
ACTA ARITHMETICALXXXIII.2 (1998)
An additive problem with primes and almost-primesbyT. P. Peneva and D. I. Tolev (Plovdiv)1. Introdu
tion. In 1937 I. M. Vinogradov [10℄ proved that for everysuÆ
iently large odd integer N the equationp1 + p2 + p3 = Nhas a solution in prime numbers p1, p2, p3.Two years later van der Corput [9℄ used the method of Vinogradov andestablished that there exist in�nitely many arithmeti
 progressions 
onsist-ing of three di�erent primes. A 
orresponding result for progressions of fouror more primes has not been proved so far. In 1981, however, D. R. Heath-Brown [5℄ proved that there exist in�nitely many arithmeti
 progressions offour di�erent terms, three of whi
h are primes and the fourth is P2 (as usual,Pr denotes an integer with no more than r prime fa
tors, 
ounted a

ordingto multipli
ity). One of the main points in [5℄ is a result of Bombieri{Vinogradov's type for the sumXx<p2; p3�2xp1+p3=2p2p2�2p3�0 (mod d) u(p1)u(p2)u(p3);where d is squarefree, (d; 6) = 1; u(n) = (log n)= log 3x for n � 5 andu(n) = 0 otherwise.Re
ently Tolev [8℄ found an analogous result for the quantityJk;l(N) = Xp1+p2+p3=Np1�l (mod k) log p1 log p2 log p3;where N is a suÆ
iently large odd integer and (l; k) = 1. In [8℄ the Hardy{Littlewood 
ir
le method and the Bombieri{Vinogradov theorem were ap-plied, as well as some arguments belonging to H. Mikawa.1991 Mathemati
s Subje
t Classi�
ation: Primary 11N36.[155℄



156 T. P. Peneva and D. I. TolevIt would be interesting to prove that there exist in�nitely many arith-meti
 progressions of three di�erent primes su
h that for two of them, p1and p2, say, both the numbers p1 + 2, p2 + 2 are almost-primes. In thepresent paper we study this problem. Our main tool is a result of Bombieri{Vinogradov's type whi
h we establish using the method developed in [8℄.Let x be a suÆ
iently large real number and k1, k2 be odd integers.Denote by Dk1;k2(x) the number of solutions of the equation(1) p1 + p2 = 2p3in primes p1, p2, p3 su
h that(2) x < p1; p2; p3 � 3xand p1 + 2 � 0 (mod k1); p2 + 2 � 0 (mod k2):Let us also de�ne
(x) = Xx<m1;m2;m3�3xm1+m2=2m3 1logm1 logm2 logm3 ; �0 = 2Yp>2�1� 1(p� 1)2�:We prove the followingTheorem. For ea
h A > 0 there exists B = B(A) > 0 su
h thatXXk1;k2�px=(log x)B(k1k2;2)=1 ����Dk1;k2(x)� �0
(x)'(k1)'(k2) Ypj(k1;k2) p� 1p� 2 ����� x2(log x)A :For squarefree odd k we de�ne Jk(x) as the number of solutions of theequation (1) in primes satisfying (2) and su
h that(p1 + 2)(p2 + 2) � 0 (mod k):The Theorem stated above impliesCorollary 1. For ea
h A > 0 there exists B = B(A) > 0 su
h thatXk�px=(log x)B(k;2)=1 �2(k)����Jk(x)� �0
(x)Ypjk 2p� 5(p� 1)(p� 2) ����� x2(log x)A :Remark. We shall prove the Theorem and Corollary 1 with B =16A+ 100.Using Corollary 1 we get



