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1. Introduction. A primitive root modulo the prime p is any integer a
coprime to p such that its exponent modulo p is p — 1. There are totally
¢(p — 1) primitive roots modulo p in [1,p], where ¢ is Euler’s function. It
is a natural problem to consider the fraction ¢(p — 1)/(p — 1), which is the
proportion of non-zero residues mod p which are primitive roots.

Trivially, we have 0 < ¢(p — 1)/(p — 1) < 1/2. For any real numbers
r > 2 and u, let

p<z
#(p—1)/(p—1)<u

where 7(z) is the number of primes up to x. In 1974, P. D. T. A. Elliott [2]
proved that the limit

lim D, (z,u) = D,(u)

exists for all real numbers u. The function D, (u) is continuous and is strictly
increasing on the interval [0,1/2]. I. J. Schoenberg [12] had earlier con-
sidered the distribution problem for ¢(n)/n. He proved the existence of
lim, 00 27t 2 n<x, ¢(n)/n<u | for any real number u, and the continuity of
the limit as a function of u.

The concept of primitive root modulo a prime can be generalized. This
was done by R. D. Carmichael [1]. He defined a “primitive A-root modulo
n” as any integer coprime to n and having the maximal exponent modulo n.
Thus a primitive root for a prime p is a primitive A-root modulo p. He also
found the following properties (see [1,7]) of the maximal exponent modulo
n, denoted by A(n):

(i) AM(p©) = ¢(p°) for all primes p and e > 1 except p =2 and e > 2 in
which case we have \(2°) = ¢(2¢)/2 = 272,
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(i) A(n) = lempe), {A(p°)}.
(iii) Let a be an integer coprime to n and let l,(n) be the exponent of a
modulo n. Then ly(n) | A(n).

Thus, in this notation, an integer a coprime to n is a primitive A-root
modulo n if and only if I,(n) = A(n). In [3] one can find results concerning
the size of the function A(n).

Let R(n) be the number of primitive A-roots modulo n in [1,n]. In this
paper we investigate the distribution of the values of R(n)/¢(n), in analogy
with that of ¢(p — 1)/(p — 1) considered by Elliott. That is, if we define

1
D(x,u) = — 1
(z,u) =~ n%;
R(n)/¢(n)<u
for any real numbers z > 0 and u, what can we say about D(z,u)? In
particular, does lim, ., D(x,u) exist for all u?

Note that the fraction R(n)/¢(n) represents the proportion of residue
classes mod n that are primitive A-roots to the total number of residue
classes coprime to n. We trivially have 0 < R(n)/¢(n) < 1. That this
inequality is nearly best possible is contained in the following result.

THEOREM 1. We have
lim R(n)/¢(n) =1, lim R(n)/(¢(n)/Inlnn)=e"7,

n—oo

where v is Fuler’s constant.

The function D(x,u) is only interesting for 0 < u < 1. Perhaps sur-
prisingly, we show that there are values of u € (0,1) where lim,_,o, D(z,u)
does not exist. To attack the question we wish we could take a more natural
approach, say by working with the first moment of R(n)/¢(n) or R(n)/n.
However these functions are not multiplicative as the function ¢(n)/n is,
and thus the methods used by Elliott and Schoenberg do not appear to
work.

Thanks to Pomerance’s suggestion, we turn our attention to the first
moment of In(R(n)/¢(n)) instead. Though this function is also not multi-
plicative, it can be approximated by a comparatively simple sum over prime
factors of A(n). Adopting the notation Iny x, suggested by John Selfridge, for
the k-fold iteration of the natural logarithm of x, we will prove our principal
results as indicated in the next two theorems.

THEOREM 2. The mazimal order of the function

3 n(R(m)/6(n)]

n<x
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is less than or equal to clns x for some constant ¢ > 0, and greater than or
equal to ' Ing x for another constant ¢’ > 0. On the other hand, the minimal
order of the function is less than or equal to a constant.

As a consequence of Theorem 2 we have

THEOREM 3. There is a positive constant ¢ and an unbounded set of
numbers x such that for each u in (0,1), we have D(z,u) < c¢/|lnu|. On
the other hand, there are positive constants 6, b and an unbounded set of
numbers x with D(z,(Ins2)~%) > 8. Thus for some positive constant uyg,
limy oo D(z,u) does not exist for all u with 0 < u < ug.

