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1. Introduction. Currently, the most effective constructions of low-
discrepancy point sets and sequences, which are of great importance for
quasi-Monte Carlo methods in multidimensional numerical integration, are
based on the concept of (t,m, s)-nets and (¢, s)-sequences. A detailed theory
was developed in Niederreiter [9] (see also [10, Chapter 4] for surveys of this
theory).

So-called digital nets and sequences are of special interest due to the
following two reasons. First, until now all construction methods for (¢, m, s)-
nets and (¢, s)-sequences which are relevant for applications in quasi-Monte
Carlo methods are digital methods over certain rings. Second, digital
(t,m, s)-nets behave extremely well for the numerical integration of func-
tions which are representable by an in some sense rapidly converging mul-
tivariate Walsh series. In a series of papers, Larcher and several co-authors
established lattice rules for the numerical integration of multivariate Walsh
series by digital nets. We refer to [5] for a concise introduction in the field
of Larcher’s lattice rules.

1.1. Definitions and notations. The concepts of (t,m,s)-nets and of
(t,s)-sequences in a base b provide point sets of b™ points, respectively
infinite sequences, in the half-open s-dimensional unit cube I® := [0, 1),
s > 1, which are extremely well distributed if the quality parameters t € Ny
are “small”. We follow [10] in our basic notation and terminology.

DEerFINITION 1. Let b > 2, s > 1, and 0 < ¢t < m be integers. Then a
point set consisting of b™ points of I® forms a (t,m, s)-net in base b if every
subinterval J = [];_;[a;b=%, (a; + 1)b=%) of I° with integers d; > 0 and
0<a; <b for 1 <i< s and of volume b*~™ contains exactly b’ points of
the point set.
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DEFINITION 2. Let b > 2, s > 1, and t > 0 be integers. Then a sequence
Y0,¥1,... of points in I® is a (¢, s)-sequence in base b if for all k > 0 and
m >t the point set consisting of the y,, with kb™ <n < (k+ 1)b™ forms a
(t,m, s)-net in base b.

DEFINITION 3. Let b > 2, s > 1, and m > 1 be integers. We consider
the following construction principle for point sets P consisting of " points
in I°. We choose:

(i) a commutative ring R with identity and card(R) = b;

(ii) bijections ¢T :Zy=40,1,...,b—1} - Rfor0<r <m—1,
(iii) bijections 77 R —Zyfor1<i<sand1l<j<m;
(i )elementsc()eRfor1<z<s 1<j<m,and 0 <r<m-—1.
Forn=0,1,...,0™ —1 let

m—1

= Z ar(n)b"  with all a,(n) € Z,
r=0

be the digit expansion of n in base b. We put
xﬁf):ZyS}b*J for0<n<bdand 1<i<s,
with
ynj—nj (Zc(l)wrar )EZb for0<n<bd™, 1<i<s,1<j<m.

If for some integer ¢ with 0 < ¢ < m the point set
Xn:(.rgll),...,$£f))618 forn=0,1,...,0™ —1

is a (t,m, s)-net in base b, then it is called a digital (t, m, s)-net constructed
over R.

In a quite similar way we define digital (¢, s)-sequences constructed over
a finite ring R.

DEFINITION 4. Let b > 2 and s > 1 be integers. We choose R, v, for

r > 0 with 1,.(0) = 0 for all sufficiently large r, 7]]( D for 1 <i<sandj>1,

and 05? for 1 <i<s,7>1,and r > 0 as in Definition 3. For n = 0,1, ...
let

n= i ar(n)b”
r=0



Bounds for digital nets and sequences 379

be the digit expansion of n in base b, where a.(n) € Z, for r > 0 and
a-(n) = 0 for all sufficiently large r. We put

2P =3"y0b7  forn>0and1<i<s,
j=1

with
yffj) = n§i)<Zc§i)¢T(ar(n))) €Zy, formn>0 1<i<s, andj>1,
r=0

and we assume that for each n > 0 and 1 < i < s we have ?JSJ) <b-—1 for
infinitely many j. If for some integer ¢ > 0 the sequence

X, = (M, el® forn=0,1,...

is a (t, s)-sequence in base b, then it is called a digital (t,s)-sequence con-
structed over R.

(4)
stance, if nj(l)(O) =0 and, for r > 0, cg-i) =0 for 1 <1 < s and all sufficiently
large j (compare with [10, p. 72]). In most practical implementations we
actually have one fixed identification of the elements of R and Z; indepen-
dent of ¢, 7, and r. Then the above construction method for nets can be
symbolically illustrated by the following scheme. (Here we do not explicitly
use the identification of the elements of R and Z;,.) For 1 < i < s let c®
be the m x m matrix over R with rows

cg-z) = (cgf()), . ,cg-z%l) forj=1,...,m.

Remark. The condition on the gy 7 in Definition 4 is satisfied, for in-

Every n with 0 < n < b™ and digit expansion n = Z;"’:_Ol a,(n)b" in base b
is identified with
ao(n)

am_'l (n)

over R, and each x € [0, 1) with finite digit expansion x = Z;nzl y; ()b~ is
identified with

y1(z)

ym(x)
over R. Then we have
xﬁf):C(i)-n for0<n<bdbmand 1<1i<s,

x, = (). 2y forn=0,...,0™ -1
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1.2. Some properties of digital nets. For m > 2 let C' = {c§i) € R™:
1 <i<s,1<j<m} bea two-parameter system of elements of R™. Again
(compare with the remark following Definition 4) we may also think of C' as
an s-tuple (C’(l), cee C(s)) of m x m matrices over R, where c§i) is the jth
row of C'(¥),

DEFINITION 5. For a system C = {cy) ER":1<i<s,1<j<m}we
define S(C,t,m) to be the set of all subsystems {c;i) cC:1<5<d;,1<
i < s} of C for any integers dy,...,ds >0 with Y ;_ d; =m —t.

For a subsystem C € S(C,t,m) with C = {ci,...,¢Cn—_¢} We may also
think of C as an (m — t) x m matrix over R, where c; is the jth row of C.
We now rephrase [10, Theorem 4.26], using this terminology:

LEMMA 1 ([10, Theorem 4.26]). Suppose that for every subsystem C €
S(C,t,m) and for every f € R™ ! the equation C -z = f has ezactly b’
solutions z € R™. Then and only then the system C, used for the elements in
part (iv) of Definition 3, provides a digital (t,m, s)-net constructed over R.