An additive problem 157Corollary 2. There exist in�nitely many triples p1, p2, p3 of distin
tprimes su
h that p1 + p2 = 2p3 and (p1 + 2)(p2 + 2) = P9.2. Notations. Let x be a suÆ
iently large real number and A a positive
onstant. The 
onstants in O-terms and�-symbols are absolute or dependonly on A. We shall denote by m, n, d, d1, d2, a, q, k, k1, k2, l, r, h, fintegers, by p, p1, p2, p3 prime numbers and by y, z, t, � real numbers. Asusual �(n), '(n) denote M�obius's fun
tion and Euler's fun
tion; �k (n) isthe number of integer solutions of the equation d1 : : : dk = n; �(n) = �2(n).We denote by (m;n) and [m;n℄ the greatest 
ommon divisor and the least
ommon multiple of m and n, respe
tively. For real y, z, however, (y; z)denotes the open interval on the real line with endpoints y and z. Themeaning is always 
lear from the 
ontext. Instead of m � n (mod k) weshall write for simpli
ity m � n (k). We shall also use the notation e(t) =exp(2�it). The letter 
 denotes some positive real number, not the same inall appearan
es. This 
onvention allows us to write(log t)e�
plog t � e�
plog t;for example.We de�ne
(3)

H = px(log x)16A+100 ; Q = (log x)4A+20; � = xQ�1;E1 = [q�Q q�1[a=0(a;q)=1�aq � 1q� ; aq + 1q� �; E2 = �� 1� ; 1� 1� ��E1;Sk(�) = Xx<p�3xp��2 (k) e(�p); S(�) = S1(�); V (�) = Xx<m�3xe(�m)logm ;E = XXk1;k2�H(k1k2;2)=1 ����Dk1;k2(x)� �0
(x)'(k1)'(k2) Ypj(k1;k2) p� 1p� 2 ����:3. Proof of the 
orollaries. Suppose that �2(k) = 1 and M1, M2 areintegers. The following identity holds:(4) �(k) X[k1;k2℄=kk1jM1k2jM2 �(k1)�(k2) = � 1 if k jM1M2,0 if k -M1M2.A similar identity has been stated in [1, Lemma 8℄. For 
onvenien
e wepresent a short proof.



158 T. P. Peneva and D. I. TolevIf k -M1M2 the equality (4) is obvious. Suppose that k jM1M2. We have�(k) X[k1;k2℄=kk1jM1k2jM2 �(k1)�(k2) = �(k) Xk1jkk1jM1 Xdjk1kd=k1jM2 �(k1)��kdk1�= Xk1j(M1;k)M2k1�0 (k) Xdj(k1;M2k1=k)�(d) = Xk1j(M1;k)M2k1�0 (k)(k1;M2k1=k)=1 1 = 1;sin
e the only integer whi
h satis�es the 
onditions imposed in the last sumis k1 = k=(k;M2): This 
ompletes the proof of (4).Using (4) we getJk(x) = Xx<p1;p2;p3�3xp1+p2=2p3 �(k) X[k1;k2℄=kk1j(p1+2)k2j(p2+2) �(k1)�(k2)(5) = �(k) X[k1;k2℄=k�(k1)�(k2)Dk1;k2(x):Suppose that �2(k) = �2(l) = 1 and (k; 2) = (l; 2) = 1. We de�net(l) =Ypjl p� 1p� 2 ; %(l) = �(l)t(l)'(l)and(6) L(k) = �(k) X[k1;k2℄=k �(k1)�(k2)'(k1)'(k2) t((k1; k2)):It is 
lear thatL(k) = �(k)t(k) X[k1;k2℄=k �(k1)�(k2)t(k1)t(k2)'(k1)'(k2) = �(k)t(k) X[k1;k2℄=k %(k1)%(k2)= �(k)t(k) Xk1jk Xdjk1 %(k1)%�kdk1 � = �(k)%(k)t(k) Xk1jk Xdjk1 %(d)= �(k)%(k)t(k) Xdjk %(d)��kd� = �(k)%(k)�(k)t(k) Xdjk %(d)�(d)= �(k)%(k)�(k)t(k) Ypjk �1 + %(p)2 �:



An additive problem 159Using the de�nitions of %(l) and t(l) we easily 
ompute(7) L(k) =Ypjk 2p� 5(p� 1)(p� 2) :Now we apply (3), (5){(7) and the Theorem to obtainXk�H(k;2)=1 �2(k)����Jk(x)� �0
(x)Ypjk 2p� 5(p� 1)(p� 2) ����= Xk�H(k;2)=1 �2(k)� �����(k) X[k1;k2℄=k�(k1)�(k2)�Dk1;k2(x)� �0
(x)'(k1)'(k2) Ypj(k1;k2) p� 1p� 2������ XXk1;k2�H(k1k2;2)=1 ����Dk1;k2(x)� �0
(x)'(k1)'(k2) Ypj(k1;k2) p� 1p� 2 ����� x2(log x)A :Corollary 1 is proved.Consider the sequen
eA = f(p1 + 2)(p2 + 2) j x < p1; p2 � 3x; (p1 + p2)=2 primegand let B be the set of odd primes. De�neX = �0
(x); !(k) = kYpjk 2p� 5(p� 1)(p� 2) :We apply Theorem 10.3 of [3℄ 
hoosing � = 2, � = 1=4, � = 4:1, � = 0:4. Itis 
lear that we may get rid the extra fa
tor 3�(d) in the 
ondition R(�; �)using, for example, the Cau
hy inequality. We obtainjfP9 : P9 2 Agj � x2log5 x:Sin
e the 
ontribution of the terms for whi
h p1 = p2 is at most O(x),the last estimate proves Corollary 2.4. Proof of the Theorem. It is 
lear thatDk1;k2(x) = 1�1=�\�1=� Sk1(�)Sk2(�)S(�2�) d� = D(1)k1;k2(x) +D(2)k1;k2(x);



160 T. P. Peneva and D. I. Tolevwhere D(i)k1;k2(x) = \Ei Sk1(�)Sk2(�)S(�2�) d�; i = 1; 2:Consequently,(8) E � E1 + E2;where E1 = XXk1;k2�H(k1k2;2)=1 ����D(1)k1;k2(x)� �0
(x)'(k1)'(k2) Ypj(k1;k2) p� 1p� 2 ����;(9) E2 = XXk1;k2�H(k1k2;2)=1 jD(2)k1;k2(x)j:(10)The proof of the Theorem follows from (3), (8){(10) and from the inequalitiesE1 � x2(log x)A ; E2 � x2(log x)A :4.1. The estimate of E1. We have(11) D(1)k1;k2(x) = Xq�Q q�1Xa=0(a;q)=1 I(a; q);where(12) I(a; q) = 1=(q�)\�1=(q�) Sk1�aq + ��Sk2�aq + ��S�� 2�aq + ��� d�:If(13) q � Q; (a; q) = 1; j�j � 1q�then we have(14) S�� 2�aq + ��� = h(q)'(q)V (�2�) +O(xe�
plog x);where h(q) = qXm=1(m;q)=1 e�2mq � = �� q(q; 2)�'� q(q; 2)� � '(q)(the proof is similar to that of [6, Lemma 3, X℄).Consider Sk(a=q+�) for a, q, � satisfying (13). We are not able to �ndan asymptoti
 formula for that sum for a parti
ular large k (unless we use



An additive problem 161some hypotheses whi
h have not been proved yet). We shall �nd, however,an asymptoti
 formula with an error term whi
h is small on average.We have(15) Sk�aq + �� = X1�m�q(m;q)=1m��2 ((k;q)) e�amq �T (�);where T (�) = Xx<p�3xp��2 (k)p�m (q) e(�p):Using the elementary theory of 
ongruen
es one may easily prove thatif the integers k, m, q satisfy (k; 2) = (m; q) = 1 and m � �2 ((k; q)) thenthere exists an integer f = f(k;m; q) su
h that (f; [k; q℄) = 1 and su
h thatfor any integer n the 
ongruen
e n � f ([k; q℄) is equivalent to the systemn � �2 (k), n � m (q). Hen
e we haveT (�) = Xx<p�3xp�f ([k;q℄) e(�p):We de�ne �(t; h) = maxy�t max(l;h)=1 ���� Xp�yp� l (h) log p� y'(h) ����:Using Abel's formula we obtainT (�) = � 3x\x � Xx<p�tp�f ([k;q℄) log p� ddt�e(�t)log t � dt+ � Xx<p�3xp�f ([k;q℄) log p�e(3�x)log 3x= � 3x\x � t� x'([k; q℄) +O(�(3x; [k; q℄))� ddt�e(�t)log t � dt+� 2x'([k; q℄) +O(�(3x; [k; q℄))� e(3�x)log 3x= 1'([k; q℄)�� 3x\x (t� x) ddt�e(�t)log t � dt+ 2xe(3�x)log 3x �+O((1 + j�jx)�(3x; [k; q℄)):We integrate by parts, then use (13) and the well-known formula