It follows immediately from Theorem 3 that the sequence of distribution
functions D(n,u) does not converge weakly. Suppose that it does. Let D(u)
be the distribution function to which D(n,u) converges weakly [4]. Then
D(u) is discontinuous in (0,ug) by Theorem 3, which contradicts the fact
that the set of discontinuities of D(u) is countable—a well-known property
of monotone functions.

In a forthcoming paper [8] we will prove, by a more complicated argu-
ment, that the constant § in Theorem 3 can be taken as anything less than
1. This result will be shown to be relevant to the study of the integers n
for which a fixed integer a is a primitive A-root, in analogy with Artin’s
conjecture for primes.

The author would like to take this opportunity to express his heartfelt
thanks to Carl Pomerance for patient advice concerning problems in this
paper and remarkable comments. Without Pomerance’s help this project
would not have survived. The author is indebted to Andrew Granville and
Vsevolod Lev for their suggestions. The author would also like to thank the
referee for a comment regarding Theorem 2.1.

2. The closed form for R(n) and a few properties of R(n).
Throughout this paper we always use p and g to represent primes and k, m,
n to represent natural numbers. We give an explicit formula for R(n) in the
next theorem, to which a different approach can be found in [9]. Then we
will study some deeper features of the function.

THEOREM 2.1. Let Ay(n) := #{prime p : p°||n and ¢" | \(p°)} for a
prime q with q° || \(n), except the case 23 ||n and 2| A(n), when Ax(n) =
1+ #{prime p:p|n}. Then

R(n) = ¢(n) q|1>\_([n) (1 - q;(n)>

Proof. For any integer m > 1 let N(m) be the number of elements
of order m in (Z/nZ)*. We claim that N(m) is a multiplicative function.
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Suppose (k,1) = 1. Clearly the product of two elements, of orders k and
I respectively, has order kl. Conversely, every element of order kl can be
written uniquely as a product of an element of order k and an element of
order [. Thus N(kl) = N(k)N(l).

As a consequence we have N'(A(n)) = [ . xn) IV (¢”)- To compute N(q")
it is convenient to factor (Z/nZ)* into a direct sum of cyclic groups.

Let C,, denote a cyclic group of order m. Let n = pi* ... p¢ - 2° where
P1,...,p are distinct odd primes and eq,...,e, are positive integers. By
the Chinese remainder theorem we have

(Z/TLZ)* = C}\(pil) D...B C}\(pir) b (Z/QeZ)*
If e = 0 the last summand drops off. Otherwise

e~ | Ore) ife=1 or 2,
(Z/2°Z) :{CW)@CQ if e >3,

We have factored (Z/nZ)* into a direct sum of r + r’ cyclic groups, where
" =0, 1 or 2. Let n; be the order of the th summand, so that

(Z/nZ)* 2 Cry & Cpy ® ... B Cy .

The number of solutions to ™ = 1 in Cf is (m, k), so the number
of solutions to ¢ = 1 in (Z/nZ)* is given by H:if’(q”,ni). Similarly
29" =1 has H;:{/(q“_l, n;) solutions in (Z/nZ)*. Thus

r+r’ r+r’
N =TT @m0 = T (@ m).
i=1 i=1

Note that the second product is ¢~24(™ times the first product, since

v—1 n) _ (qvani) lf qv*nia
o g (g, mi) if ¢¥ .

Thus, N(g¥) = (1 — g~ 2«(™) H:;T/ (¢*,n;) and so

1 r4r’
vou) = IT ¥a) =TT (1= o) IT Mt

q

q°[[A(n) qlx(n) q°[[A(n) =1
But for the double product we have
rr’ r4r’ r4r’ r4r’
IT II1@.r)=1] II @ n)=J]OA®),n) =[] ni = o(n),
7*[[A(n) =1 i=1 g¥||A(n) i=1 i=1

which completes the proof.

We note that Ay(n) > 0 and equality holds if and only if A(n) is not
divisible by ¢. Let us define the function r(n) := R(n)/¢(n). Then r(n) =
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Hprime q(l —1/¢?4™). The word “prime” will be suppressed as we always
use g to denote a prime. We now prove Theorem 1 in the introduction.

