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On explicit construction of Hilbert—Siegel
modular forms of degree two
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Hisasar Kojmma (Tokyo)

Introduction. Several authors have developed the theory of lifting from
the space of modular forms of one variable to that of modular forms on
the orthogonal groups attached to quadratic forms over Q (cf. [1, 4-6, §)]).
Shimura [9], [10] dealt with the problem of construction of arithmetic mod-
ular forms on orthogonal groups over totally real algebraic number fields.
However, he did not take up the explicit calculation of the Fourier coeffi-
cients of lifted modular forms.

On the other hand, in [3], [4] we have established a correspondence
W,i\/[’x between the space Siar_1)/2(M,x) of modular cusp forms of half

integral weight (2k — 1)/2 of level M to the space M,EQ)(M, x) of Maass
forms of Siegel modular cusp forms of degree two of weight k of level M
in such a way that it commutes with the actions of Hecke operators. We
evaluated explicitly the Fourier coefficients of LPéV[ X(f) with a form f in
S2k—1)/2(M, x), and made clear a coincidence with Shimura’s zeta func-

tions attached to f and Andrianov’s zeta functions attached to W,iw X(f).
We note that these results are closely related to Saito—Kurokawa’s conjec-
ture concerning Siegel modular forms of degree two. Using the technique in
the theory of group representation of Jacquet and Langlands, Piatetski-
Shapiro [7] discussed Saito-Kurokawa’s conjecture in the case of Siegel
modular forms on GpSp(2, Ap) where Ap is the adele ring of an arbi-
trary number field F. Unfortunately, it seems that his approach is diffi-
cult to use for an explicit calculation of the Fourier coefficients of the lifted
forms.

The first purpose of the present note is to show the existence of a corre-
spondence ¥y between Hilbert modular forms f of half integral weight with
respect to the principal congruence group and Hilbert—Siegel modular forms
Un/(f) of degree two attached to totally real number fields. The second one
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266 H. Kojima

is to determine an explicit relation between the Fourier coefficients of f and
N (f)-

Section 1 is a preliminary section. In Section 2, using theta series as-
sociated with Weil representations of quadratic forms, we shall construct
Hilbert—Siegel modular forms of degree two of integral weight from Hilbert
modular forms of half integral weight. In Section 3, we shall derive relations
between the Fourier coefficients of those modular forms. Our results can be
regarded as a development of those of [3]. We use theta function methods
similar to those of Friedberg [2] and Kojima [3] (cf. [1], [5]).

1. Notation and preliminaries. We denote, as usual, by Z, Q, R and C
the ring of rational integers, the rational number field, the real number field
and the complex number field. For a commutative ring A with the unity 1,
we denote by A" the set of m x n matrices with entries in A. Furthermore,
we denote by SL,(A) (resp. GL,(A)) the group of all matrices M with
det(M) = 1 (resp. det(M) € A*), where A* is the group of all invertible
elements in A, and set A" = A} and M,,(A) = A} for simplicity. Let E,, be
the unity of GL,,(A).

Throughout the paper, we denote by F' a totally real algebraic number
field of degree [ of class number one. We denote by Jr the set of all em-
beddings of F into C, and by 7q,...,7 the elements of Jp. For a € F, we
set a = 7;(a) (1 <4 <1). Let ¢ be the ring of all integers in F. Now, we
denote by £, the complex upper half space of degree n, i.e.,

9, =1{2¢€ M,(C)|'Z =2,3(Z) > 0}.

We set $§ = $; for simplicity. Let Sp(n,R) (resp. Sp(n, F')) be the real
symplectic group of degree n (resp. the symplectic group of degree n over
F), ie.,

Sp(n,R) = {g € GL2,(R) | "gJng = Ju}
(resp. Sp(n, F) = {g € Sp(n,R) N My, (F)})

0 E,
=5 )

The group Sp(n,R) acts on 9,, by

with

7Z — g(Z)=(AZ+B)(CZ+D)™* <Z € Hn,g = <é g) € Sp(n,R)>.

To define Hilbert—Siegel modular forms, we take an arithmetic congru-
ence subgroup Fl(n) (N) of Sp(n, F') in the form

I{V(N) = {v € Sp(n, F) N My (t) | 7 = Ezn(N)}
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with a positive integer N. The group Fl(n)(N) can be embedded into
Sp(n,R)" (= Sp(n,R) x ). xSp(n,R)) by the mapping v — (v, ...,7")
with () = (%(c;)) € Fl(n) (N). It is well known that Fl(n) (N) acts properly
discontinuously on $! by

V(Z) = (7(1)(21)7 ce a’y(l)(Zl))

for every v € Fl(n)(N) and Z = (Z1,...,7;)) € 9, and the volume of

r 1(")(N )\$!, is finite. We call a holomorphic function F' on $! a Hilbert-
Siegel modular form of weight k = ‘(ki,...,k;) (€ Z') with respect to

r 1(") (N) if the following conditions are satisfied:

l
(1.1) F(y(2)) = [[ det(C" Z; + DW)* F(Z)
=1

for every v = (ég) € Fl(n)(N) and Z = (Zy,...,7;) € H,, and
(1.2) F(Z) is finite at each cusp of Fl(n)(N).
We denote by M, k(Fl(")(N )) the space of all such modular forms.

