On a representation of the resolvent
by
T. LEZANSKI (Warszawa)

Let A be a linear (=additive and continuous) transformation of
a (real or complex) Banach space X. The purpose of thig paper is to give
a sufficient condition for the solvability of the equation

@) Az=1

with v, fixed. This yields as a corollary a sufficient condition for the
existence of the inverse transformation A~', and gives a sufficient
condition for the existence of the dissolvent?) of an elément A in
a Banach algebra with no unit.

In this paper vector-valued functions are used. A vector-valued
function &, of a real variable t with values in X is said to converge wealkly
to ¢, as t—>oco (in symbols w-tlimmtzmo) if q)(mﬂ)z-—tl_i)mqv(mt) for every fun-

00 00

ctional ¢ linear on X. The function %; is said to be weakly differentiable
to @, if Um k™ g (@,—o)=p(x;) for every ¢t and every linear functional g.
B0

LEMmA 1. Let the function x, be weakly differentiable to x; and let xy
converge weakly as t—>oo. If for every linear functional o the function ()
has a limit as t—oo, then

a=w-limo;=0.
o0

Proof. Suppose that as40. There exists a linear functional g, such
that

lim gy () = o (@) = >0
t—»00

then

[y

o(w) >af/2  for 1>,

%) The dissolvent of A is an element V satistying the equation A- V44V ==
=A+TV+VA4A=0.
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whence

170 () — go () =| f - () d = | f ACALE P A

“which contradicts the hypothesis that hm o () exists. Thus W-hm 2= 0.
Let R be a (real or complex) Bana.ch algebra. Set for real t and AeR

(2) F(A).—-Z%A”,
n=1"""

(3) Vit,4) =fe~8p(—sA)ds.

The series (2) converges strongly and the function F(—s4) is con-
tinuous in (—oo,00), moreover the funection V(t,A) is strongly dlfferem
tiable (with respect to t). We shall prove

LEMMA 2. The function V(t,4) ) satisfies the differential equation
Vilt,4) = —[V(t,A)+ (1—e™") A+ AV (t,4)].
Proof. The function ) ‘

— e F(—s4) anfse"[A + AR (—rA))dr

has a (strong) derivative equal to e~*F(—sA), and F(0)=0. Hence

i t
V(t,A)=0fe“"F(——sA) ds = ¢'F(—tA) — [e*[A + AF(—sd)]ds
t
=e“‘F(——tA)—[0fe‘”ds]A wAfe"F(~sA)ds
d
-~ % V(t, A)—(1—eHhA—AV (1, 4).

LemmA 3. Let 4, B, B, (n=1,2,...) be in R, If B=w-limB, and
AB,=B,A (n=1,2,...), then AB—BA. o
Proof. Let ¢ be an arbitrary linear functional on R. Set

(X)=p(4X), x(X)=p(X4) for XeN;
then y and x are linear functionals on R, and
lp(AB— BA)|<lp(4 (B, — B))| + g((B, — B) 4]

=|y(B,—B)|+|2(B,—B)|.
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Since B, converges weakly to B, the right-hand side ofr the a.ubove inqua-
lity con:*erges 0 0 ag n—oco, whence p(AB—BA)=0. The linear functio-
nal ¢ being arbitrary, we get AB=BA. ‘

TagorEM 1. If V(i,4) converges weakly to VeR as t—o0, then

A4V +AV=A+V+VA=0.

Proof. By lemma 2 ‘
Vi, A)y=—[V(t,A)-+(1—e) A+ AV (1,4)],

i ; akly to —(V-+A4A-+AV)
whence, by hypothesis, V;(t,4) converges wea
as t—+o<;. By lemmata 1 and 3 it follows that V+4-4+A4V=0. By 1er.11n?a 3,}
¥ is permutable with A for it may be represented as the weak limit of
a (triple) sequence of elements permutable with 4, whence 4 +V+VA4=0.
Suppose now that B has a unit element /. Set

1
eXpA=ZE—!A”; '

n=0
i

U(t,4) = [esp(—sd)ds
o

(the integral being taken in the strong sense). It is easi'ly geen that
U(t,4) is strongly differentiable with respect to #; the function exp(—t4)
has the strong derivative equal to —A exp(—t4).

Leuya 4. Ui(t,A)=—A[U@,4)—I].

Proof. Indeed,

i
a
U{(t,A)—I=eXp(-—~tA)—~I=f%—exp (—sd)ds
) .

13
=fA exp(—sA)ds= —ATU(—1t,4).
: []

THEOREM 2. Let converge weakly to V as t-+oo; then
AU=UA=I. .

Proof. By lemma 4 U;(t,4)=—[AU(,4)~I], whence U;(t,4)
converges weakly to —(AU—I) a8 t—oo, which implies AU—-I=0 by
lemma 2. Moreover, U is permutable with A as the weak limit of elements
permutable with 4.

Let X be a (meal or complex) Banach gpace; RN will stand for the
Banach algebra of the linear transformations of the space X. Let V

U(t,4)
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be a function of the real variable ¢ taking on values from the space R.
The function V, is called weakly convergent to V as t—oo if

tlimtp(Vz(w))=<P(V(a‘0))

for every zeX and every functional @ linear on X.

THREOREM 3. Let UeR, yoeX. If U(t,A)(y,) converges weakly to ,
a8 t—oo, then Awy=y,.

Proof. Set @,=U(t,4)(y,); the function U(t,4) has the strong
derivative equal to —A[U(t,4)—1I], whence , is strongly differentiable
to —(4Ax,—y,). By hypothesis 3& converges weakly to «, as {—oo, there-
fore 2; converges weakly to —(Az,—1y,), whence, by lemma 1, Ax,—y,=0.

' i
COROLLARY. If U(t,4d)= [exp(—sd)ds converges weakly to UeR
0
a8 t—>oco, then AU=UA=I.

It remains to prove that U is permutable with 4. This follows from

the fact that U is the weak limit of operations which are permutable
with 4.

THEOREM 4. Set
o l n : -8
F(A):gmfl, V(t,A)=0fe F(—sd)ds.
If, given yye X, V(i,4)(y,) converges weakly to 2,6 X as t—oo, then

Ay -+, +Ary=0.

Proof. Set =V (i,4)(y,). By lemma 2 the function Vit,4) is
strongly differentiable to —[V(t,4)+(—e ) A+ AV (t,4)]. This implies
that @ iy strongly differentiable to z;= — [z, - (l—e“)Ayn-{-Awo].

Since @, eonverges weakly to @, as t—oo, converges weakly to
— (%94 Ay,+Ax,), whence, by letzmma. 1, @y + Ayy + Azy=0.

CororrARY. If V(t,4)=[e"*F(—sA)ds converges weakly to VeR
0

as t—>oo, then A4V +AV=A+V4VA=0,4.e. V is the dissolvent of
the operation A. '

The proof is similar to that of the first corollary.
Begu par lo Rédaction le 8. 2. 1955
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