Proof of Theorem 1. It is trivial that r(n) < 1. Let us prove that
lim, ..r(n) = 1. Let z be any large number and e be a small positive
constant. Let B = {primes p <z : gcd(p — 1, P(2°)) =1 and p = 3mod 4},
where P(z) = [[,_,, p for any z. Then there is a positive constant ¢ such
that for all sufficiently large x we have

T

4B > 5@'

This result can be obtained by applying Theorem 7.4 of [5] to sieve the set
A={p—-1:p <z and p=3mod4} with the set P = {primes p > 2},
taking K = 1, @« = 1/2 and z = 2°. Here we can choose any ¢ < 1/4.

If p € B and ¢ is a prime factor of p — 1 other than 2, then ¢ > z¢. But
p < 2. Thus p — 1 has at most 1/¢ odd prime factors, counting multiplicity.
Choose [Inz] such primes p; € B,i=1,...,[Inz]. Let n, = HE{E] p;. Then
by definition of r(n),

1 1 1 [Inz]/e
e L)) )

ql/\(nz)

which has limit 1 as = goes to infinity. Thus we proved lim,, . o7(n) = 1.
To see the lower bound, first note that

w2 I (1> 112

qlA(n) g<N(n)

where N (n) is chosen to be the least number such that the product of the
primes up to N(n) is greater than or equal to A(n). From prime number
theory, N(n) = (1 + o(1))InA(n) < (1 + o(1))Inn. Thus, from Mertens’
theorem, 7(n) > (e=7 + o(1))/Ing n.

We claim this inequality is sharp. For any given large = let m =[] g<inz ¢

Then from prime number theory again, we have Inm ~ Inz. Thus z'/2 <
m < z? if x is sufficiently large. By Linnik’s theorem, there is a prime p
such that p = 1 mod m and p < m* for some absolute constant c¢. With this
choice of p we have z!/2 < p < 22¢. Thus by Mertens’ theorem,

- 1 (-2)< 1 (1-1) - o L

qlp—1 g<lnz

Send z to infinity to see that there are infinitely many such primes. So we
proved our claim and our theorem.
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Our goal is to study the distribution of values of the function r(n). As
we noted before, we can write

r(n) = 1;[ <1 _ qul(n)) = exp ( — q:qu(;)l ; + 0(1)>,

where the O(1) is less than or equal to zero. It is convenient to introduce

the function
1
fln) = Z -.
¢ Ag(my=1 1

Thus, r(n) < e~/ < ¢r(n) for an absolute constant ¢ > 1. We see that
the distribution of values of r(n) is dominated by its counterpart of f(n). It
is important to understand the behavior of the function f(n). Our strategy
is to study the first moment of f(n), the sum > __ f(n). We note that

(1) IVOED D VEED S DEE!

n<x n<z q: Ag(n)=1 q q<z n<x
Ag(n)=1

where ¢ < z because Ay(n) = 1 implies that ¢| A(n) < n. We close this
section by showing that the contribution to this sum from the terms with
q > Ins z is negligible.

THEOREM 2.2. As x — 00,
1
> > =)
q Ing x

n<z g|A(n)
q>Inz

Let us mention the following lemma before proving Theorem 2.2.

LEMMA 2.3 (see [10,11]). For any integer k > 2 and any x > 2,

1 Inpx < Ink )
Y LIk
2 5 om O
p=1modk
where the implied constant is uniform.

Proof (of Theorem 2.2). Notice that for a prime ¢ |\(n), either ¢*|n
or q|p—1 for some prime p|n. Note that

1 1 T
Z 621§x Z q73<<(lngx)721ng,a;

g>Ing x n<x qg>Ing x
2
qIn
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Thus
1
@ LY - X X Yio(im)
n<z g|A(n) Ins z<q<zx q p<z n<x DQI'
q>ln2:c p=1lmodgq pln
We have
1 1 | 1
= (1+0(1)) and an L+ o(1).
7  ylhny
q>y q>y

Using these facts and Lemma 2.3 we have

DD SIS SEETID DI DI

q>ln2z p<zx n<z q>ln2az p<zx p
p=1modgq p|n p=1mod q
1/Ingx Ing T
=x - 0O =0 .
2 Q<q—1+ <q—1>> (111393)
q>1ng x

Our theorem follows by substituting the above estimate in (2).

