constant.
Therefore, we have

c
. ‘ BV € =—=
(2.1) IV < VT'
and
2.2 V*
(2.2) B < V_,

where € is an absolute constant.
LL‘MZM.A 2.2 Let {T,} be an increasing sequmce of ;pomtw& numbers such

that }" — < oo and T, > 1. Then

LSl
00 d '
e |2l \* ¥
Z( f ...... Jf n(l T‘ AT (A, )., 2a)) < oo
(41229 -Ad)‘ﬂ_p 1 Hy Fimd+1 4l
Proof. We define guccessively the random varlables 8y, 8; and Hy,
J=142 .., as follows:

( ) =0
(w) = Yl(Sl(w), ),

somete {f = (I ... 1); |t < 7o,
Yy (byyeneytyy @) = min - Y3 (815 895 ++v3 82y @)}
(lgl <T1(E=1,2, .., 0))
it Hy(w) < min' X3 (8y, 82y ey 8g, O,
(183 myfim1,2, 0 sd)) o
some e &5 [l <7y (6 =1,2,...,4d),
8y (w) = x . ‘
X5 (by bay vony tg) = max Y3 (81 Say «evy 82y )}
(171 <71 (E==1,2,.0.,d)) o
1f Hy(w) > max T3 (81, 825 +) 82y @),
' , (185 <7y (E=1%.-,0)
somcte {t, |t,| <7 (t=1,2,...,4d),
el . .
TR Y iy .- td, w) = Hy(w)}, otherwise,

[T

1
Whate T = L=
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Obviously, él(w) is meagurable with respect to the Borel field &,
generated by {d®(A;, dgy ...y A); A< T, (6 =1,2,...,d)}.

8;(w) it ¥;01(8; o) = Hylw),
some fe {f = (ty, tay o0y Ta); Il < 75
Yip1(tis tay oonytgy @) = mAX Tppy(81, 82y -0vy
lagl<7y
i Hy(o)> max ¥j.1(81) 83 - 83y @),
{l8i]<7p}
some fe{f = (t;, %, ...
Yj+1(t17tay sy
= Y11 (811 (0), ©).
gome fe {f = (ty, ta, ...
Yoty tay ooy tas

a3 )}
AS'j+1 (w) =

2 ta); Il < vy
tg; w) = Hy(w)}, otherwise.

Hp ()

yta)s Bl < Ty
: *.
) = min ¥y,(8y,...
1801<7j4-1
. . *
it Hypy(w)< min Yj,,(s1, 8, .-
E 18il<7j41

some te {f = (ty, 15, ..., ta); 1l < 7yq1y

Yj+1(t17 By eeeytay @) = MAX Yjyo(81, 825005 Say @)}

1931<75.4.1
1fH,+1( )> max ]ZHZ(S,, 82y .
1841 <7j+1

some i e {f = (ty, ty, ...

:3d7w)}
) 8ay @),

Bjp1(w) =
oy 8gy W),

via); Il < Tigly
Yoty oy ooy tgy 0) = Hyyi(w)}, otherwise,

1 1 .
where 7; = 14 Vi + o+ Vi By definition, §; and §; are meagur-
1 J

able with respect to the Borel field 4;, generated by {d®(i;, Agy ..., 43);
14| < Ty} Now we shall prove that

(2.3) P(j sup IHj(w)] < o0) =1.
g T =1,2,..
Let us put
7 = lim ;.
J—00

» » i H 1 a 00 oo
Yo(tyy ooy ta) = (ﬁ) f f X(ty—81,ta—8a, vouy Bg—84) X
) 8g)d8, A8, ... dsg ‘

X 0u(81) 83y o
.1 a
= |—== X (=815 euryty—8
(1/'2-;) flf (=815 00y Bg—84) X
loil< 57 (i=1,...,4) .
dsd'l‘

X (815 «evy 85)d8y ...

icm
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( ) f f Xy (ti— ayta—8a) X
a1, [si|>——

XU (81 8ay +0vy8)d8 08, ... d8z.