2. Construction of Hilbert—Siegel modular forms of degree two.
For a = (v, ...,a,) € F9, we set o) = tal”, ..., al?) (1 <i<1). Then
F can be embedded into RY by a — (V... o) for every a € F9. Let S
be a non-degenerate symmetric matrix over F'. Let S(R?) be the space of all
rapidly decreasing functions on RY. For each f = (f1,..., fi) € Hézl S(R?),
we define an element v(c, S)f in Hizl S(R?) by

l
7(0—7 S)f = H,‘Y(O—iv S(z))fl for every o = (017 vee 7Ul) € SL2(R)la
i=1
where S = (SJ(Z,Z) (S = (S;1)) and ~(o;, S™) is the Weil representation

given in [4]. We consider the following four matrices:
0 -1 0 0 0

-1 0 0 0 0 0 -1 0
S=10 0 0 -1 o0o}|, Ss;=|-1 0 o0 ],
0 0 -1 0 0 0 0 -2
0O 0 0 0 =2
100 0 0
0100 0 1 0 0
A=l0 0 10 0|, A =]01 0
0001 0 0 0 V2
00 0 0 V2
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Let xo be a character of (v/(M))* with a positive integer M. For each

h="%... hs...) €, set

yal(h) = XO(h?)) if (h37M) = 17

Xo(h) { 0 otherwise.
For k = t(ki,...,ks) € Z° (k; > 0) and = = (z1,...,7;) € R}, we define an
element gi(x) of Hézl S(R5) by

!
ge(x) = [[(2: 8D A (—i,1,1,-1,0))% exp(—n'z;' AAa;).
i=1
We define a theta series
!

21)  Oulzg) = [[(S()" 4 37 Ro(h)r(o.. 8)gi(@lg) 1)

i=1 herd

for every z = (21,...,2) € 9 and g = (g1,...,9) € Sp(2,R)!, where 9(g) =
(A7 o(g1)A, ..., A7 o(g)A) and g is an isomorphism of Sp(2,R)/{+E,}
onto SO(!A=1SA~1)g given in [3]. Before describing the transformation for-
mula for O(z,g), we recall the definition of Hilbert modular forms of half
integral weight.

We write I (N) for I 1(1)(N ) for simplicity. Throughout this paper, we
treat only a congruence subgroup I'1(N) such that every congruence sub-
group of I'1(N) is generated by its elements (gg) with d@ >0 (1 <i <)
(see [9, Lemma 7.4] for the existence of such I'1(N)). Let k = *(k1,..., k)
be an element of Q' satisfying 2k € Z!. For a I'j(N) as above, we denote
by Sj/2(I1(IN)) the vector space of all holomorphic functions f on $' which
satisfy

1) = (55 ) e+ 22)foral € (V)

and which vanish at each cusp of I'1 (V). We refer to [9] for the definition

*

of the symbols (;) and (¥)*. By Shimura [9, Prop. 7.1], we can verify that
Ok(z, g) admits the following transformation formula:

(22)  Ox(v(2),9)
= (f;)(cz+d)(2k_1)/2@k(z,g) <7= <Z Z) € Fl(N)>

for a suitable integer N. Furthermore, by [3, p. 67], we can prove the fol-
lowing transformation formula:

(2.3) Ok(z,9'g) = Ok(z,9) for each ¢’ € F1(2)(M).

Let N’ be a positive integer satisfying N | N'. For f € Sop_1)/2(I'1(N)),
we define a function ¥y on $, by
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(24) Wni(2)

l l
= Hdet(ﬁC(i) + D)k S vaki*l)/z@k(z,g)f(z) dz
i=1

L (N)\9! =1

with z = (z1,...,2) € §',9(V—1Es,...,/—1FEy) = Z (g = (é[B)» and
dz = Hi:l vi_2duidvi (2i = u; ++v/—1v;). By Shimura [10, Theorem 6.2], we
see that Wy is holomorphic on $. Therefore it follows from (2.3) that ¥y
is a Hilbert-Siegel modular form of M, (FI(Q)(M)).