3. The first moment of f(n). When ¢ < Iny x the inner sum of (1)
has the following bounds.

THEOREM 3.1. There exist positive constants ¢; and co so that, for all
large numbers x and any prime q < Ins x, we have

Ca2 c1T
ql*{ll’lg z/lnq} < Z 1 < q||ln3 z/lnql|’

n<z
A,(n)=1

where {y} denotes the fractional part of the real number y and ||y|| the
minimal distance from y to the integers, that is, ||y|| = min,cz{|y — n|}.

Before proving Theorem 3.1 let us look at its consequences.
THEOREM 3.2. For the positive constant ¢, in Theorem 3.1 we have
Z f( < 2e17 Z 1+Hln3 z/Inq||
n<x q<lns z
for all large .

Proof. The theorem follows immediately by combining Theorems 2.2
and 3.1, and the observation that 2'+s#/In2l < 921/9 in (1).

Although we can bound the first moment of f(n) from below in a similar
way, we are not able to use these estimates to get the correct order of
magnitude. We would need this to show there are many values of n for
which f(n) is large. We get around this problem by introducing a smaller
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function f(n) for which we are able to find the correct order of magnitude
for its average order. Let

~ Z 1 if n > e,
f(n) = q<Ingn, Ay(n)=1 q
0 otherwise.
Note that every term in the sum for f(n) is also in the sum for f(n), so
f(n) > f(n). For the new function we have

THEOREM 3.3. For the positive constant co m Theorem 3.1,
Z f(n) - 762%’ Z 2 {11’13 z/Ingq}
n<zx q<lng x
for all large .

Proof. The proof follows almost immediately from Theorem 3.1. One
just needs to check that the contribution from pairs n, ¢ with Inyn < g <
Ing z is negligible.

Let us turn to the proof of Theorem 3.1. We need some preparations.

LEMMA 3.4. We have

I I D

n<x k>1 p<pt/? m<z/p q
Aq(n)=1 q ||p 1 (m,P i (z/p))=1

where the error is non-negative.

Proof. We will work out the above formula for Engz,

a way that detailed explanations for the formulae marked by numbers to
their left are supplied in the subsequent discussion:

TP I

A, (n)=1 1 in such

n<x k>1 n<x
Aq(n)=1 a" (| A(n)
Agy(n)=1
T
®) -Y Y Y Y o(3)
k>1 p<z r>1 m<z/p" q
a*llp—1 (m,Pi(z/p"))=1
(4) -3 ¥ 3 1+o(f”2>
k>1 p<z m<z/p q

a*llp=1 (m,P i (z/p))=1

(5) -y Y ¥ 1+o<~““CI>.

k>1 p§x1/2 m<z/p 9
" lp—1 (M Pur(z/p))=1
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To see why the equality of (3) is true, let us first notice that ¢* || A\(n) implies
either ¢**1|n or ¢* || p — 1 for some prime p|n. Since the 4-fold sum in (3)
counts the exact number of the positive integers n < z with A,(n) =1 and
a prime factor p for which ¢* || p — 1 where ¢* || A(n), the difference between
this 4-fold sum in (3) and the sum just before it is bounded by

Yi<
n<x q

a’In

The difference between the 4-fold sum in (3) and the sum in (4) is

3)

T 1 1 T
DD D <y, D, STy s
k>1 p<lzx r22p k>1 p<lzx p kZlq q

" [lp—1 q*llp—1

By Lemma 2.3, the difference between the sum in (4) and the sum in (5) is
bounded by

x In, z — Iny 21/2 k1n zIn
SN foay (Mt o(fRe)) < T
k>1 51/2 ey E>1 q q q
q"|lp—1

It is easy to notice that the errors in (3), (4) and (5) are all non-negative.
Therefore we proved Lemma 3.4.