Here we can gee that

(&)d flf X(t

la¢]<;/—,ﬁ (Em1,...,@)

sup
g <v

g—8z) X

XU (8yy 83y 000y 85) 084, ..., d8g <“811i12) X (Byy oo ey b))
<2t
also, since [ ... [ T.(81, 85 r)

1
i, 18,-14;/—?;

with probability one; 8g)ds, ds, ... dsg

< const/l/lT we have

ZE( ltu<r ( Var )d f Jl X(by—8y1y .rny tg—84) X

i, Iﬂil>7T=
"

XU (Syy 8ay+eey 8g)d8 A8y ... A8y

<.

with probability one,

Therefore,

sup sup [Y,(f, ...,
L e
which combined with the definition of Hj yields (2.3). Now we observe
the following relations: :
Hyyy(0) = Hy(o) = {{Hjpi(0) — Hy(o)) v 0} —{(T,(8)(w), o) —
— 8UP Yj,1(81) 82y .00y 8ay @
184l<<7;
71 (¢ =1,...,d), we have
Yj4~](t17 ti“ re td)+
+ sup V(i ta ceey B).
LIRS )
Therefore, for # such that |4 < v, (4 =1, 2,...,d), we obtain

Y1 (tyy tay oovy ta) — SUD Ypp1(8es Sy ooy 8a)
8717y

) < o0

)vo}.
For (fy, 1y, ..., t;) satisfying |4] <

Y, (8,0, ta) < sup
|bgl<Ty (1,2, 000,)

< gup Vi(81) 82y -~y 8a);
J8gl <7y 1 (P=1,2,0.-,0)
(Z4(85()) — $UD Tyy1(81y 82y -vvy 82))V O
l“i[<fj . IR 1
< sup |Vj(81;821""sd)|

L ‘ l%l"j—l (J=1,3,.,.,d)
with probability 1.
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Again, by (2.1), we have

ZE Y8)—  sup  Xyi(Syy 85y .er, 82))V O} < 0.

=1 184174 (i=1,2,...,d)

w

By the‘ use of (2.3) and the relation

i

(Hypa— Hy)v 0
Gl
3 ‘ ‘
=H,,,—H+ (Yj(Sj)“ sup Y1 (81y 82y enny Sd))V 0,
j=1 : 18517 (i=1,2,...,d)
we have
2 (Hjp1—H;)v 0 < 0o, with probability 1. .
=1
On the other hand,
(2.4)  (Hyp—H)Vv 0 = (Y (8) —H)v 0
> (30 (8) — Ty (8)) v 0} —
{(H,—]slup Xia (b tey o ey 82)) v O}
. Hlse
Algo, observing that for (£;,1,,...,%) satlsfymg AR 750 (@— 1 2y 00y d)

Tty tay ooy B < Sup Y,-+1('L‘1, oy aeny

<7y (i=1,...,8)

ta) -+

+ sup

L gl <egg (F=1,...,d)
we have

(X;(tay tay --es

1g) — sup yf—m(su 839+ S‘d))V 0

181<7; (i=1,2,...,d) . .
S 2 A AT
1glsrymy
and consequently
Led .
D B((Yy(tyy tay oeny ta) — sup 1 8)V0)) < oo.
F=1

185175 (i=1,2, 0, )

*
Y1081y 825 -0

Now, using (2.4) and the relation

(Hj () — sup Yjpi(ty, tay oony )V O

i<y
= (Y,(S,(w), ) = sup Y,y (ty,

N PNA
Ifq'l<'=j ) d)) ’

V;(tly Ty v eita),

icm
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we gebt
D (¥p4a(8)) = ¥1a(8))v0 < oo with probability 1.
j=1 ‘
Put
Vi = Yj+1(s)”“ Y;—i-l(sj)
a
- ) oxp (Qj 106) 0121 (Bas - vy Aa)AD (hay Dy o5 Fa)
(’»1"---‘,14)1131-"_1_1-—[]1? =)
and
: :
v, = [4:]\2
i 1=7) @8 (s day -y Aa),y
(CRC RS Elul JAdul et s B2y k
where §; = (83, 8, ..., 8%). Then, in the same way as in Nisio [7], We
obtain

b —
21/7):/ < oo,
31

which completes the proof of Lemma 2.2.

