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On strong uniform distribution, II.
The infinite-dimensional case

by

Y. LACROIX (Brest)

We construct infinite-dimensional chains that are L' good for almost
sure convergence, which settles a question raised in this journal [N]. We give
some conditions for a coprime generated chain to be bad for L? or L>, using
the entropy method. It follows that such a chain with positive lower density
is bad for L*°. There also exist such bad chains with zero density.

0. Introduction. A chain C is a multiplicative semigroup of the one
of positive integers N. We say a sequence p = (pg) generates the chain
CifC = {H’k]:l ppf tap > 0, J > 1}. A chain is of finite dimension
(abbreviated FD) if there exists a finite sequence generating it; else, it is
infinite-dimensional (abbreviated ID).

For example, N is ID and generated by the set P of all primes. Disproving
Khinchin’s strong uniform distribution conjecture, Marstrand [M] proved
that there exists an open subset V of the torus T such that the averages

LN
N Z 1y (nz mod 1)

n=1
fail to converge a.e. with respect to Lebesgue measure \.
He also proved that if C is finitely generated by prime numbers and
(nk) denotes the increasing sequence such that {ny : £ > 1} = C, then the
averages

K
1
(1) e l; f(npz mod 1)
converge a.e. to { fdA for f € L>®(T, \).
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Later, R. Nair [N] observed that Marstrand’s preceding result could be
extended to f € L'(T, \), making use of the multidimensional ergodic the-
orem ([Be], [K]). He raised the question of the existence of ID chains such
that the averages in (1) converge a.e. for any f € L!(T,\).

In this note we give an affirmative answer to R. Nair’s question, together
with some hints towards the use of the entropy method [Bo] for proving some
chain is bad.

The problem of a.s. convergence of averages (1) developed parallel to the
Riemann sum problem, which is that of a.s. convergence of the averages

For the latter, after W. Rudin [R] showed that for any ID chain C = {ny :
k > 1} the convergence fails to hold a.e. for some f € L*°(T, \), in [DP] and
later [BW] it was proved that the optimal functional space of convergence
was Llog LY~ if the chain is generated by d primes for instance (see also
[J], [B], and [N1] for this problem). Hence our main result (Theorem 1)
strengthens the difference between these two problems.

In the first section, we construct explicit examples of ID chains that are
good for a.s. convergence for any f € L'(T, \). We make a careful use of the
Tempel’'man Ergodic Theorem for actions of the amenable semigroup [ J . N
[K]. This essentially relies on proving some “covering lemma” .

The second section completes our answer to Nair’s question: we give in
Theorem 2 some criteria for a chain to be bad for L? or L, using the
entropy method due to J. Bourgain [Bo| (used also in [BW] for the Riemann
sum problem). In particular, a chain with positive lower density is bad for
L°°, and there exist such bad chains with zero density.

Our results are summarized by the following:

THEOREM 0. There exist increasing subsequences p = (p) of coprime
integers such that a.s. convergence in (1) holds for any f € L*(T,)\) along
C(p). Moreover, the a.s. limit is \ f d\.

If a coprime generated chain C(p) has positive lower density, i.e.
#C(p) N [1, N]
N
then a.s. convergence in (1) fails for some f € L (T, \).

There exists such a chain with

d.(C(p)) = limNinf > 0,

#Cp) N [1,N]
N

The author would like to thank R. Nair for helpful discussions during
his visit at the Brest Mathematics Department, February 1996.

d(C(p)) = lim = 0.
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1. Good ID chains

1.1. Ergodic theoretic preliminaries. We shall make an essential use of
the following abelian semigroup endowed with its counting measure (for a
subset T', #T denotes its cardinality):

lo(N) := {(as)i>1 : i €N, 3j,i>j = a; =0}

Given ¢ an integer, we identify N? with a subsemigroup of N9*! and the
latter with one of /y(N) via the following embedings:

N¢ — Na+! — lo(N)
(1,...,09) — (o1,...,04,0) — (a1,...,024,0,0,...).