For the sake of convenience we introduce a few notations of sieve meth-
ods. Let A be the set of positive integers up to x. Let Pyt be the set of
primes congruent to 1 modulo ¢*. Let

P (z) = H p for any z < x.

p<z
p=1 mod ¢*

Then

SAP.y = S 1and W)= [] <1_;>.

neA p<z
(n, Pog (9))=1 PP

LEMMA 3.5. (i) With the notations introduced above we have
S(A, Py, z) < zW(x)
uniformly for all q, k and x.
(i) Let z = exp(Inz/Iny ). As  — 0o we have
1

uniformly for all ¢ and k.
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Proof. See Theorems 2.2 and 7.2 in [5].
LEMMA 3.6. There are absolute positive constants ¢ and xqo so that
S(A, Py, z) > cz,
provided that ¢* > Ing x and x > x.
Proof. Let z = exp(Inx/lng ). Write
S(A, Py x) = S(APy,2) — E

where E is the number of positive integers n < x such that ged(n, Py (2))
=1 and ged(n, Py (x)/P,x(2)) > 1. Then by the condition ¢* > In, z and
Lemma 2.3,

Py Yz Yl

z<p<zx n<lzx z<p<lx p
pequ pln pEqu

_ Ino x — Iny 2 klng _ rlngx
=i o) =o ()

where the implied constant is independent of ¢ and k. By Lemma 3.5(ii) we
have

S(A, Py, z) = xW(z)(1+ o(1))
uniformly as z — oo, where

e 11 (=) (- £ 2ol

p<z
pE'qu pGqu

Ins 2 (klnq))
=exp| ——F———++0 ,
p( *(1—-q7") "

by Lemma 2.3 again. But Iny z = Iny —Ins 2 and ¢* > Inp 2. Thus W (z) > ¢/
for some constant ¢’ > 0 independent of ¢ and k. Therefore, if x is sufficiently
large,

S(A,Py,x) > cw(1+0(1) —o(x) > cx
for some constant ¢ with 0 < ¢ < ¢’. This ends the proof.

Proof of Theorem 3.1. First we will show that

1T
Z I< q||ln3m/lnq|\

n<x
Ag(n)=1

for some positive constant c¢;. First we claim that
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Ins x Iny x zlng
© > 1<kaeXp<_k—1>+O< )
= = ¢ ¢*'(g—1) q
Ag(n)=1

To see this let us look at the innermost sum in Lemma 3.4. Noting that
p < 2'/2, by Lemma 3.5 and Lemma 2.3, we have

> 1

m<z/p
(m,P i (z/p))=1

<5 I (o) =fe(s X Geo(w))

prime <z /p I<z/p
=1 modq’“ =1 moqu

x Iny (z/p) (klnq)) x ( Ing )
= —exp| — + O <L —exp| ——4——— |,
p p( ¢"'(q¢—1) q" p P\ )

uniformly in ¢ and p. Now put this result into the sum in Lemma 3.4 and
use Lemma 2.3 again to find that

>

n<x
Aq(n)=1

Iny /2 (klnq)) < Ing ) <xlnq>
<Lz +0 exp| ———— | + O )
2 ( q* " PUd -1 q

E>1

Since Y°,~, klng/¢* = O(Ingq/q), we have (6).

Next we divide the sum on the right side of (6) into two sums, according
to whether ¢ > Ingz or ¢* < Ingz. Let M be the minimal integer so
that ¢™ > Ingz. Then M = Ingz/Ing — {In3x/Ing} + 1, which equals
[Ing x/Ing] + 1. Then

Z Iny . < Iny >
xp| -
g ¢"(1—1/q)

gk >Ins o

Ins x Ino x 21ns x 2
< 2 = < = -
— k M1 — — M 1—{lns z/In ¢}
oo @ ¢M(1-1/9) = ¢ g'—tns

Let L be the maximal integer so that ¢ < Iny z. Then

I_ Ins x _lnga:_ Ins x
| Ing | Ing Ing |’

Noting that £ > 1, we have
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IDQ xr

> &

IN

Z lngaze p( Iny = >
ol - 2%
q* q*(1—1/q)

1 1 2
q*<lns x qk<ln, z <I12£E>
21\ ¢*(1 - 1/q)
2(qg—1 2q*
qlns Ins
_ 2
- q{ln3 z/lng}’