We shall now pass to the pmof of Theorem 1. Take 27% ag T, and
” (l 3. 2—7c—-2)2d

k=0
Evidently, we get

a A (Agy Ay oeey A2)

(S ¥ ==

=T p
< . 7(1———'1) AP, Ty o R,
(rye .la)f!:](,‘lz)zj— " w1 El

Therefore

(2.5)

Also

A (13, Dy ooy D)) < 0.

Fm0 (A1, R9,..0,47)€ [](3/2)25—D2j

, let us take 7y = 2.2 and o = [](1-—}27%)*, ”
k=0
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Since
% f AF (hyy Ay - 1)
(1,29, s Ag)€ Oy 5.1~ D(sj2)2d
a
= g\
< 1——5—.5—,;:1 AR (Ayy Agy vy Ay

(11.12,...,1d)¢uz]'+1—ljzj Ewsjt-l 4=l

we have

(2.6) > [ AF (A, Ag) ...,Ad))1/2< .
J=1 (Ag,eesAg)e D441~ Oaje)ed

Moreover (2.5) and (2.6) yield
. B (g, ..y )| " < o0
320 Gy ey~ Oy

Finally, we note that

[ f APy ... 22)"
2f)a) <2d+1
< f...f AF (2, Az)'“:}'d))llz’i'(
Gpoendg)eyjp1—O,pf

A (B, -y 20"

(e dg) €0, 5— DOy 51

/
-+ AF 4y Jay ooy D)) T
(13000030 €Oy N7 1= Oyg
where N’ is defined by the relation 2V~ < Vd < 27
Consequently .

- /
[ dF(Al,...,Ad))”
I=0 aiiijgai+l
<V

1/2
‘ @B (R .-y 32)) " < oo,
I=1 By demyia-o,,

which proves Theorem 1.

§ 3. Proof of Theorem 2. Proof of Theorem 2 can be carried out in the
same way as in Nisio [7], but for the sake of completeness, we will give it
with a slight modification. A% first, suppose that {s,} itself is decreasing

and f‘ﬂ< 0.

Nl

icm
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Let ¢(j) = ¢@ and put, for j = 1,2 ...: -
[..f ¢®har@).
c(-1<lij<e(d)
Since H(|(F+F)—z;(B)I*) ~ k%, X;(f) has continuouns paths. For i = (4,,...
<« Wi k)

. ragi (k) ,
where I(3,k) are integers satisfying 0<1I(5,j+1)<e(j+1) and

X;(¢) =

veey 1g), We can write ford =1,2,..., d,andj =1,2,...,¢ =

. o) . . .
0, k) <—J@:—1)— (t =3+2,...). Now, putting
o 11, 7) o 1(d, k)
we( S0, Sian)
,% o(r) ,;:1 o(r)
we have
40 = L)+ ) (X)X (0.
Keaf-1
If we denote
1, la )
= -max X n -
K4 oly<e(f+1) 1(0(34‘1)’ ! c(j+1) ’
o gy Pr . & Da 9 _
{(m, 4, k) = Xj(c(k) R e+ 1)’ ceey o(k) + 0(70+l))
Ds Pa_
=5 )

and

6y = max |8(p, 4, k),

o<pi®
1€g< 50

we have

sup | X; ()| < s+ 2 O«
telly Jomeg +-1

Now, using the estimate of Delporte (Theorem 3.8.2.4, (p. 184) in [1]),
we have, if wo put o} = F(8u) —F (Sepy)s

B(y) < Afloge(j+1) o
and ‘

B(0) < Aflogo(k+1)}*  sup  B(8(7, 7 B
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where A is an absolute constant. -
On the other hand, we have

' 7
(1—*@08( 0(76—-1—-

B(8(B, 4, W)I") =2 o I)) )
» oli—D)<lil<et)
;( o(4) )2 p
= G(k) i
Therefore, |
B(6,) < A{loge(k+ 1)} (%) 5,

and consequently
(X)) < ZmHXm +B(sw| [ EPard).
= e ' ogpi<a

The second term of the rlght-hand gide is finite. On the other hand,

o ©o

ZE(“X I AZ{lOgc J+1) gy —}—AZ 2 {loge(k+1) }1/2( ))aj

j=1 k=j+1 o(k)
<24 Z 2l g,

J=1

Sinee we can show that
’ 251
21,’20,-< 4 Z 11/;"“,
f=2d—2
we have
B(X]) < oo,

which implies the continuity of paths by Yu. K. Belyacv's theorem (sed,
for example, Theorem 5 in Jain and Kallianpur [3]).
Let us now pass to the general case. Put