LEMMA 2. Suppose a system C provides a digital (t,t + k,s)-net con-
structed over R. Then any subsystem C € S(C,t,t+k) (k elements of RTF)
is linearly independent over R.

Proof. Let C = {ay,...,ax} be an arbitrary subsystem of S(C,t,t+k).
Let A1,..., Ax be arbitrary elements of R with Aja; + ...+ Agap = 0, and
let z; be a solution of C - z; = e; (e; = (0,...,0,1,0,...,0)7 denotes the
jth unit element of R* for j = 1,...,k). Since for every j = 1,...,k we have
OZO‘Z]‘ = (A1a1+...+)\kak)-zj :)\1(&1 -zj)+...+)\k(ak-zj) :/\j,
weget A1 =...=;=0. m

1.3. Propagation rules for digital nets. In [9, Lemmas 2.6-2.8] Nieder-
reiter has established some fundamental properties of (¢,m, s)-nets in an
arbitrary base b > 2, which were later called the “three propagation rules”
which allow one to obtain a new net from a given net. We show that these
propagation rules also hold for digital nets.

LEMMA 3. Lett >0, m>t, s > 1, and b > 2 be integers and let R be a
commutative ring with identity and of order b.

(a) Every digital (t,m, s)-net over R is a digital (u,m, s)-net over R for
t<u<m.

(b) If there exists a digital (t,m,s)-net over R, then for each s’ with
1 < s <'s there exists a digital (t,m,s")-net over R.

(¢c) If there exists a digital (t,m,s)-net over R, then for each u with
t <u < m there exists a digital (t,u, s)-net over R.
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The proof of (a) is the same as for (¢, m, s)-nets in [9, Lemma 2.6]. For (b)
we just have to use any s’ of the s matrices defining the digital (¢, m, s)-net.
This fact was already mentioned in [4].

(c) The proof for ¢ = 0 was done in Schmid [15]. One problem for a
generalization to ¢ > 0 was: is it possible to complete an arbitrary number
(< m) of linearly independent elements of R™ to m linearly independent
elements of R™? N

In [8] Nashier and Nichols defined a ring R with identity to be weakly left
semi-Steinitz if any finite linearly independent subset of a finitely generated
free left R-module F' can be extended to a basis of F'. In Corollary 2.5 they
show that a commutative noetherian ring R is weakly semi-Steinitz if and
only if every non-zero-divisor of R is a unit. Clearly this meets the conditions
of our finite commutative rings R with identity and therefore we have: An
(m—t) x m row-regular matrix in R can be completed (by adding additional
rows) to an m X m row-regular square matrix in R which therefore is regular
and invertible.

Proof of Lemma 3(c). Let C = (CM,...,C®)) be the system
providing the digital (¢,m,s)-net over R. From Lemma 2 it follows that
the first m — t rows of each of the s matrices are linearly independent
over R. Since only these rows are of significance for the net (Lemma 1),
we can omit the other rows and complete C to a system of regular matrices
(X(l), ..., X)) In particular, there exists a regular m x m matrix Z such
that X®)Z = I' := (e, em—_1,...,e1). Furthermore, the s regular matri-
ces XM Z ... X Z provide the same net as CV), ..., C). (Multiplication
with a regular matrix Z only causes a permutation of the net points.)

In the following we suppose that each of the mxm matrices CV, ..., C)
is regular, and C®) = I! . Let cy) be the jth row of C®) and let v, : R™ —
R™~" be such that

Vo(T1se ooy Ty Tty ooy Tm) = (T1y ooy Ty
We construct a new system X = (XM ... X)) of 4 x u matrices over R,
(@)

where x;" is the jth row of X® 1< j <u, in the following way:

xV =y u(el)) forl<i<s— 1,

xg‘S) = ’Yanu(Cgs)_u+j) =e€yut+1—5 € R",

and we show that X provides a digital (t,u, s)-net over R.

Let X be an arbitrary subsystem of S(X,¢,u) with >0, d; = u —t.
Now we consider the subsystem C of S(C,¢,m) with Y_7_, d; = m —t where
d; = d;, for 1 <i < s, and d), = ds + m — u. Without loss of generality we
consider the last d’, elements of C, originating from C(*) = I’  in reverse
order.
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The equation C-z = (f1,..., fu,0,...,0)T with arbitrary f1,..., fu € R
has b' solutions z,...,z, € R™. By the definition of C(®) we find that,
for 1 < j < bt, the last m — u coordinates of each solution z; all are 0
(moreover, if ds > 0, we have 2, (4, —v) = [ju—(d.—v) for 1 <v < d,s where

— (. . \T
2= (21,1 2%im) ).
Therefore it follows that the equation X -z’ = (f1,..., f.)? also has
exactly b* solutions 2z}, ..., 2, with 2} = v, _.(z;) € R".

Since X and f1, ..., f, are arbitrary the proof is finished by Lemma 1. m

2. Best bounds for the dimension of digital nets and sequences
over [y with small quality parameter. In [12] Niederreiter and Xing
introduced a new way for the construction of digital (¢, s)-sequences. The
key idea is to work with global function fields containing many places of de-
gree 1 instead of working with rational function fields as was done in earlier
construction methods (see for example [10]). The new method yields signifi-
cantly better results than all previous methods. Table 1 gives a comparison,
in the case of Fy, of their t-values (NXa2(s)) with the best values of the
quality parameter (M2 (s)) obtained from all previous constructions.

Table 1. Quality parameters of binary (¢, s)-sequences

s 7 8 9 10 11 12 13 14

123456
Ms(s) 00135811 14 18 22 26 30 34 38
NXs(s) |]001123 4 5 6 8 9 10 11 13

Niederreiter and Xing show that for any integers s > 1 and b > 2 there
exists a digital (¢, s)-sequence in base b with quality parameter t = O(s) (see
for example [12, Corollary 2]). This result is asymptotically best possible,
in the sense that ¢ must grow at least linearly with s. In [13] they improve
the lower bound for the quality parameter to:

[13, Theorem 8] If for some integers s > 1, ¢ > 0, and b > 2 there exists
a general (t,s)-sequence in base b, then we must have

—1 1
tZZ—logb(b )52—|-b—|- '

This improvement was based on a result of Lawrence [6], who used a
new lower bound, established by Bierbrauer [1, Theorem 1], for the num-
ber of rows in an orthogonal array. We will give the key ideas of the proof
(OA(b'T* s 4+ 1,b,k) denotes an orthogonal array of size b'**, s + 1 con-
straints, b levels, and strength k):

(1) Suppose 3 (t, s)-sequence in base b.
(2) = 3 (t,t + k,s + 1)-net in base b for all £ > 0 [9, Lemma 5.15].
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(3) = FOAM™** s+ 1,b,k) for s +1 > k > 2 [15, Corollary 15].