Put these results back in (6). We have

x xlng T
2. 1€ e +O< 7 ) < /gl

n<x
Aq(n)=1

since ||lng z/Inq|| < 1/2. Thus we proved one half of Theorem 3.1.
Secondly we will prove that

Co
Z 12 ql—{ln3 z/lnq}
n<x
Ag(n)=1

for some positive constant c¢o independent of q. By Lemma 3.4, noting that
the error in it is non-negative, we have

IR EEPIED D S

n<ax kwith p<g1/2 m<x/p
Ag(n)=1 q">Inz x q"|lp—1 (m, P (z/p))=1
T
(7) =D DD P

kwith < 1/2

¢">Inz 2 " lp—1
Ing /2 klng
®) —a 2 (M oty
k with
qk>ln2z

v

Ins MlIngqg
) Cw( qz +O( g ))

where M is the smallest integer so that ¢ > Iny 2. We obtain (7) and (8)
by using Lemmas 3.6 and 2.3, respectively. So what is left to be explained
is (9). Notice that the sum in (8) can be written as

3%

k>M E>M

so that (9) follows.
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Since M =Ingx/Ing — {lngz/Inq} + 1 and ¢ < Iny x, we have

Mlng < (Ingz/Ing)Ing C gz gy emgy—1
qM q1n3 z/Ing—{Ins z/Ingq}+1 ~— 1n2xq ’

Therefore, choosing co = ¢/2, we have

)

n<zx

Ay(n)=1

_ C.%'q{ln3 w/lnq}fl(l + 0(1)> > Cqu{lIl3 a:/lnq}fl7
for z sufficiently large. We have proved Theorem 3.1.

4. Two crucial series. As one can see from Theorems 3.2 and 3.3, it
is necessary to understand the series

1 1
;T T/ g] and <IZT 22— n T/}
9= gsing

in the course of estimating the first moments of f(n) and f(n). This section
is dedicated to the study of some features of the two series.

THEOREM 4.1. For T > e, we have

1
2 ey <InsT.
q<T

First let us mention the following well known fact in prime number the-
ory.

LEMMA 4.2. For all x > 2,

Z L Inlnz + c3 + O(exp(—cy (Inz)Y/2)),

p<z p

where cz and cq4 > 0 are constants.

Proof (of Theorem 4.1). Write the series as the sum of s; and s as
follows:

1 1
> Tl ¥ 2 T = o1t
q<Q Q<q<T

where () will be determined later. We will use the trivial estimate s; =
O(Iny Q). For so, let us write

1 1
52 = Z g+ T/Ing]| + Z g+ T/Ing]|
Q<q<T Q<q<T
[InT/In g||>In A/In g InT/Inq||<ln A/lnq

= sy + s,



126 S. Li

where A > e will be chosen so that In A/In@ < 1/2 but the exact value for
A will be determined later. Clearly sgl) =0( %) while

(2) _ 1
82 = Z gl FIk=InT/Ing|’
Q<q<T

|k—InT/Inq|<In A/Inq

where there is at most one integer & > 1 for each prime ¢ as our A satisfies
In A/In@ < 1/2. Thus, by Lemma 4.2,

CEEDS >

E<(InT+In A)/In Q (T/A)Y/k<q<(AT)t/*

- > <1n2(AT)1/k—1n2 G) 1/k+0<exp <—c4m>>>.

k<(InT+ln A)/InQ

Since In A/InQ < 1/2 and Q < T, we have In A/InT < 1/2, so that

1/k
lng(AT)l/k — Iny (T> =1In % =1n (1 + 2111A>

1
q

A InT—InA
-1 1+41nA - 4In A
n InT InT
and
1. T _ InT—-—InA InQ@Q
“lns>— = >
A S mTrma teZ 3
Hence
() o In7T+InA/4lnA o 1/2
sy < Yo ™ + O| exp \/§(an) :

Now choose @ so that InQ = (3/c2)(Iny T)?, and choose A = (Ing T)2. If T
is sufficiently large, we have @ < T and In A/In @ < 1/2. We thus have

(2)<lnT+lnA 4In A 1 _ Ins T
20 =T mr O\ T O\ )

At the same time,
(1) _ 1112 T _ 1 _ 1
85 —O< 1 >_O<1n2T> and so 82_O<1n2T .

