Note on general transforms
by
S. KACZMARZ (Lwéw).

1. Let L, denote the class of functions such that
f FHx) dx < + o0
0
and % (x) a function of x such that

(1.1 f 2ENLEY) g nin (v, 2)
; y

for all nonnegative values of x and z. Then the following theorem
was recently proved by Warson!):

The condition (1.1) is necessary and sufficient that for any
f(x), belonging to L,, there ‘exists a function g (x), belonging to
L,, such that almost everywhere

s =7 [L8s (g
and ’
d [1(x
feo = [ XDy 4y
0

Simpler proofs are given by Tircumarsu ?) and PrancugreLY).
The function % (x) in Warson’s theorem does not represent every
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transform in L,. In this direction the following generalisation is
true:

Theorem. The necessary and sufficient conditions that
there exists for every function f(x)e L, a pair of functions g(x)

“and h(x) such that

[ e@da= [0 9@ na
(1.2) v 0
[ @y aa=[ g0 wix 0
0 0
fh(u) du:f FO w(x, 0) dt
(1.3) ° .0
ff(u)du=fh(t)go(x,t)dt
and ’ ’
(1.4) A dt = | Ft)dt = | B () db)
- Jpoa=[ivas]
are as follows:
@ [ 2609 (3,0 di—min (s 9)
. £330, 0
(b) f W, £ (g, £) di = min (x, 9)
© [o@od = [y
0 ]

2. Necessity. It follows from (1.4) that

(2.1) [1@F@de=[ge G as
0 0

if g(x) and G(x) denote the q)-trabnsforms of f(x). and F(x).
10"
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Take z >0 and
1 for x<lz

(2'25 ‘f(x) - {0 for x> z.
Then

g(v)::aéf(p(x, t)dt
0 .

almost everywhere.
Let further be y > 0 and

1 for x<ly
fl(x)““{o for x> y.

Then, almost everywhere,

h(x)f:-g;flp(x,t)dl.

0
Put F'(x)==h(x), then the equality

6@ =2 [ 9 0dt= £,

by (1.3) and (2.1) gives
2 ¥
fh(x)dx=fg(x)dx,
0 0
that is, according to (1.2) and (1.3),

fyyl'(z.f)di=fz¢(y,t)dt,
0 0

which is the condition c¢).

Take now f(x) as defined by (2.2). We have

fg(u)du= f@(x,t)dt:jzp(z’t)dt.
0 s J

2
Hence

g(x)=1(z,x)

almost everywhere and the second formula of (1.2) gives
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fw (2, 1) ¥ (x, 1) df:ff(u) du == min (v, ),

which is the condition b).
Take now £, (x). Then

Je@da= [ 90602 [witwda dt= [ 905,09 (g, 0t
0 0 0 0

by the condition ¢). But

[xG(u) a’u———.ff1 (2) du =min (x, y)
0 0

and a) follows.

3. Sufficiency. Suppose, first, that f(x) is a step-
function. Then, by a familiar argument, it is sufficient to prove
that (1.2) and (1.3) follows from a), b), ¢) for

fe={] CSx<s

0 elsewhere.
If we put x—=y, the condition a) givesfqoz(x, f) di=x
4]

i.e.p(x,t) belongs to L,. Consider now

w ;
ff(i)tp(x,t)dt: jfp(x,t)dt.
According t(; ¢) we have a
ff(f)w(x, t) dt= f[w (6, t) — w(a, O] dt,
hence g(x)(,) as defined by (1?2), exists and

g =y x) — Y(e, x).
Further

ng(x)dx: fw,bz(p’,x)dx _ szp(,s,x)w(a,x)dx +f Y2 (a, x) dx
0 0 0 1]

=f-2c+a=|f(x)dx,
/
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which is (1.4). Again

[e@wisndi=[w@.0-p@olv o d
0 0

= min (8, x) — min (¢, x) ~jf([) dt
0

and (1.2) is proved. Similarly we obtain (1.3).

Next let f(x) be any function of L,. Then there is a sequence
of step-functions £ (x) which converges in mean to f(x) over
(0, ©). Let g, (x) be the ¢-transform of f, (x); then

[180=5, 12 de= [ 1£,0=£, (01 dx -0
0 0

and the seque_ﬁce g,(x) converges in mean lto a function g (x),
belonging to L,. Further

f g% (%) dx = lim [ 22 (%) dx=lim f F2(x) dx == f £ () dx
0 " "R 0

and (1.4) is true.
We have

f ¢(t) dit—lim f 2. () dt=—lim [ £ @ ndt
s n-#aco n-~»o0 :, :

- f FO 9 (x,t) dt

and

&) dt=lim [£,() de=1im [ g, (&) W (x, 0) d
Jro atim [ 1.0 ditn]

:fg(t)w(x,z)dz,
0
whence (1.2) follows. The same argument proves (1.3).
Remarks. 1. It follows from (1.4) that for

PACES
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we have
fwlf(x)—fn(x)lzdx=flg(x)—gn(x)lzdx,
b b
that is
g(X)Zl-ni_;gl-fnf(t)qﬂ(x, t)dt,
and similarly
F)=Li m.fng(t)lp(x,t) dt .

2. If 9(x, )=y (1) =Z(Xt), then the condition ¢) is al-

ways satisfied. But for
12 < x L x
lo > > x

(1.2) and (1.3) are true but not (1.4) and therefore the conditions
a), b), ¢) are false.

1

@ (x, t)= and Y (x,1?) :]g

(Recu par ia Rédaction le 6. 712. 1933).