(b—1)(s+1)
b(k + 1)

s — k + log, <b—

(4) = biTF > pott <1 — ) [1, Theorem 1].

(b—l)(s—i—l))'

5 t>
(5) = k1

> max

s+1>k>[(b—1)(s+1)/b]

(6) Following the proof of [13, Theorem 8], inserting the value k = s —
s/b] 4+ 1 yields the desired result.

Remark. This bound clearly holds for digital sequences. For an in-
dependent proof in the digital case over F,, the following arguments are
sufficient:

(2) Use [12, Lemma 1].

(3) The existence of a digital (¢,¢ + k,s + 1)-net over F, implies, for
s+ 1> t+k, the existence of a linear [s+ 1,5+ 1 — (t + k), k + 1]-code over
[F, (see for example the next section).

(4) Using the Plotkin bound [16, Theorem 5.2.4] we obtain

sH1—(t+k) < k+1
T k4+1—(s+ 1)%

q

and therefore the same result as before.

In the binary case we have computed lower bounds on the quality pa-
rameters provided by [13, Theorem 8]. Using these results we have tabulated
(Table 2) upper bounds s; on the dimension of binary (¢, s)-sequences.

Table 2. Upper bounds for the dimension of binary (¢, s)-sequences

t=10123 4 5 6 7 8 9 10 11 12 13
< | 369 11 14 16 18 21 23 25 27 30 32 34

From (4) in the above sketch of a proof of [13, Theorem 8] (see also
Lawrence [6, Theorem 4.4.14]) we clearly have a lower bound for the quality
parameters of general nets (and therefore also for digital nets): A (¢,t+k, s)-
net in base b can exist only if

(b—1)s
t>s—1—-k+1 b——— ).
() >s + log;, ( 1
But as seen above, this bound only works for s > k > |(b— 1)s/b].
In the following we will provide an upper bound for the dimension (and
therefore a lower bound for the quality parameter) of arbitrary digital nets
over [F, without the above restriction on k.
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2.1. Improved upper bound for the dimension of digital nets over IF,

PROPOSITION 1. Suppose that for some integers s > 1,t >0, and k > 2
there exists a digital (t,t + k, s)-net over Fy. Then we must have

/2w o\ o
ZZ(l><l_1)(q—1)lq"‘l+Ak<qt+"“,

u=1 I=1
where
0 for k even,
(k+1)/2
_ -1\ /((k+1)/2—-1
A > (j— 1> <( +l z/1 >(q = 1)lq" TV for k odd.

=1

Proof. Let C be the system providing the digital (¢,¢ + k, s)-net over
F,. By Lemma 2 any subsystem C € S(C,t,t + k) is linearly independent
over [F,.

Foru € {1,..., |k/2]} we consider linear combinations of u vectors from
C.Letl € {l,..., min(u, s)} be the number of matrices from which we take
these vectors. Let 1 < 51 < s9 < ... < § < s be the numbering of these
matrices. Then we choose integers 0 < dy,...,d; < u with 22:1 d; = u and
consider any linear combinations of the vectors

C;Si)’ j:17"'7di7i:17"‘7l’

with coeflicients from F, for j # d; and with coefficients from F \ {0} for
j = d;. Any two such combinations with different parameters have to be
different, and for k even the result follows. (Since (?) =0 for [ > s, we sum
up ! to u instead of to min(u, s).)

If k is odd we additionally consider all linear combinations of (k + 1)/2
vectors such that at least one vector is taken from one fixed matrix. There-
fore we only have (7:11) instead of (?) possibilities to choose the matrices.
The further arguments are the same as above. m

Remarks. e We have checked by computer that A, for k odd, seems
to be too small to improve the numerical results. Until now in all of our
calculations we obtained the same results when we evaluated Proposition 1
for k — 1 even and applied Lemma 3(c).

e The result of Proposition 1 is the best possible result that can be
obtained by the method of linear combinations.

e Niederreiter and Xing [11, Proposition 1] obtained a similar, but a little
weaker estimate by using a bound from coding theory. However, they used
only the first row vectors cgl) of each of the matrices. Our improvement was
possible by considering the first |k/2] row vectors of each matrix.
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Table 3. Upper bounds for 5(¢,¢ + k,2) from Proposition 1

N 2 4 6 8 10 12 14 16 18 20 22 24
- 3 5 7 9 11 13 15 17 19 21 23 25
=0 | 22— 3 4 4 5 5 6 6 6 7 7 8
=1 25— 5 5 6 6 6 7 7 8 8 9 9
=2 | 24— 9 8 7 8 8 8 8 9 9 10 10
=3]12°-1 13 1010 9 9 10 10 10 11 11 11
=4 20-1 20 14 12 12 11 11 12 12 12 12 13

42 25 20 17 16 16 15 15 15 15 16
61 32 24 21 19 18 17 17 17 17 17
88 42 30 25 22 21 20 19 19 19 19
125 54 36 29 26 24 22 22 21 21 21
178 69 44 35 30 27 25 24 23 23 23
253 88 54 41 34 31 28 27 26 25 25

Th T S S S S R SR R S o
I I
—_ =

1
1
1
1
1
27 -1 29 19 16 14 14 13 13 13 14 14 14
1
1
1
1
1
1

Il
— O © o wm
N
)
o

In Table 3 we provide upper bounds for the dimension s of binary digital
(t,t + k, s)-nets deduced from Proposition 1. Here and in the following sec-
tions, s(t,t + k, q) denotes the maximal dimension s for which there exists
a digital (¢,t+ k, s)-net over F,.

As mentioned above, the bound for odd k is provided either by Proposi-
tion 1, or by taking the bound for & — 1 even and applying Lemma 3(c).