Next we shall determine explicitly the Fourier expansion of ¥y.. Put

t11 t12/2
{ (t12/2 t22 ) ’ }

We consider an equivalence relation on H x t defined by (7', t) ~n- (T7,1) if
and only if 77 = T and t' = e~ !t for a suitable ¢ € U(N') =
{e | € is an unit element of v and ¢ =1 (mod N’)}. For a (T,t) € H X, we
define a coefficient c¢;(T,t) by

(25) cf(Tt)= Y Xolte/YW(p~1) Y eltrpjg(athSih/(20))]

ER(N") herd/(c)3

l
< TT((/9) )5 eftrr g det (T)d/e)a(de())

with ¢~1 = (¢ ) and
A6 ar-1)2(2) = (cz +d)~ D2 (371 (2))

l
= > alwe| Youz]
RE(1/N') i=1

with ¢=! = (% 7). The various symbols will be explained later.
Now the main theorem of this paper can be stated as

THEOREM. Suppose that k € (2Z)', 2| N', M§?| N’ and N’ satisfies
the condition that f has an expression of the form in (2.5) for each f €
Sr—1)/2(I'1(N)) and for each ¢ € R(N'). Then Wy has the Fourier ex-
pansion of the form

l

Uy (Z) = 3 s (T,t)e| D (10 /(5T 23),

i=1

where ¢ (# 0) is a constant not depending upon f, (§) means the conjugate
different from F, the sum ) is taken over H X t/~n/ and
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o _ ( ()P (t12) D)2
7@ — <(t12)(i)/2 (t22)® > .

3. Proof of Theorem. In this section, after preparing some theta series,
we shall show that for an element

(3.1)g=<<\/? \/}%Q(‘/}? \/1%1>>€Sp(2,]1%)l,

Ok(z,g) can be split into the product of simpler theta functions. Set Yy® =
y(i)Yl(Z) with
(@) ()

7 Yy Y i
Yl( ) = ( %z) %z) ) det(Yl( )) =
Yo Y3

y® > 0and y@ >0.SetalsoY = (YD ... YV v (Y(l) ,Yl(l)) and
y=(yW, ... .y®). For e = Y(e1,...,e1) € 7 (ei > 0) and z = (zl,...,zl) €
9 (2 = u; + /1 vi) we define two theta series by

O1.:(2,Y1) = H (2-es)/2 Z HH V21 (y1, —yz, —2y2)h] )

heed i=1

e[([uthSlh +V=1v'hR(Y1)h]D) /2]

and
I
O2.(2,y) H (1=0)/2 Z ZXO Hexp(—27r\/—1 [mnu]®
metr nevr =1
nlv(y®m® +y~*n?)] ") H, (V2o (my — ny=")]),
where

[V2mv (41, —ys, —2y2)h]P means 27v; (yg ), yéi), —2y2i))h(i),
[u'hS1h+vV—1 v hR(Y1)h]@ means w;"h® S 1O 4/ =1 v;tn® R(Y )R,

other symbols [#](;) are similar symbols,

3]

Ho(a) = (~1)" exp(a?/2) 7

(exp(—2?/2)),  R(Y\") = A4 R(Y{")A,

and R(Yl(i)) is the matrix in [3]. By the definition, we may derive

l k1
9};(2,9) - H(r Z Z kl €1+

=1 E1= =0
X (—v—1)€1+'“+El91,a(2’7Y1)92,k—a(2'7?/)
for g in (3.1).
Now the Poisson summation formula gives an important expression of

82,6('27 y)
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! !
i=1 mee ne(l/é) 1:1

X ys itly—e exp(—ﬂ'yi |m 2z + n(i)]2/vi),

where d is the dlscrlmlnant of F. Pulling out greatest common divisors in
the pair (m,n), we have
{(m,n)|mer,ne(1/0)}
= {t(m'/o,n'/8) | (m',n") =1, m',n';t € vand § |tm'}.

Take a pair (¢,d) € v X v such that (¢,d) = 1 and (¢,d) € t/(N') x t/(N').
Then, for every pair (m’,n’) € v x ¢ ((m/,n’) =1, m' =¢(N'), n’ =d(N")),
there exists a unique o € I'_g/.\I'1(N’') satisfying (m',n') = (c,d)o. Note
that I"_;/. is the stabilizer of the cusp —d/c of I'1(N). Throughout this
paper, for the pair (¢, d) as described above, we fix a matrix ¢ € SLa(t) with
(c,d) = (0,1)¢ and we denote by R(N’) the set of all such ¢. Therefore,
by the above arguments, we obtain the following lemma which plays an
essential role in our later discussion.