Given a probability measure space (X, B, ) and a sequence (Tj)r>1 of
commuting endomorphisms of (X, B, 1) (i.e. each T}, : X — X is measurable,
Tip = p, and Ty o Tyr = Ty 0 Ty,) we define an action I" of Io(N) on (X, B, 1)
by
(2) I'((ar)) == O Tp;*,

k>1
where T} is meant to be the identity map. Mainly in this paper the reader
can consider that Tpyx = prrmod1l, X = T, and p = A, the Lebesgue
measure.

For any sequence (7'(n)) of subsets of lp(N), consider the following mul-
tiple condition (P):

(P1): 0< #T(n) < oo,
) ¥y €lo(N), limy, #((T'(n) +7) & T(n))/#T(n) =0,
): T(n) CT(n+1), n>1,
): 3K < o0, VN, lim, #(T(N)+T(n))/#T(n) < K1,
): AKs < 00, VYn, #(T(n) —T(n))/#T(n) < K,
where T'(n) — T'(n) :=={a € ((N) : Iy € T'(n), a+~v € T(n)}.

Then if (T'(n)) satisfies (P), by the Tempel’'man Ergodic Theorem [K,
p. 224], for any f € L'(u), the averages

1
> fol(a)(x)
#T(n) S

converge fi-a.e.

In this case we say that (T'(n)) is L' good universal (for lo(N) actions).
If C is an ID coprime generated chain, Tz = prax mod 1, we shall see in 1.2
below that averages (1) taken along particular sequence (7'(n)) of subsets of
lo(N) coincide with those above, converge M-a.e. (when (P) holds), and the
limit equals {; f d\ (because the action is ergodic [K]).

DEFINITION 1. If averages (1) converge a.s. for any f € LP(T), we say
that C is a good chain (for LP); otherwise C is bad (for L”).
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1.2. Condition (P) for a pairwise coprime generated chain. In this sub-
section we reduce condition (P) for chains. Let p; < pa < ... be an increasing
sequence of pairwise coprime integers, C denote the chain they generate, and
(ng) denote the sequence constituted by the elements of C ordered by size.
For given ¢ > 1 and n € [1, oo, we let

Ty(n) == {(al,...,aq) e N7: Zq:ai logp; < logn},
Q =
T(n):= {a = (o) € lp(N) : Zai logp; < logn}.

i>1

If g(n) := max{q : p; < n}, then T(n) = Ty)(n). Therefore, for given
q > 1, both (T,(n)) and (T'(n)) satisty (P1), (P3), and (P5) with Ky =1,
because T'(n) — T'(n) C T'(n).

Moreover, since T'(n) C T(N) + T'(n) (resp. Ty(n) C Ty(N) + Ty(n)),
and since it is easily checked that

#(T(N)+T(n) <#T(n)+ D #((v+T(n)\T(n))
YET(N)

(vesp. #(T,(N) + Ty(n)) < #Ty(n) + D #((y + T,(n) \ Ty(n)) ),

YET(N)

we see that (P2) implies (P4) with K; = 1. Hence we deduce (cf. (2))

LEMMA 1. The sequence (T'(n)) (resp. (T,(n))) defined by (3) is L' good
universal for lo(N) actions whenever it satisfies (P2).

Given v = (v;) € lp(N), we have (also with T'(n) replaced by T,(n))
) #((T(n)+7) AT (n) = #(T () \ (T(n) +7)) +#(T(n) + )\ T(n)).
An elementary computation [M] shows that
. (logn)*

q'[[izy logpi-
Therefore, by (5), for any v € lp(N),

lim #(T'(n) \ (T'(n) +7))/#T (n) = 0,
hence with (4), (P2) reduces to
(P6) vy €lo(N),  lim##((T(n) +7)\ T (n))/#T(n) =0
(resp. lim #((Ty(n) +7) \ Ty(n))/#T4(n) = 0).