To date, Proposition 1 provides the best upper bounds for s(t,t + k, q)
which are deduced from a closed formula. Clearly for special values of ¢, k,
and ¢, this bound can be improved (see for example the following sections).

2.2. Best bounds for small quality parameters. It is the aim of this section
to close the gap between the results given in Tables 1 and 2 for the values t =
0, 1,2 and therefore to show that in these cases the method of Niederreiter
and Xing is best possible.

By Proposition 1, a digital (2,8,9)-net (and therefore a digital (2,8)-
sequence) over Fy cannot exist. We have the following improvement for the
upper bound of s:

LEMMA 4. For s > 7, a digital (2,8, s)-net over Fo cannot exist.

For the proof we make use of Lemma 5. First it is convenient (also for
the next sections) to give the following definition:

DEFINITIQN 6. Let t >0,k>2,s>1,and t+ k > d > 1 be integers.
A system {cgz) eFr:1<j<t+ k, 1 <i<s}iscalled a (k,t+ k,d,s)-
system over F if any subsystem {cy) € Ffﬁk :1<j<d;, 1<i<s} with
>0 1di=kand 0 <dy,...,ds <d is linearly independent over F.

Remark. C provides a digital (¢,t + k, s)-net over F, if and only if C
is a (k,t+ k, k, s)-system over .
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For the proofs of Lemmas 4, 5 and of Proposition 2 we use the following
notation: Let m € N. We identify the linear space Fy* with P(1,...,m),
the class of all subsets of {1,...,m} (indicating the coordinates which are
1), equipped with the symmetric difference A. For convenience we write +
instead of A. [...] denotes the linear hull in P(1,...,m).

LEMMA 5. Let 1 < k < 6. A system

T
s1 I1

Ay =

Sk Tk

of subsets x,x1,...,x of {1,...,6} and elements s1,...,s, of {1,...,6} is
said to have property (x) if

o |z| <2, |z;] <3, and s; # sj for 1 <i#j <k,

os; iy, x+a; &[si,r, 8|, i +x; &[si,s5,r,8] foralll <r,s <6 and
1<i#j<k.

Now we have:

(1) For k = 3 there are mod Sg (up to permutations) exactly three sys-
tems AL, A3 A3 with property (x):

0 46 34
. |1 356 » [ 1 345 s |1 23
A=y us | B=l2 1] 7|2 6
3 246 3 256 3 15

(2) If k > 4 there exists no system Ay, with property ().
(3) For 1 <k,l <3 a system By; = (A, A]) with

x x
S1 X1 tv
Ae=1 . .| A=
Sk Tk o u
is said to have property (xx) if both A and Aj have property (x) and if
si #ty, xi+y; &[S tj,r] foralll <r<6,1<i<k andl<j<I. Then
we have:
(i) For k = 1 = 3 there is exactly one system Bzs = (A}, AL) with
property (xx) mod Sg, with AL being the system of part (1) and

0
;|4 235
Az = 5 126

6 134
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(ii) For k = 3,1 = 2 there are exactly three systems Bz, = (A}, A),
B3, = (A3, A3), and B3, = (A3, A3) with property (+x) mod S with Aj,
A3, A3 being the systems of part (1) and

0 46 34
Ad=1(4 235 |, A3=|(4 32|, A3=[4 61
5 126 5 136 5 2

Proof. ad (1). Since z; + z; & [s;, 55,7, 8] we get |z; + x| > 3 for all
1<i#j<3.

(a) z = 0. Since z; & [s;,r,s] and |z;| < 3 we have |z;| = 3 for all
1 <14 < 3. Then we get mod Sg: 1 = 356, x5 = 145, and x3 = 246.

(i) s1 = 4. Since 1346 = x1 + x5 & [4, S2,7, 5] and so & o we get so = 2.
From 1256 = x5 + x3 & [2, s3,7, ] and s3 & x3 it follows that s3 = 3, which
contradicts 2345 = z1 + x3 & [4,3,1, 5].

(ii) s; = 1. As in case (i) we get so = 2 and s3 = 3.

(iii) s1 = 2. We get s3 =1 and sp = 3. Notice that 7 € Sg, 7 = (54)(32)
transforms the system (iii) into the system of (ii).
Therefore we have

0
L[ 1 356
=19 15
3 246

(b) |x| = 1. Since = + z; & [s;,r,s] we get |x;| > 2 for all 1 < i < 3.
Looking at x1, xo, 3 there are eight cases mod Sg:
r1: 1212 12 123 123 123 123 123
Tro: 34 34 34 145 145 145 145 456
x3: 56 135 156 16 24 26 246 14

Considering the first case r1 = 12, x5 = 34, and z3 = 56 it follows from
|| =1 and |z + x;| > 3 (since = + x; & [s;,r,s]) that there is no subset
of {1,...,6} with |x| = 1 to generate a system with the desired property.
In an analogous way it is easy to see that none of the remaining seven cases
leads to a system with property ().

(c) |z| = 2. As in case (a) and (b) we obtain the systems A3 and A3.

ad (2). Since 1 < |z;| < 3 for all 1 < i < 4 we see from part (1) that
|z;| =3 for all 1 <7 <4, contrary to |z; +z,;| >3 forall 1 <i#j <4

ad (3). Starting with the three systems of part (1) it is easy to see that
they lead to the desired systems with property (xx). m

Proof of Lemma 4. By Lemma 3(b) it suffices to show that there
is no digital (2,8, 7)-net over Fs.

Assume that there is a system providing a digital (2,8, 7)-net over Fs.
Then there exists a subsystem S which is a (6,8, 3, 7)-system over Fy. We



388 W. Ch. Schmid and R. Wolf

identify a row vector in F§ with a subset of {0, 1, ..., 7} indicating the coordi-
nates which are 1, and write S = ((xo/y0/20), (x1/y1/71),-- -, (6/ys/%6)),
where z;,y;,z; are subsets of {0,1,...,7} for 0 < ¢ < 6. It follows that
dim[zg,...,xs] > 6.

(1) dim[zg,...,z¢] = 6. Without loss of generality, we get zo = 0, ...
...,x5 = b and xg = 012345. Assume that there is some y; (0 < j < 5) such
that y; is a subset of {0,1,...,5}. We can let j = 0. Since yo & [0,7, s,t, u]
for all 1 < r,s,t,u < 5 we get yo = 012345 or yo = 12345, contrary to S
being a (6, 8, 3, 7)-system. So for each y;, 0 < i < 5, there are three possible
cases:

1.6,7 €y,
I. 6 € Yis 7 ¢y7,7
III. 6 € y;, 7 € y;.