G(4) = F(4)+ 2 M —50) 8ps,,,,,(4),

n=0

AeB(RY,

where 5asﬁ +1(-)‘ is the uniform probability measure concentrated on
08yn+1 = {A; 1A] =2} and B(R"™ are Borel sets in R™ We can con-

icm
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struct independent stationary Gaussian processes X;.and X, such that

oi(f) = B(X,(1+8)X,(3) = [oEPap (D),

»
0ald) = BX, (458 X,@) = [EHam (),
»n

—8u) '5a32n+1(.fl)- Then, & is the spectral measure
G(San)

where H(A4) = 3 (M,
Towal)

of the covariance function of the process: X;+ X, and G (8yn+1) —
= M,. We have therefore

P{|| Xy~ K|l < 00) = 1.
Using again Delporte’s lemma, we obtain
P(| Xy < 00) =1,

which implies the path continuity of the process X;.

§ 4. Examples.

Bxamern 1. Let X be a real, separable, stationary Gaussian process
with the covariance function o(B) = g;(hy) ea(hy) --. 0a(ha), Where &

= (hy, by, .., by) and g, is the covariance function of a s‘ua.tmnary Gaussian
Process With a 1-dimengional parameter space. When some g; are covariance
functions which statisty the condition of Theorem 3, X has discontinuous
paths in virtue of Theorem 3.

Let X = {X(p), pe H} be a stationary Gaussian process with zero
mean, where H is a Hilbert space. I o(p) = B(X(p+ ) X (), », ¢« H,
is continuous with respect to the S-topology (see, for example, Parthasa-
rathy [8]), e(p) take the form

= [o®man(a).
pés

Then, wo can propose similar problems to Theorems 1 and 2.
H )
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Abstract. It is shown that function algebras are never weakly sequentially
complete (unless finite dimensional) and then sections induced from maps from weakly
sequentially complote spaces onto function algebras are studied. As a result, it is
ghown that for an infinite Helson set F the restriction map g of the Fourier algebra
A(G) (that is, T2 (G)* L2 (G)) of a locally compact (not necessaxily abelian) group onto
the spaco O (1) of continuous functions on B never admits & section z, (that is, a con-
tinuous linear map m: O(B) ~ A () with gom =id). A set B = @ is called a Helson
set provided A (G)|7 = O(B). A similar application to Sidon sets in the dual of
a compact group is algo given. .

TraworEM 1. Let A be a weakly sequentially complete commutative
Banach algebra. If A is isomorphic to a closed subalgebra A of Cy(8), the
continuous complex-valued functions vanishing at infinity on a locally
compact Hausdorff space, then A is finite-dimensional.

Proof. If A iy infinite-dimensional, then there exists an infinite-
dimensional separable subalgebra which is weakly sequentially complete.
Thus we may assume that 4 is separable.

It 4 does not separate the points of §, we embed A instead into
0o(8/~), where for s,te S, s ~ 1t if and only if f(s) = F(t) for all fe 4.
Thus we may assume that 4 separates the points in § and hence in the
Shilov boundary 84 (since 84. = 8). Thus 04 = § is & metrizable locally
compact space.

Tet P < 04 < § denote the set of peak points of A. The set P is
dense in A4, (Bishop’s theorem ([6], p. 56) since A iy metrizable. It will
thus suttice to ghow that P it finite: for then 8.4 will be finite (and equal
to P), and 4 iy isomorphic to A|a4.

By the Lebesgue dominated convergence theorem, given a sequence
{fu} = A with | lle =<1 and f, >z, (the characteristic function of the
set {p}, peP) pointwise on 8, it follows that {f.} is weakly Cauchy in
A (= 4). Tence, by the weak sequential completeness of 4, xpe 4.
Thus P congists of isolated points.
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