(5) #1q(n)
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Now we show how this reduction is already applicable to the proof of [N,
Thm. 1]. In addition to (5) we also have in [M]

(6) #05(T4 () ~a—oo (q — f)(fonq_flo)gpi

Hence with (2), (5), (6), Lemma 1, (P6), and the fact that

(logz)1~ L.

(Ty(m) + D\ Ty(0) € T, (0 [T ) \ Tu(m),

a somewhat simplified proof of [N, Thm. 1] follows:

COROLLARY 1. The sequence (T,(n)) is L' good universal for lo(N) ac-
tions.

1.3. The inductive step for constructing an ID good chain. Now we know
that (P6) is enough for an ID coprime generated chain to be good, the idea
is to show that given p; < ... < pg, it is possible to choose p,+1 > pg such
that a “small” increase occurs in the quotients (P6) uniformly in v belonging
to some finite subset (¢) of {p(N), where the union over ¢ of these subsets
cover lo(N).

Actually, this is possible thanks to the equality T'(n) = Ty,)(n) and to
a careful use of estimates (5) and (6). We start by presenting the analysis
of this “control” (Lemma 2 below).

We assume ¢ > 1 and that p; < ... < p, are pairwise coprime. We also
let pg4+1 > pg denote an integer coprime to the previous py’s, to be specified
later on. We let

(@) :={y=(n) eN":v <q 1<i<q},
and ¢ := (q,...,q) € N7 We define (v < v') & (Vi, v < ~/). We also
introduce (cf. (P6))
05(Ty(n)) := (Tg(n) +7) \ T4(n).
Then an easy observation leads to
v <A = 0, (Ty(n)) C 9y (Ty(n)).

Given arbitrary ¢, > 0, using (5) and (6), we show as in Corollary 1 that
there exists an N (g,) such that

(7) 2> Nieg) = Wy € (), #0,(T,(@))/#T,(@) < e,/
From now on we select p,41 > N(gq) (N(g,) is as in (7)). Then if k > 1
and p§+1 <n< p';ill, we have

k

Tye1(n) =Y (N?x {i}) N Tyqa(n)  (disjoint union).
=0



284 Y. Lacroix
Set Tyt1(n,i) := (N9 x {i}) N Ty41(n), 0 < i < k = [logn/log pg+1]. Then
we observe that (0 <i < k)

(o1,...,0q,1) € Tyr1(n,i) < (a1,...,0q) € Tq(n/pfﬂrl),

and moreover, if v € (g), then

To+1(n Za Ty+1(n,i))  (disjoint union)

here 8, (Ty11.0) = (Tysa (1.3) + )\ Tyss (). Moreones
(vt )1 € 0 (Tyea () (s, 30) + 7 € 55 (Ty (/1))

Hence

#Tyr1(n Z#T (n/Pis),

#05(Ty+1(n Z #04(T. n/pq+1))

Thus for any n,pg+1 > N(gq), if k= [log n/logpg+1], we have, using (7):
k=0 (iLe. N(gg) <n <pgs1) = Tyra(n) = Ty(n)
=y € (q), #0y(Tg11(n)) [#Tq41(n) < q/2,

and

k#0=Vye (g,

#0y (Ty41(n))/#Ty11(n) < #05(To11(n))/#Tq41(n)
- T #00(Ta(n/py)) |
07(Ty(n 1 Ty(n/p,

Zf 01 4T, (n/pq+1) + # ( ( /pq+ )/ # ( /p +1)

< EQ/2 =+ A(qurla n/pq—i-l)v

where A(pg11,2) = #04(T4(x))/#14(pg+17) (z = 1).
By (5) and (6) there exist two positive constants Cy, Cy (depending on
P1,--.,Pq and ¢, but not on py41) such that for any =,y > 1,

(8) #0q(Ty(x)) < Cillogx)?™t,  #T,(y) > Ca(logy)”.
Hence, (8) implies that, with C3 = C;/C5, and for any x > 1,
9) A(pg+1,7) < C3/logpg1-