We can assume that yo and y; are of the same type (I or II or III).
Then yo + y1 is a subset of {0,1,...,5}. Since yo + y1 & [0,1,7,s] for
all 2 < r;s < 5 we have |yo + y1| > 3. If |yo + y1| = 3 we have 0,1 &
Yo + y1 and so without loss of generality, yo + y1 = 234. So for the subset
((0/y0), (1/y1),(2),(3),(4), (5),(012345)) of S we have xo + 1 + yo + y1 +
25 4+ xg = 0, which is a contradiction.

The cases |yo + y1| = 4,5, 6 are treated in the same manner.

(2) dim[xo, ..., zg] = 7. Without loss of generality, let zo = 0, ..., 26 = 6.
Assume that there are ji,jo € {0,1,...,6}, j1 # j2, such that y,,,y;, are
subsets of {0,1,...,6}. We can assume j; = 0 and jo = 1. Then we get yo &
[0,7,s,t,ul, y1 & [1,7,8,t,ul, and yo+y1 & [0,1,7,s] for all 0 < r,s,t,u < 6.
Since y; ¢ [i,r,s,t,u] if and only if y; + i & [i,r,s,t,ul, 0 < i < 1, we can
assume that 0 € yg and 1 € y;. Hence, with o = 0123456, we get yo = «
oryy =a+iand y3 = aor y; = a+ j for some i € {1,2,...,6} and
j €40,2,...,6}. All these cases lead to a contradiction. Therefore we get
two cases:

(a) 7€ y; for all 0 <7 <6.
(b) Without loss of generality, 7 & yg and 7 € y; for all 0 <14 < 5.

Assume that 7 & zy. By looking at the cases 7 € z; or 7T ¢ z; for 1 <i <5
it is easy to see that in both cases (a) and (b) the system S is a (6,8,3,7)-

system if and only if " = ((0/yo/20 + ¥0), (1/y1/21),...,(6/ye/26)) is a
(6,8,3,7)-system. So we can assume 7 € zg. If we continue in the same way
we get 7 € zg, 21, ..., 25 and hence we can assume

S=((0/yo/vo +7),(1/y1/v1 +7),....(5/ys/vs +7),(6/ys/26))

with vy, ..., vs subsets of {0,...,6}.
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Now we consider the system

S" = ((0/yo +vo/7), (1/y1 +vo/v1 +vo +7),...,
(5/ys + vo/vs +vo +7),(6/ys/25))

with y5 = ys + vo in case (a), y5 = ye in case (b), and with

S Z6 + Vo if?EZG,
6 26 otherwise.

S is a (6,8,3,7)-system if and only if S is a (6,8, 3,7)-system. Hence we
get, without loss of generality,

S =((0/uo+7/7),(1/ur +7/v1 +7),...,(5/us + 7/vs +7),(6/ys/26))

with ug, ..., us,v1,...,vs subsets of {0,...,6}.
Now take
wo= dutt g, s
Us otherwise,
A R
Vi otherwise,
and

;o {y6+6 if 6 ¢ ys,
Ys =
Ye

otherwise.

It is easy to check that
S" = ((0/ug +7/7), (1/uy + /vy +7),..., (5/us +7/v5 +7),(6/y5/ 7))

is a (6,8,3,7)-system if and only if S is a (6,8, 3, 7)-system. Summing up
we get

S =((0/uo +7/7),(1/ur +7/v1 +7),...,(5/us + 7/vs +7),(6/ys/26))

with 6 € yg, 0 € ug, ¢ € u;,v;, and ug,u;,v; subsets of {0,...,6} for
1<4<5.

Now we take a detailed look at cases (a) and (b):

(a) 7 € yg. Write yg = ug + 7 with ug a subset of {0,...,6}. We can
assume 0 € uq,...,ux and 0 & ugy1,...,ug for some 0 < k < 6. Now it is
easy to see that

o+ Uug o + ug

1 a4+w k+1 atugrs+0
Bre—1r = . ) )

k o+ ug 6 a+ug+0
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meets the conditions of Lemma 5 (« = 0123456). Hence we can assume
S =((0/0123456 + 7/7),(1/0124 + 7/vy + 7),
(2/0236 4+ 7/ve + 7),(3/0135 + 7/vs + 7),
(4/146 + 7/va +7),(5/345+ 7/vs + 7), (6/256 + 7/26)).
It is easy to check that there is no subset vs of {0,...,6} such that
((0/0123456 + 7/7),(1/0124 + 7), (2/0236 + 7),
(3/0135+7),(4/146 +7),(5/345 + 7/vs + 7),(6/256 + 7))

is a subsystem of S.
(b) 7 & ys. We can assume 0 € uy,...,u; and 0 € ug41,...,us for some
0 <k <5. As in case (a), it is easy to see that

o+ ug o+ ug
1 a4+w k+1 atups+0

Bk’5_k - . . . .
k o+ ug 5 a+us+0
meets the conditions of Lemma 5 (o = 0123456). Therefore we get:
(i) S =1((0/0123456 +7/7),(1/0124 + 7 /vy + 7),
2/0236 + 7/vy +7),(3/0135 + 7/vs + 7),
4/146 + T/vy +7),(5/345 4+ 7/vs + 7), (6/y6/26)), or

(i) S =((0/01235+7/7), (1/0126 + 7 /v, +7),
4/1456 + T/vy + 7),(5/245 4+ 7/vs + 7), (6/y6/26)), or
(iil) S = ((0/01256 + 7/7), (1/0145 + 7 /vy +7),

(
(
(
(2/023456 + 7/va +7), (3/0134 + 7/vs + 7),
(
(
(

2/0123 + 7/vy +7), (3/02346 + 7/vs + 7),
(4/2345 + 7/va +7), (5/13456 + T/vs + 7), (6/ys/25))-
The following is easy to check:
(i) There is no subset yg (containing 6) of {0, ...,6} such that
((0/0123456 + 7/7), (1/0124 + 7), (2/0236 + 7),
(3/0135+7),(4/146 +7),(5/345 +7),(6/ys))

is a subsystem of S.
(ii) There is no subset yg (containing 6) of {0, ...,6} such that

((0/01235 4 7/7), (1/0126 + 7), (2/023456 + 7),
(3/0134 + 7), (4/1456 + 7), (5/245 + 7, (6/ys))

is a subsystem of S.
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(iii) The subsystem
((0/01256 + 7/7), (1/0145 + 7), (2/0123 + 7),
(3/02346 + 7), (4/2345 + 7), (5/13456 + 7/vs + 7),(6/ys))

implies yg = 0123456. But no subset vs (containing 5) of {0,...,6} exists
with the desired property. m

THEOREM 1. (a) There exists a digital (0, s)-sequence over Fy if and only
if s < 2.