LEMMA 3.1. Notations being as above, the theta series Oy (z,y) coin-
cides with

l
1/\fH —27)* HyE“H
=1 i=1 l
XY xo(te/6)k(¢o(2);t/,y H (t/6) D " J(do, z) ',

where the sum ) is taken over all (t,¢,0) € v x R(N') x I'_g, \I'1(N’)
under the condition that tc/d € v with

0 (1 3): Hom oo S,

Mo = x4 o) (a= (7 9*4) € SLaft)).

Put
W (o) = (d*2Ngg(c)*2Y2) " (c/i)?icalo),
0(0) = {(3/(c* + d)) /2y H{(e/i) 2} H{(cx + )12}
(0 =(%") €SLa(r) (c #0)), where the symbol (x)'/? is the same as in [9)].

By a method similar to that in Shimura [9] and Friedberg [2], we can derive
the following lemma.

LEMMA 3.2. Suppose that N is the same integer as in (2.2). Then
O1.:(z, Y1) admits the following transformation formula:
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32 o601 = (§ )+ 0% (1)

Jor every v = (i 2) € I(N),
(3.3) O1c(0(2),Y1) = W(0o)(cz + d)*~1/?

x> eltrpg(a'h'Sih' [(20))]01 o (z + d/e, Y1)
h/€xd/(c)3

for every o = (Z 2) € SLy(t) (¢ #0)

and
CIEA N H e Z HH V2mo (y1, —ys, —2y2)h] ")
hesy (1/5)31 1
e[[u'hSih + V=1v'hR(Y1)h)® /2].
Proof. First we consider the case g = ((g0)1,---,(€0)1) ((€0); = 0,1).

By Shimura [9, (7.19) and (7.20)], we obtain the above statements. For
an arbitrary e, applying continuously several types of Maass differential
operators \/(2v/—1v;)+0/0z (A € Z, 1 <i <) to O1,(2,Y1), we get the

required assertion.

A direct Calculation shows that

(34) !pN/ ZY Hyz ki \/7 Z kl L. (\/jl)sl—i-...—i—sl

-----

l
< | T V2 (2081, (1) B2 (2, y) d.
I (N)\§' =1

Hence, by Lemma 3.1, we derive
1

(3.5) T | e (O I ER S S ey 2
Ty (N)\$! i=1

l
= (1/Vd) H ki Elnyl i—eitl
=1

y S H (2e0-1)/2 ¢ (2)01-(z.11)
[y(N)\§ti=1

l
R R | (T e TR s
=1
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Therefore, the left hand side of (3.5) is equal to

l
(1/vVd) [[(~v~-2nm) l“H PTETY Y Xolte/d)

i=1 i=1 ter peR(N')
!

x [ ((t/8) @)k S f(2)01,:(2, Y1)

i=1 o= Lo (N)9\ 9!

l
x [T ol D2 5(6, ) == k()5 /6, ) d=
1=1

It is a consequence of Lemma 3.2 that the left hand side of (3.5) can be
transformed into the following integral:

l l
1/\/> H ki—e; H yk: —e;+1 S H vl@é‘i—l)/?W
=1

r\ot i=1

X Z eltrp/g(ath’/S1h' /(2¢))]k(z;t/0, y)élve(z +d/c, Y1)

h'er3/(c)?
l
X Z a(u)e[z,u(i)zi} dz
pne(L/NY) i=1

In order to perform further evaluation, we need to consider an equivalence
relation on S7 '(1/6)3

(h,t) ~n+ (R',¥') if and only if h'=eh and ¢’ = e~ 't for some € € U(N’).
Hence, by easy evaluation, we can verify that

l
> Xolte/0) [T((t/6) )= W (o7T) | [Tt hest/6.0

I \f)lz 1

!
X O1.(z+d/c,Yr) Z a(u)e[zﬂ(i)zz} dz

ne(L/N)

=3 ST WG Rolte/d)elter g d@hSih/2e)a(hS1h/2)

PER(N)

!
X S H UEEF?’)/QH&- (V2o (y1, —ys, —2y2)h]™)

(R+)! i=1

l l
X exp { — 7Y [o("hSih + hR(Y1)h) + y2|t/5|2(1/v)]<’i>} H dv;,

=1
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where the sum 3 (resp. 3_') is taken over all (¢, ¢) € tx R(N") (resp. (h,t)
S71(1/6)% x t/~n+) under the condition that tc/d € t with ¢+ = (¢ *
Observe that

o0

[ o772 exp(—av — o™t He(V2av) do = 5/2V2 T exp(~2v/ap)
0

for any «a, 8 € R*. Consequently, we conclude that

l
Ty (iY) = 3 ep (T, ) exp ( —or Y te((t® /(5(i))2)T(i)Y(i))>,
=1
where the sum ) is the same as in the Theorem and c is a constant. There-
fore, by the same method as in [3, p. 72], we conclude the proof of the
Theorem.
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