Let us select both py41 > N(gq) and Cs/logpgy1 < €4/2 (here Cs is given
and the condition requires py41 to be large enough). Then by (9), we see
that as soon as n > N(g,), for any v € (g),

(10) #0y (Ty41(n))/#Tg11(n) < &g
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We have proved:

LEMMA 2. Given q > 1, arbitrary coprime p1 < ... < pq, and arbitrary
gq > 0, there exists an integer N(eq) and a pg41 > N(eq) which is coprime
to the p;’s (1 < i < q) such that for any v € (q), if n > N(g,), then (10)
holds.

1.4. The inductive construction of an ID good chain. We fix a sequence
(€q)g>1 of positive real numbers tending to 0. Next we select an arbitrary
p1 > 0. Then a repeated inductive use of Lemma 2 produces a sequence
p1 < ... < pg+1 < ... of pairwise coprime integers, and another sequence
N(e1) <...< N(gq) <...of integers (we can choose them increasing).

We then define, for each n, the set T'(n) as in Subsection 1.2. As before,
T(n) = Tym)(n), where pgn) < n < pg(n)+1: thus if n > py and ¢ < g(n) —1,
then

v € (q) = #0y(Ty(n)(n))/#Tyn) (1) < Eg(n)—1-

Now we fix v € lp(N) and select ¢ > 2 such that v € (¢g). Then if ng
satisfies q(ng) — 1 > ¢, we find that for any n > ng,

#a’y (T(n))/#T(n) = #87 (Tq(n) (n))/#Tq(n) (n) < Eq(n)—1s
by our inductive construction using Lemma 2. Since ¢, — 0 and ¢(n) — oo,
this proves (P6), hence (P2). By Lemma 1, we obtain:

THEOREM 1. Let p1 < ps < ... be the sequence of pairwise coprime
integers constructed above, and C the ID chain it generates. Then C is good
for L, and the almost sure limit in (1) equals XT fdA.

2. Bad ID chains. In this section we aim to present some material
derived from [Bo], that may be useful in proving an ID chain is bad: the
criteria are listed in Theorem 2, and Corollary 2 and Proposition 1 give some
straightforward application of them, which is used in Theorem 3 to prove
existence of an ID bad chain with zero density.

We consider an ID coprime generated chain C, C = C(p), and p = (pi)-
As before we let (ny) be increasing and such that C = {ny : k£ > 1}. For
f € L3(T,\), we let

1 K
(11) Sk f(x) = 2 > flnx), zeT.
k=1

The entropy method of Bourgain is based on the following facts [Bo,
Prop. 1, 2]: if (Sk f(x)) converges A-a.e. for all f € L*(T,\) (resp. f €
L3(T,)\)) with ||f|l2 < 1, then for any § > 0, there are uniform entropy
estimates for such f’s, i.e. there exists C'(§) < oo (resp. there exists a C' > 0)
such that

N(f,6) <C(6) (resp. 5v/N(f,0) < C)
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(N(f,0) refers to the delta entropy number of the sequence (Sk f) in Hilbert
space L?(T, \), which is the minimal number of L? balls of radius J centered
at Sk f’s needed to cover the set {Skf: K > 1}).

This was used in [Bo] to recover Rudin’s as well as Marstrand’s results.
We shall adapt Bourgain’s approach to the latter so as to fit it to the ID
chain case (notations are as in the previous sections).