(b) There exists a digital (1, s)-sequence over Fo if and only if s < 4.

(c) There exists a digital (2, s)-sequence over Fo if and only if s < 5.

Proof. (a) was already shown in [4, Theorem 2b)]. The existence of dig-
ital (1,4)- and (2,5)-sequences follows from the construction using global
function fields which was introduced by Niederreiter and Xing [12] (see
Table 1). From Proposition 1 we deduce that for the existence of a digi-
tal (1,5, s)-net over Fo we must have s < 5. Combining this result resp.
Lemma 4 with [12, Lemma 1] completes the proof. m

3. Improved construction of digital (¢, +4, s)-nets over F, from
linear codes. In [7] a new method for the construction of digital nets in
prime power bases was discussed which makes use of sets of independent
vectors over finite fields.

An (n, k)-set in F4H¥ is a set of n vectors in F,t* with the property that
any k of them are linearly independent over F,. Further, let maxy (¢t + k, q)
be the maximal number of vectors of length ¢ + k over F, with the property
that any k of the vectors are linearly independent over . (maxy(t+k, q) :=
max{n € N : 3(n, k)-set in FL+*}.)

[7, Theorem 1] Let q be a prime power, and let n,t > 0, and k > 2
be integers. Given an (n,k)-set in FLY%, a digital (t,t + k,s)-net can be
constructed over F, with

{”glJ ifk=2h+1,

ULLJ if k=2h.

A well known upper bound for the dimension of digital (¢, m, s)-nets over
Fyis s < (¢"? —1)/(¢ — 1). By using maxz(t +2,q) = (¢"** = 1)/(¢ — 1)
(see [3, Theorem 14.4]) and maxs(t + 3,2) = 22 (see [3, Corollary 14.12]),
this upper bound can be achieved by [7, Theorem 1]. As pointed out in [7],
there is a small gap between the lower and upper bound for the maximal
dimension s already for digital (¢, + 3, s)-nets over F, with ¢ > 2. The
following improvement has closed this gap (for a detailed proof see [15]).

S =
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[7, Theorem 4] Let q be a prime power and t > 0 be an integer. Then a
digital (t,t + 3, s)-net can be constructed over F, if and only if

t42
q-‘r_

max3(t+3,q) — 1 = if ¢ =2, orif q is even and t = 0,

s <

maxs(t + 3, q) else.

Remark. In the theory of error-correcting codes it is well known that
the existence of an (n, k)-set in Fff’“ is equivalent to the existence of a linear
[n,n — (t + k), k + 1]-code over [F,. (We refer to [3] for an introduction to
linear coding theory.) Therefore [7, Theorem 4] provides a complete solution,
in terms of linear codes, for the existence of digital (¢, + 3, s)-nets over F,.

An upper bound for maxy (t+k, ¢) is an upper bound for the dimension s
of a digital (¢, ¢+, s)-net over F,, which is easily seen by the following fact:
if M ..., C®) are the matrices providing a digital (t,t + k, s)-net over F,
then the first row vectors of each of the matrices provide an (s, k)-set in Fg*k.

Brouwer [2] has made available a data base of bounds for the mini-
mum distance for binary, ternary and quaternary codes. We have used
this data base and improved values of Bierbrauer and Edel (for the var-
ious manuscripts see the homepage of J. Bierbrauer under URL http://
www.math.mtu.edu/home/math/jbierbra/Home.html) to compute upper
and lower bounds for maxy(t + 4, ¢) (see Table 4).

If we use these bounds, we find by the above mentioned fact and by [7,
Theorem 1], that there are large differences between the lower and upper
bounds for the maximal dimension s(t,t + 4,q) of digital (¢,t + 4, s)-nets
over F,. For example, we have 8 < 5(4,8,2) < 17, 11 < 5(5,9,2) < 23, or
21 <5(3,7,4) <59 (see Table 4).

There is the following considerable improvement:

THEOREM 2. Let q be a prime power, and let s and t > 0 be integers.
Given an (s,4)-set in FLH with

ag=1° 5 alg=1(¢=5)
2 2
a digital (t,t + 4, s)-net can be constructed over Fy.

Proof. Let {cgl), . ,cgs)} be an (s,4)-set in F,™* with
—1)? —1)(¢—5
o(s) = q(q . ) 2l ;(q )

Notice that S := ((cgl)), ce (c§3>)) is, in our terminology, a (4,t + 4,1, s)-
system over F, if and only if all vectors of

s—q(2qg—3) < ¢,

s —q(2q — 3) < ¢,

Ay = {0, Ac!?, AP 4 pel® A peF\0, 1<i<s, 1<) <jo<s}

are different (then [A;] =1+ (¢ —1)s+ (¢ —1)2(3))-
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For each a € Fy define f : Fit4 — Fit4 fl(z) =z + ozcgl). Let
Ay = {o0, )\cgi), )\cgl)—l—,ucgj) ApeF N0 1<i<s, 2<j<s}CA;.
Note that f1(A;) = A; for all a € Fy, |Ai| =14 (¢—1)s+ (¢ —1)*(s — 1),
and f)(FLH4\ Ay) =FLH4\ Ay Since ¢(s) < ¢"™* we find that f3(F,T\ Ay),
o € Fy, are ¢ subsets of FiH4\ Ay such that

FAELFAN Ap)| = R Ay > \Ft+4 \ Ayl

Therefore we have (,cx, SOFLAN Ap) # 0.

So we get some ¢ in Fit with = SOELFEN Ay) for all a € F,.
Hence fi(cg)) (1) + ac(l) ¢ Ay for all a € F,;. So we have found some
cgl) such that ((c gl)/cél)),( 52)),...,( § ))) is a subsystem of the desired
(4,t+ 4,2, s)-system.