1
2 QT /g — 152 = O(lnz Q) = O(Ing T').

g<T

Then

This concludes the proof of Theorem 4.1.
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Theorem 4.1 gives us an upper bound for the series mentioned at the
beginning of the section. Next let us investigate the normal value of the
series.

We note that

1 1
ZW: Z G T il

q<T 4 q<T
llnT'/In g||<Inz ¢/Inq

1

+ Z q1+||1nT/ln ql|
q<T
[InT/In q||>1n2 q/In g
1 1
< ) o+ >
q<T q q<T qlnq
lnT/In q||<Inz ¢/In g InT'/Ingq[|>Inz q/Ing
1
_ ¥ - +00)
q<T q

HlnT/lan<1n2 q/lnq

where the last equality follows from the fact that > 1/(plnp) < oo, p run-
ning over primes. This suggests considering the average value of the following
function. Let us define
1
g(t) = > -

q<e' a
[[t/In ¢||<ln2 ¢/In g

for all ¢ > 0. Thus the above argument shows that

(10) >

q<let

1
m < g(t)+0Q).

LEMMA 4.3. There is a positive constant cs so that, for all y > 0,
[y]
> (k) < csy.
k=1

Proof. By definition,

[v]
1 1
> 9k = ) P DD DI
k=1 1<k<y g<et T g ® 1Sk
k/In g||<Inz ¢/Ingq lk/In q||<lnz ¢/Inq

Since Ing ¢/Ing < 1/2, if |k/Ing|| < Ins ¢/Inq then there is a unique integer
[ with
Ins q

1
_ i N2 g
Ingq

L
Ingq Ing "

<
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For the fixed integer ! there are at most 21ns ¢ + 1 integers k so that

k k 1
—=l—-1< 12 q.
Ing Ing Ing
Therefore
[y] 1 [y/Inq] Ing ¢
Dgk)< > = Y @hag+1) <y Y, — <y,
k=1 q<eYy q =0 q<eYy amnq

as the last sum is bounded. Thus we proved Lemma 4.3.

THEOREM 4.4. There is a positive number cg so that, for all y > 1,

[y] 1
3D gk /Il < Y-

k=1g<e*
Proof. This follows from (10) and Lemma 4.3.
DEFINITION. Let S be a set of natural numbers. If lim, o, 1/a#{n < x :

n € S} exists, we call it the density of S. Otherwise we call the corresponding
upper or lower limit the upper or lower density of S, respectively.

As a corollary of Theorem 4.4 we have

THEOREM 4.5. Let cg be the same constant as in Theorem 4.4, and let
b > cg be any number. Then the set Sy of k € N with

1
Z q1+||k/1nq|| < b

g<ek
has positive upper density.

Proof. Suppose that S, has density zero. Then N\ S}, has density one.
On the other hand, for any y > 0,

1
ZZWZZ’ZL

k<y q<ek k<y
k&S,

Then by Theorem 4.4, we have

CGZb; Z 1.

k<y

k&Sh
Send y to infinity, we have cg > b, a contradiction. Therefore S, has positive
upper density. We are done.

In the rest of the section we will consider the second series mentioned at
the beginning of this section. Our attention will focus on how big the series
could be when T is large. The next lemma is an elementary result.
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LEMMA 4.6. If ¢ > 5 and |In27/Inq|| < In2/Ingq, then
1 S 1
q27{lnT/lnq} = Zq
For a given T let () be the largest prime less than or equal to Iny T such
that all primes ¢ with 5 < ¢ < @ satisfy
In2T In2
< —.
Ing || ~ Ing

We want to know how large @ can be as a function of T'. By the following
result on simultaneous Diophantine approximation we can say something
about this question.

LEMMA 4.7. Let &1,...,& be any | real numbers. Then, for any integer
N > 1, there exists a positive integer m < N' such that |m&;| < 1/N for
alli=1,...,1.

Proof. See the proof of Theorem 200 in [6].

Let @ be any large prime. Consider the [ irrationals 1/In5, 1/In7, ...,
1/In@ where [ = 7(Q) — 2. Let N = [In@/In2]. Then by Lemma 4.7 there
exists an integer m, 1 < m < N', so that every prime ¢ with 5 < ¢ < Q
satisfies ||m/Ing|| < 1/N <In2/In Q. Since ||m/In5|| < In2/In@ and In5 is
irrational it follows that m = m(Q) — oo as Q — oc.