For q,k,c,T > 1 and 0 < j < k, we let (cf. (3))

A(j,0) == TEVTINNTES), Ay, ) == T,V V) \ T, (),
Ag(T, j,¢) = Ty(py TITVNN\ T, (p] 9.
For B C ly(N) finite and f € L*(T, \), we let (cf. (2))

Spf(x) == #13 S fol(a)(@)

a€EB

(12)

(recall I'(a)(z) = [[;50 i "z mod 1). And for given ¢,k > 1, we let

q:=qle,k) = q(pi)  (recall pyguy <1 < pyiny+1)
and define for given 7' > 1 (e(y) := exp(2iny))

9 = \J#AT, j,c) Sayrjee@), 0<j<k.
Then obviously
1f D=1 and f9 L. f9) if0<j+#j <k
Also, since g = q(p’fc)7
we A(j,e) and n € Ay(T,0,¢) = w+n € Ay(T,j,¢) UAy(T,j +1,¢).
Set

f =1
Then, since #A4,(T,j,c) < #A,(T,5+1,¢) (cf. (12)), we easily deduce that

#Aq (T7 07 C) > #A(I (T7 07 C)
#Aq(Taj+lvc) o #AQ(TJ{;_LC)'

(SA(j,c)faf(j) + fUTDY 2 > \/

Hence, letting B(j,c¢) = A(0,c)U...UA(j,¢) (= T(pgjﬂ)c)), 0<j<k—-1,
we get by positivity of the summands

7O 4 f(j+1)>
S o f, ——————
< B(]v )f \/§ 2

_#AG) [ #4000 #AGe [ #4,1,0.0)
o #B(], C) Q#Aq(ij + 176) o #B(jv C) 2#Aq(T7k - 170)'
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Using (5) and (6), for given k and ¢, we may find 7" large enough so that
O+ N1 #AGe)

(13) <SB(j,c)f’ \/§>L2 4 #B(j,c)
Define
10 o) = ofe) = min [ FAUE LS

We introduce an orthonormal family
f29) 4 p2i+1)

0y (L '
(@) ( V2 )0<j<[k/2]—1

Moreover, if j < [, then (Sp(2j,0)f, #W) = 0. And using (13) and (14), for T
large enough, we get

(15) (Sp(2je)f> @) 2 >

Define

:0§j<k—1} (>1).

1y .
4 1400 +...+ 0@

Bk = Ba(k/2]-1)5
@1 = limsup sup Gr+/log k,

k c>1

Q)2 = limsup sup (.
ko oc>1

THEOREM 2. Let C be a coprime generated chain. If Q1 = oo, then C is
bad for some f € L*(T), and if Qo > 0, then it is bad for some f € L*(T).

Proof. Take kK > 1 arbitrary, and notice that the finite sequence
(B25)o<j<[k/21—1 of (15) is positive decreasing.

Using the Cauchy—Schwarz inequality in L?(T) we see that for 0 < j #
[ <[k/2] —1 and T large enough, given ¢ > 1, if [ < j, then

Br < B2j < |{SBue)f — SB2j0)f ¢(j)>’ < |ISBei,e)f — SB2j.e)fllL2-

Hence N(f,Bk) > k/(4+ d) for some constant d > 0 (depending only on 4).

Now if we go back to Bourgain’s criteria stated at the beginning of
this section, we see that the L? case is contradicted if Q; = oo, while for
0 < d < limsupy, sup,~; B the L> uniform entropy estimate holds, hence
L™ convergence fails if Q2 > 0. m

2.1. Bad ID chains and density. Let I C N. Its lower (resp. upper)
density, denoted by d,(I) (resp. d*(I)) is defined by

#LN]NT resp. limsu #LN]NT
N p- HIESUP TN ‘

We say I has a density d(I) if di(I) = d*(I) =: d(I).

lim inf
N
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PROPOSITION 1. Let C be a coprime generated chain. If di(C) > 0, then
C is bad for L.

Proof. Suppose that 6 = d,(C) > 0; then it is easy to observe that for
any k > 4, there exist arbitrarily large ¢’s such that o(k, c¢) > p§/3. Hence
the “sup, 0" in Q1 or Q)2 is at least 1/2. By Theorem 2 the chain is bad. =

COROLLARY 2. Assume C is generated by an increasing sequence p =
(pr) of primes and let (p};) be the complementary sequence of primes. If
ij 2{)]3; < oo, then d(C) ezists and equals [[;(1 — 1/p}). Hence C is bad
or L.