Now let 1 < k < s and assume that we have found c(l) ...,cék_l) such
that ((c\™/e{™), ..., (P2 /ey (™), ... (c{™)) is a subsystem of the
desired (4,t + 4,2, s)—system

ForAk::Alu{)\c )\cg)—i-,uc() ApeF,\0,1<i<k—1} we
have [Agl = |A1] + (k — 1)(q — 1+ (g — 1)%).

For each a € Fy define fF:Fit* — Fit4 fr(r) = o + act? . Let

A =1{0, A\?, Ael® 4 e N peF N0, 1<i<s, 1<j#k<s),

Ay C Ap. As before we get fX(Ay) = Ay, for all « € Fy, [Ag] =14 (¢—1)s+
(q—1)%(s—1), and fE(FL\ Ay) = FiF4\ A, Since k < s and ¢(s) < ¢'™*
the same arguments as before lead to (,cp, JEFLFAN Ay) # 0.

Hence there is some cgk) in F; " such that cgk) +ac§k) ¢ Apforalla € F,

and so ((cgl)/cél)), ce (cgk)/cgk)), (cgkﬂ)), ce (c(ls))) is a subsystem of a
(4,t 4+ 4,2, s)-system.

We now extend the above constructed (4,t + 4,2, s)-system to a (4,t +
4,3, s)-system. For fixed 1 <1i < s let

S(i) := {0, )\cgj), )\c(z) )\ng) + uc(k) )\cgz) + ,uc(]) )\ng) + Mcé) + 1/c§k)}

for1<j<s,1<k#i<s, and A\ pu,veFy\0. All these vectors € F,*
are different. Fors>3wehave\5’( N =1+(g—1)(s+1)+(¢—1)> (25—1)+

(q— 1) (s —1) < c(s) < ¢'™, and therefore there exists a vector cé) e Fitt

with cg () ¢8S. c(l) . cgs) extend our system to a (4,t + 4, 3, s)-system.

511) = ng) and c(Z) cgl), 2 <1 < s, extend, for example, this system
to a (4,t + 4,4, s)—system over F, and therefore to a digital (¢,¢+ 4, s)-net

over F,. m
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Remark. If we compute N := N (t, q) to be the largest integer for which
we have ¢(N) < ¢'™, then, for s < min(N(t,q), maxy(t + 4,q)), a digital
(t,t + 4, s)-net over F, exists.

In Table 4 we compare the lower bounds for s(¢,t + 4, q) deduced from
Theorem 2 (min(N(t,q), max4(t + 4,¢))) with the results deduced from [7,
Theorem 1] (max4(t + 4,¢q)/2). Note that “max4(t + 4,q): upp” is also an
upper bound for s(¢,t + 4, q).

Table 4. Lower bounds for $(¢,t + 4, q)

t 1 2 3 4 5 6 7 8 9 10

N(t,2) 4 6 9 14 21 30 43 62 89 126
maxy(t +4,2): low 6 8 11 17 23 33 47 65 81 128
[7, Theorem 1] 3 4 5 8 11 16 23 32 40 64
Theorem 2 4 6 9 14 21 30 43 62 81 126
maxq(t+4,2):upp | 6 8 11 17 23 37 61 88 124 179
N(t,3) 5 10 18 32 56 98 171 297 514 892
maxy (t + 4,3): low 11 14 27 41 86 122 130 - - -
[7, Theorem 1] 5 7 13 20 43 61 65 — - -
Theorem 2 5 10 18 32 56 98 130 - - -
max4(t+4,3):upp | 9 14 31 55 97 - — - - -
N(t,4) 7 14 30 60 120 241 482 965 1930 3861

maxy (t + 4,4): low 11 21 43 65 82 126 128 156 — -
[7, Theorem 1] 5 10 21 32 41 63 64 78 - -
Theorem 2 7 14 30 60 82 126 128 156 - -
maxy(t+4,4): upp | 11 29 59 119 - - — - - -

4. Best bounds for the dimension of digital (¢,¢+ k, s)-nets over
Fy with small k. In this section we give a survey of lower and upper bounds
for the maximal dimension s(t,t + k,2) of digital nets and close some gaps
between these bounds.

Table 5. Best bounds for s(¢,t + &, 2)

t=1 t=2 t=3
5(t,t 4 4,2) low shift-net 5 | “by hand” 8 | “by hand” 11
5(t,t+4,2) upp Prop.1 5 | max4(6,2) 8 | max4(7,2) 11
5(t,t+5,2) low | Nied.—Xing 5 | shift-net 7 | Lemma 3(c) 9
5(t,t +5,2) upp | Lemma 3(c) 5 Prop. 2 7 | Lemma 3(c) 11
5(t,t+6,2) low | Nied.—Xing 5 | “by hand” 6 shift-net 9
5(t,t +6,2) upp | Lemma 3(c) 5 | Lemma 4 6 Prop. 1 10

Explanations to Table 5:
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e “shift-net” means that the net is provided by the so-called shift method
of Schmid [14]. This method improves many of the best known values. The
article [14] is in preparation so we enclose the concrete matrices in the
appendix.

e “by hand” means that the matrices providing this net were found by
trying and using linear properties — see the appendix.

e “Nied.—Xing” refers to the method of Niederreiter and Xing which
we have mentioned in the section on digital sequences. We also have found
matrices providing such nets “by hand” but we have resigned to include
them in the appendix. We remark that the lower bound for s(¢,¢+4,2) can
also be deduced by their method.

e As mentioned in the previous section, an upper bound for maxy (t+k, q)
is also an upper bound for s(¢,t + k, q).

Remark. We want to point out that the lower bounds in Table 5 are
not only existence results. All of the matrices providing the digital nets with
the given parameters can be obtained from the authors.

PROPOSITION 2. For s > 8, a digital (2,7, s)-net over Fy cannot exist.

Proof. By Lemma 3(b) it suffices to show that there is no digital
(2,7,8)-net over Fy. Assume that there is a system providing a digital
(2,7,8)-net over Fy. Then there exists a subsystem S which is a (5,7, 2, 8)-
system over Fy. We identify a row vector in F} with a subset of {0,1,...,6}
indicating the coordinates which are 1, and write S = ((zo/v0), (z1/y1), - - -
..., (x7/y7)) where x;,y; are subsets of {0,1,...,6} for 0 <i < 7. It follows
that dim[zo,...,xz7] > 5.