162 T. P. Peneva and D. I. Tolev3x\x e(�t)log t dt = V (�) +O(1)to get T (�) = V (�)'([k; q℄) +O�Qq �(3x; [k; q℄)�:We substitute this expression for T (�) in (15) and we �nd that under the
ondition (13) we have(16) Sk�aq + �� = 
k(a; q)'([k; q℄)V (�) +O(Q�(3x; [k; q℄));where(17) 
k(a; q) = X1�m�q(m;q)=1m��2 ((k;q)) e�amq �:An expli
it formula for the quantity 
k(a; q) is found in [7, p. 218℄. It impliesthat(18) j
k(a; q)j � 1:Furthermore, we shall use the trivial estimates(19) ����Sk�aq + ������� xk ; jV (�)j � xlog x; jh(q)j � 1:From (14), (16), (18), (19) and the well-known estimate '(n)�n(log logn)�1we getSk1�aq + ��Sk2�aq + ��S�� 2�aq + ���= Sk1�aq + ��Sk2�aq + ��h(q)'(q)V (�2�) +O� x3k1k2 e�
plog x�= Sk1�aq + ��h(q)'(q) � 
k2(a; q)'([k2; q℄)V (�)V (�2�)+O�Qx2qk1 �(3x; [k2; q℄)�+O� x3k1k2 e�
plog x�= h(q)
k1(a; q)
k2 (a; q)'(q)'([k1; q℄)'([k2; q℄)V 2(�)V (�2�) +O� x3k1k2 e�
plog x�+O�Qx2qk2 �(3x; [k1; q℄)�+O�Qx2qk1 �(3x; [k2; q℄)�:



An additive problem 163For the integral I(a; q) de�ned by (12), we �ndI(a; q) = h(q)
k1(a; q)
k2(a; q)'(q)'([k1 ; q℄)'([k2; q℄) 1=(q�)\�1=(q�) V 2(�)V (�2�) d�(20) +O�xQ2k2q2�(3x; [k1; q℄)�+O�xQ2k1q2�(3x; [k2; q℄)�+O� x2k1k2 e�
plog x�:We also have(21) 1=(q�)\�1=(q�) V 2(�)V (�2�) d� = 
(x) +O(q2�2)(the proof is analogous to that in [6, Lemma 4, X℄). Using (18){(21) we �ndthat I(a; q) = h(q)
k1(a; q)
k2(a; q)'(q)'([k1; q℄)'([k2; q℄)
(x) +O� q2�2'(q)'([k1; q℄)'([k2 ; q℄)�(22) +O�xQ2k2q2�(3x; [k1; q℄)�+O�xQ2k1q2�(3x; [k2; q℄)�+O� x2k1k2 e�
plog x�:Set bk1;k2(q) = q�1Xa=0(a;q)=1 
k1(a; q)
k2(a; q);(23) �k1;k2(q) = h(q)bk1;k2(q)'((k1; q))'((k2; q))'3(q) :(24)From (11), (22){(24) and the well-known formula'([k; q℄)'((k; q)) = '(k)'(q)we getD(1)k1;k2(x)= 
(x)'(k1)'(k2) Xq�Q�k1;k2(q) +O��2(log x)Xq�Q q2[k1; q℄[k2; q℄�(25) +O�xQ2 Xq�Q �(3x; [k1; q℄)k2q �+O�xQ2 Xq�Q �(3x; [k2; q℄)k1q �+O� x2k1k2 e�
plog x�:



164 T. P. Peneva and D. I. TolevConsider the fun
tion bk1;k2(q). From (18) and (23) we have(26) jbk1;k2(q)j � '(q):It is not diÆ
ult to see that bk1;k2(q) is multipli
ative with respe
t to q andthat for prime p we have(27) bk1;k2(p) = 8>>><>>>: p� 1 if p - k1, p - k2,1 if p j k1, p - k2,1 if p - k1, p j k2,�1 if p j k1, p j k2.We also have bk1;k2(4) = 0. Therefore the fun
tion �k1;k2(q) de�ned by (24)is multipli
ative with respe
t to q and �k1;k2(pl) = 0 if l � 2. We applyEuler's identity (see [4, Theorem 286℄) and also (19), (26), (27) and thede�nition of �0. After some 
al
ulations we get(28) Xq�Q �k1;k2(q) = �0 Ypj(k1;k2) p� 1p� 2 +O�Xq>Q (k1; q)(k2; q)'2(q) �:From (25), (28) and the trivial estimate
(x)� x2log3 xwe obtainD(1)k1;k2(x) = �0
(x)'(k1)'(k2) Ypj(k1;k2) p� 1p� 2 +O�x2 Xq>Q (k1; q)(k2; q) log qk1k2q2 �(29) +O�xQ2Xq�Q �(3x; [k1; q℄)k2q �+O�xQ2Xq�Q �(3x; [k2; q℄)k1q �+O��2(log x)Xq�Q q2[k1; q℄[k2; q℄�+O� x2k1k2 e�
plog x�:Using (9) and (29) we �nd(30) E1 � xQ2�1 + �2(log x)�2 + x2�3 + x2e�
plog x;where�1 = Xk1;k2�H Xq�Q �(3x; [k2; q℄)k1q ; �2 = Xk1;k2�H Xq�Q q2[k1; q℄[k2; q℄ ;�3 = Xk1;k2�H Xq>Q (k1; q)(k2; q) log qk1k2q2 :



An additive problem 165Consider �1. We have�1 � (log x)Xk�H Xq�Q �(3x; [k; q℄)q = (log x) Xh�HQ�(3x; h)�(h);where �(h) = Xk�H Xq�Q[k;q℄=h 1q = Xd�Q Xk�H Xq�Q[k;q℄=h(k;q)=d 1q � Xd�Q Xq�Qq�0 (d) 1q � log2 x:Hen
e �1 � (log3 x) Xh�HQ�(3x; h):Now we use the de�nitions of H, Q and the Bombieri{Vinogradov theorem(see [2, Chapter 28℄, for example) and we �nd(31) �1 � x(log x)12A+72 :We now treat �2. We have�2 = Xd1;d2�Q d1d2 Xk1;k2�H Xq�Q(k1;q)=d1(k2;q)=d2 1k1k2� Q Xd1;d2�Q d1d2[d1; d2℄ Xk1;k2�Hk1�0 (d1)k2�0 (d2) 1k1k2 � Q(log2 x)��;where �� = Xd1;d2�Q 1[d1; d2℄ = Xd�Q Xd1;d2�Q(d1;d2)=d dd1d2(32) � Xd�Q 1d Xd1�Q=d 1d1 Xd2�Q=d 1d2 � log3 x:Hen
e(33) �2 � Q log5 x:To 
omplete the estimate of E1 we have to 
onsider �3. Obviously(34) �3 = Xd1;d2�H d1d2 Xk1;k2�H Xq>Q(q;k1)=d1(q;k2)=d2 log qk1k2q2 = �4 +�5;