Proof. Applying [T, §IIL.1, Exercice 3(c)] (the Davenport-Erdés theo-
rem (1951)), since >, 1/p; < oo, if M =N\ C = J; p;N, then

d(M)zl—d(C)zl—H<1—l,><1.

i Pi
So d(C) exists and is strictly positive. It remains to apply Proposition 1. m

2.2. Bad ID chains with zero density. We let P be the set of primes, and
(r¢) be its increasing enumeration. Let 4 < k; < ko < ...and 0 = ap < a1 <
g < ... go to infinity, the k;’s being integers. We shall construct sequences

(t:), (es), (ci), (T;) and (f;) such that:

(1) th=1,t +e <titi;

(ii) if Ny := U,> {tis.-.,ti + €; — 1}, and for each i > 1, C; denotes
the chain generated by {r; : t € Ny N [1,¢; + e; — 1]}, then for ¢ = ¢; and
T =T, (cf. (15)) Br, > 1/2 for f = f; € L>=(N), ||fill2 < 1, referring to the
FD chain C; (computations are done at each step i as at the beginning of
Section 2);

(iii) for each i >0, 3 _ o, pp, 1/7t 2 cuis

(iv) C = U;>, Ci is a chain, generated by {r; : t € Ny }.

Induction. First step. As at the beginning of Section 2, and by Sub-
section 2.1 (Theorem 2), we may find ¢; and 77 > 1 such that if e =
#P N [l,r]flcl[ then (i, > 1/2, where the computations refer to the FD
chain generated by {r; : 1 <t <1+ e; — 1}, and coincide with those that
would be done for the chain N. We let f; denote the f(©) from the beginning
of Section 2, and t; = 1. Then Ny N[1,e;] = [1, 4] is constructed.

Inductive step. Assume that for some i > 1 the five finite sequences
(tj)j<is (€5)j<is (¢5)j<i, (T});<i and (f;);<; have been constructed and sat-
isfy the desired conditions, and hence Ny N [1,¢; + e; — 1] is known. Then
since C; is generated by primes less than ¢; +e; — 1, and >, 1/ry = oo, we
can pick t;11 > t; + e; such that Zti+ei§t<ti+1 1/r > .
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Since the chain d+1 generated by P; := P\ {r: : t < ti41, t € N1} has
density 1 (positive), by the preceding subsection, we may find some c¢;11
such that if e;y; = #P; N [l,rlf”lci“[ then By, , > 1/2, where again the
computations refer to the FD chain C;1 generated by P; N [1,t;41 + eit1],

and coincide with those that would be done for the chain C;y1, fi+1 being
the corresponding “f(9”, and T, i+1 the corresponding T'. Then we let

N; N [1,t¢+1 +eiy1 — 1] = (N1 M [1,t¢ +e; — 1]) U [t¢+1,ti+1 +eiy1 — 1].

End of induction. From the construction it follows that C = |J,C; is a
chain generated by {r; : t € N1}, and has the following two properties:

a = 0: indeed, since lim; o; < ry = oo, from [T, Exer-
d(C) = 0: indeed, since li tan, 1 f T, E
cice 6(e), p. 281] it follows that

1
1>d =1- —— )=
>d,(N\C)=1- ] (1 n) 1,
tZNq

hence by the identity

CN[1,N

d*(C) = limsup #CAILN]) =1-d,(N\C)
N N
we deduce that 0 = d*(C) = d(C).
(b) For each i > 1 we can find an f € L®(T) (f = fi),ac>1 (¢ = ¢),

and a T'> 1 (T = T;) such that (8, > 1/2, computed as in (15).

Hence the constructed ID chain C is such that Q1 = oo and Q2 > 0, and
we therefore deduce from Theorem 2 the following

THEOREM 3. The chain C is bad for L> and satisfies d.(C) = 0.
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