(1) dim[zg, . ..,z7] = 5. We can assume g = 0,...,x4 = 4 and 5, x4, T7
€10,1,...,4]. It follows that x5 = ¢ = 01234, which is a contradiction.
(2) dim[zg, . ..,x7] = 6. We can assume 2o = 0,...,x5 =5 and xg,27 €

[0,1,...,5]. It follows that z¢,27 € {a,a+7:0 <i <5} with o = 012345,
which leads to a contradiction.

(3) dim(zo, ..., 27] = 7. We can assume S = ((0/y0), - - -, (6/y6), (x7/y7))
where x7,y; are subsets of {0,1,...,6} for 0 <i < 7. Now let

' i if 4 iy .
Yi = {zl +1i othfrv%ise, for0<:<6.
It is easy to check that Sisa (5,7,2,8)-system if and only if " = ((0/yy), - - -
oy (6/yg), (x7/y7)) is a (5,7,2,8)-system. So without loss of generality we
get the above system S with i & y;, 0 < i < 6. It follows that 5 < |z7| < 7.
(a) |z7| = 7. Hence z7 = 0123456. It follows that there is no y7 such that
((0),(1),...,(6),(0123456/y7)) is a subsystem of S.
(b) |z7] = 6. We can assume z7; = 012345. For ((0),(1),...,(6),
(012345/y7)) is a subsystem of S it follows that |y7| = 4; we can assume y7 =



396 W. Ch. Schmid and R. Wolf

0126. But now we conclude that there is no yg such that ((0), (1),...,(5),
(6/ys), (012345/y7)) is a subsystem of S.

(¢) |z7| = 5. We can assume x7 = 01234. Searching for some y; we get
lyz| = 4 or 5. It follows that 5,6 € y7 and that there is no 0 < ¢ < 4 such
that |y;| = 6.

(1) |lyz| = 5. We can assume y; = 01256. Now take a look at the subsys-
tem ((0/90), (1), (2), (3/3s). (4/31), (5), (6), (01234/01256)) of S. It is easy to
see that |ys| = |y4] = 5 and 4,5,6 € y3 and 3,5,6 € y4. Furthermore, we
get y3 € {01456, 02456, 12456} and y4 € {01356, 02356, 12356} and, without
loss of generality, y35 = 01456. Hence we have y4 = 02356 or y, = 12356
and, without loss of generality, y, = 02356. Looking at the cases |yo| = 4
or 5 it is easy to see that no yq exists such that ((0/yo), (1), (2), (3/01456),
(4/02356), (5), (6), (01234/01256)) is a subsystem of S.

(ii) |y7| = 4. We can assume y7; = 0156. We find that the system S has
the form S = ((0/yo),.-.,(6/ys), (01234/0156)) with i ¢ y; and |y;| = 4
or 5 for 0 < i < 6. Looking at yo and y; we get |yo| = |y1] = 5 and
1,5,6 € yo and 0,5,6 € y;. It follows that yo € {12356,12456, 13456}
and y; € {02356,02456,03456}. We can assume yo = 12356 and therefore
y1 € {02456,03456}. We can assume y; = 02456. Looking at several cases
we find that there is no y2 such that ((0/12356), (1/02456), (2/y2), 3,4, 5, 6,
(01234/0156)) is a subsystem of S. m

Remark. In [15] it is conjectured that for prime powers ¢ the existence
of a digital net over [, is equivalent to the existence of a general net in base
g. But there are also many opinions against this (private communication).
The sharp bounds (for the dimension of digital nets) of the last sections will
make it easier to find counterexamples to this conjecture (if they exist).

Acknowledgements. We would like to thank Jiirgen Bierbrauer and
the referee, who both independently gave us the essential hint to improve
Proposition 1 to its final form.

Appendix

A1l. Digital (2,6,8)-net over Fo
100000 010000 001000 000100
101110 010111 101101 011101
000011 001100 000110 000011
010000 100000 100000 100000
000010 000001 111100 110011
101011 011011 101010 010101
001100 000110 000011 000011

100000 100000 100000 100000
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A2. Digital (3,7,11)-net over Fo

1000000 0100000 0010000 0001000
0100110 1010010 1101000 0110001
0000011 0000011 0000011 0000101
0100000 1000000 1000000 1000000
0000100 0000010 0000001 1110100
1011000 0101100 0010110 1010001
0000011 0000101 0001100 0000011
1000000 1000000 1000000 1000000
0111010 0011101 1111111
1100001 1001010 1001100
0000011 0000011 0000011
1000000 1000000 1000000

A3. Digital (2,8,6)-net over Fo

10000000 01000000 00100000
01001110 10101011 11010010
10000011 00100010 00010011
00000001 00010001 00000101
00010100 00000011 00000010
01000000 10000000 10000000
00010000 00001000 00000100
01100111 10010111 00111010
00000110 00000010 00001011
00001001 00000001 10000001
00000011 00100100 00000010
10000000 10000000 10000000

B1. Digital (1,5,5)-net over Fy (shift method)

00001 00010 00100 01000 10000
01110 11100 11001 10011 00111
10010 00101 01010 10100 01001
00010 00100 01000 10000 00001

B2. Digital (2,7,7)-net over Fy (shift method)

0000001 0000010 0000100 0001000
0101110 1011100 0111001 1110010
0011010 0110100 1101000 1010001
0000110 0001100 0011000 0110000

0000010 0000100 0001000 0010000
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0010000 0100000 1000000
1100101 1001011 0010111
0100011 1000110 0001101
1100000 1000001 0000011
0100000 1000000 0000001

B3. Digital (3,9,9)-net over Fy (shift method)

000000001 000000010 000000100
001011110 010111100 101111000
010110010 101100100 011001001
000100110 001001100 010011000
000001010 000010100 000101000
000000010 000000100 000001000
000001000 000010000 000100000
011110001 111100010 111000101
110010010 100100101 001001011
100110000 001100001 011000010
001010000 010100000 101000000
000010000 000100000 001000000
001000000 010000000 100000000
110001011 100010111 000101111
010010110 100101100 001011001
110000100 100001001 000010011
010000001 100000010 000000101
010000000 100000000 000000001
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