166 T. P. Peneva and D. I. Tolevwhere �4 = Xd1;d2�H[d1;d2℄>Q d1d2 Xk1;k2�H Xq>Q(q;k1)=d1(q;k2)=d2 log qk1k2q2 ;�5 = X[d1;d2℄�Q d1d2 Xk1;k2�H Xq>Q(q;k1)=d1(q;k2)=d2 log qk1k2q2 :We have�4 � Xd1;d2�H[d1;d2℄>Q d1d2 Xk1;k2�Hk1�0 (d1)k2�0 (d2) 1k1k2 Xq>Q=[d1;d2℄ log(q[d1; d2℄)q2[d1; d2℄2(35) � (log x) Xd1;d2�H[d1;d2℄>Q 1[d1; d2℄2 Xk1�H=d1 1k1 Xk2�H=d2 1k2 1Xq=1 (1 + log q)q2� (log3 x)Xh>Q 1h2 X[d1;d2℄=h 1� (log3 x)Xh>Q �3(h)h2 � log4 xQ :For the sum �5 we �nd�5 � (log3 x) X[d1;d2℄�Q 1[d1; d2℄2 Xq>Q=[d1;d2℄ log qq2 � log4 xQ ���where �� is de�ned by (32). Consequently,(36) �5 � log7 xQ :Finally, 
ombining (30), (31), (33){(36) and using the de�nitions of Q and� we get E1 � x2(log x)A :4.2. The estimate of E2. It is 
lear thatE2 � Xk1;k2�H ��� \E2 Sk1(�)Sk2(�)S(�2�) d����:



An additive problem 167Using the de�nition of Sk2(�) we getE2 � Xk1;k2�H Xx<p�3xp��2 (k2) ��� \E2 Sk1(�)S(�2�)e(�p) d����� Xk1;k2�H X(x+2)=k2<r�(3x+2)=k2 ��� \E2 Sk1(�)S(�2�)e(�2�)e(�rk2) d����� Xk1�H Xn�3x+2� Xk2�H X(x+2)=k2<r�(3x+2)=k2rk2=n 1�� ��� \E2 Sk1(�)S(�2�)e(�2�)e(�n) d����� Xk�H Xn�3x+2 �(n)��� \E2 Sk(�)S(�2�)e(�2�)e(�n) d����:By Cau
hy's inequality we getE2 � � Xk�H Xn�3x+2 �2(n)k �1=2� Xk�H k Xn�3x+2 ��� 1�1=�\�1=� f(�)e(�n) d����2�1=2;where f(�) = �Sk(�)S(�2�)e(�2�) if � 2 E2,0 if � 2 E1.We now apply Bessel's inequality to obtainE2 � x1=2(log2 x)� Xk�H k \E2 jSk(�)S(2�)j2 d��1=2(37) � x1=2(log2 x)�Xk�H k Xx<p1;p2�3xp1�p2��2 (k)��� \E2 jS(2�)j2e((p1 � p2)�) d�����1=2= x1=2(log2 x)�1=2; say:We have � = Xk�H k Xjrj�2xr�0 (k) � XXx<p1;p2�3xp1�p2��2 (k)p1�p2=r 1���� \E2 jS(2�)j2e(�r) d����(38) � xXk�H Xjrj�2xr�0 (k) ��� \E2 jS(2�)j2e(�r) d����= x(�0 +�00);



168 T. P. Peneva and D. I. Tolevwhere �0 = Xk�H � \E2 jS(2�)j2 d��;�00 = Xk�H X1�jrj�2xr�0 (k) ��� \E2 jS(2�)j2e(�r) d����:Obviously(39) �0 � H 1\0 jS(2�)j2 d�� Hxlog x:By the Cau
hy inequality we �nd�00 � Xk�H X1�r�2xr�0 (k) ��� \E2 jS(2�)j2e(r�) d����= X1�r�2x� Xk�Hkjr 1���� \E2 jS(2�)j2e(r�) d����� X1�r�2x �(r)��� \E2 jS(2�)j2e(r�) d����� � X1�r�2x �2(r)�1=2� X1�r�2x ���1�1=�\�1=� g(�)e(r�) d����2�1=2;where g(�) = � jS(2�)j2 if � 2 E2,0 if � 2 E1.We again apply the Bessel inequality to obtain�00 � x1=2(log x)3=2� \E2 jS(2�)j4 d��1=2(40) � x1=2(log x)3=2 sup�2E2 jS(2�)j� 1\0 jS(2�)j2 d��1=2� x(log x) sup�2E2 jS(2�)j:Using the de�nitions of Q, � and E2 we 
an prove in the same way as in[6, Theorem 3, X℄ that(41) sup�2E2 jS(2�)j � x(log x)2A+7 :
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