By the definition of N we have N = (InQ/In2) + O(1) when @ is suffi-
ciently large. But | = 7(Q) — 2, so for @ sufficiently large by the prime num-
ber theorem we have Q > [In N > Inm. Now choose T such that 27T = e™.
Clearly m > InT. Thus @ > Iny 7. With this choice of T" all primes g with
5 < q <Iny T satisfy ||In27/Ing| < In2/Ingq. Thus by Lemma 4.6,

1 1
Z q2—{lnT/lnq} =z Z q2—{lnT/lnq}

g<Iny T 5<¢<In> T'
[In 27"/In g||<In2/In ¢

>y =T,

s<aciny T 1 4

Therefore we have proved the following theorem.

THEOREM 4.8. There is an unbounded set of numbers T for which

1 1
Z 2 nT/lng} Z 51]“4 T.

q<lno T

5. Proofs of Theorems 2 and 3. Recall the function r(n) = R(n)/¢(n)
from Section 2. We can restate Theorem 2 in the following form. These

estimates are also bounds for the first moment of f(n) and that of f(n).
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THEOREM 5.1. There exist positive constants c7, cg and c9 so that
(i) for all sufficiently large x we have
Z [lnr(n)| < crxlng z;
n<x
(ii) there is an unbounded set of numbers x for which
Z [lnr(n)| > csxIng z;
n<x
(iii) there is an unbounded set of numbers x for which

Z lnr(n)| < cox.

n<x

Proof. By the definition of f(n) in Section 2 we have f(n) = —Inr(n)+
O(1), where the O(1) is non-positive. Since 0 < r(n) < 1, we have

Zf Z\lnr )|+ O(x),

n<x n<x

where the O(z) is non-positive. Noticing that f(n) > f(n), we can get
Theorem 5.1 by applying Theorems 3.2, 3.3, 4.1, 4.5 and 4.8.

COROLLARY 5.2. Let cg be the constant in Theorem 5.1. There is an
unbounded set of numbers x such that

D(z,u) < co/|Inwul
for all u with 0 < u < 1.
Proof. By definition,
Z Inr(n)| > z|lnu|D(z,u)
n<x
r(n)<u

for all w with 0 < w < 1. Thus, the corollary follows from Theorem 5.1(iii).

COROLLARY 5.3. There is a positive constant cig with the property that,
for any positive constant b < c1g, the set S, = {n € N : r(n) < (Insn)~°}
has positive upper density.

Consider the set
S)={neN: f(n)>blngn}.

Since Inr(n) = —f(n) + O(1) with the O(1) being non-positive and f(n) <
f(n), we have §; C Sp. It is enough to show that there is a constant cig
such that, for all b with 0 < b < ¢19, S; has a positive upper density.
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From the definition of f(n) we trivially have f(n) < 2lngn when n is
large enough. Thus we have, for = sufficiently large,

SNoim =Y F+ Y )< Y blgr +2gz Y 1.

n<x n<x n<x n<x n<x
n¢gS, nes; ngS, nes;
On the other hand, we choose c¢19 = ¢2/10 where ¢y is the constant in

Theorem 3.1. Then, by Theorems 3.3 and 4.8, there exists an unbounded
set of real numbers x for which

Z f(n) > cioz Ing .

n<zc

Let b be any constant with 0 < b < ¢19. Then combining the above we have
for such numbers x,

Thus the upper density of S is at least (c10 — b)/2, which is positive. Thus
we have proved the corollary.

COROLLARY 5.4. There exist positive constants §, b and an unbounded
set of numbers x with D(z, (Ins x)~?) > 4.

Proof. This follows immediately from the definition of D(z,u) and from
Corollary 5.3.

THEOREM 5.5. There exists a positive number ug such that, for each
u € (0,uq), the function D(z,u) does not have a limit as x — oo. Thus the
function r(n) does not have distribution function.

Proof. This is a corollary of Corollaries 5.2 and 5.4.

Note that Theorem 3 in the introduction follows from Corollaries 5.2,
5.4 and Theorem 5.5.
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