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1. Introduction. Let ¢(n) be the number of representations of n as the
sum of three triangular numbers. Then

D tn)g" = (MO>3

= (¢:4%)o0

Gauss [2] showed that ¢(n) > 0, in other words, every number is the sum
of three triangles. Recently, George E. Andrews [1] provided a proof of this
fact via g-series.

We shall show that ¢(n) satisfies infinitely many arithmetic identities.
Thus, for A > 1,

(322 4+ (11-3%* —3)/8) =3* - t(3n + 1),
t(3%n 4 (1932 —3)/8) = (2-3* — 1)t(3n + 2),
(32220 4+ (32M — 3)/8) = ((3*! — 1)/2)t(9n)

and
(3220 + (17 - 321 = 3)/8) = ((3M1 = 1)/2)t(9n + 6).

It should be noted that ¢(n) = r(8n + 3), where r(n) is the number of
representations of n in the form n = k% 4+ (2 + m? with k,I,m odd and
positive. Indeed,

n=(r?+r)/2+ (s> +58)/2+ (2 +1)/2
is equivalent to

8n+3=(2r+1)2+ (25 +1)* + (2t + 1)%.

This research was begun while the first author was enjoying leave.

[289]
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Our results can be written in terms of 7(n). Thus, we have

3 r(n) if n =11 (mod 24),
r(9*n) = ¢ (2-3* —1)r(n) if n =19 (mod 24),
((3*1 —1)/2)r(n) if n=3or 51 (mod 72).

We also obtain the generating function formulae

3 3+ 1)q" 3@%, 3 i3+ 2)" 3(‘1#,

)
n20 (4 4)% n>0 (45 ¢%) 0
(q3; qg)oo q3n—1
Zt(9n)q": — 5 ) 1+GZ — — — ’
n>0 (4:4°) (4% ¢°) et 1—q 1—gq
and
Z (9n + 6)q 6((1 q0°)%.(¢% q6)i0.

2. The generating functions for #(3n + 1) and ¢(3n + 2). We have
t(3n + 1) = r(24n + 11), so we need to consider

2n + 11 = k> + 1> + m?
with k,l, m odd and positive. Modulo 6, this becomes
E*+12+m?*=5 (mod 6).
This has the solutions, together with permutations,
(k,l,m)=(£1,£1,3) (mod 6).
Conversely, if (k,l,m) = (£1,+1,3) (mod 6) then k2+1>+m? =5 (mod 24).
It follows that

Z t(3n 4 1)g*4n+1

n>0

= Z (24n + 11)g** "t =3 Z (R + (614 1)+ (6m+3)°
n>0 m>0

Here we have used the facts that
2 2 2 2
Z ¢ = Zq(6k+1) and Z ¢ = Zq(6k+3) '
k>0 k>0 k>0
k=#41 (mod6) k=3 (mod 6)
Thus we have

Z t(3n + 1)g*n T = 34 Z P12k 3617 +120436m +36m

n>0 m>0
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SO
Z t(3n+1)g" =3 Z q(3k2+k)/2+<3l2+l)/2+3((m2+m)/2)

n>0 m>0
(4% ¢°) o
=3(-4: ") (—* )2 (6 ) oo g5
( el Yool ) (4% 4%)
_ (@)%
(:95)%
Similarly we find that
Z t(3n + 2)q24n+19 — Z 7"(24n + 19)q24n+19
n>0 n>0
=3 Z q(6k+1)2+(6l+3)2+(6m+3)2
I,m>0

— 3¢1° Z q36k2+12k+36l2+36l+36m2+36m

l,m>0
SO

Z t(3n +2)¢" = 3 Z q(3k2+k)/2+3((l2+l)/2)+3((m2+m)/2)

n>0 1,m>0
(4% %)\
=3(=¢;¢*) oo (—¢%; ¢*) o (¢*; ¢° oo<
( Joo! Jool ) (4% 45)
_ (a5 )%
(4:0%) oo

3. The generating functions for ¢(9n) and #(9n+6). We have t(9n) =
r(72n 4 3), so we need to consider

2n+3 =k +1%+m?
with k,l, m odd and positive. Modulo 18, this becomes
k* + 12 +m? =3 (mod 18).

The only solutions of this are, together with permutations,
(k,l,m)

= (£1,+1,£1), (£5,£5,+5), (£7,£7,+7) or (£1,45,£7) (mod 18).
Conversely, if
(k,l,m)

= (£1,+1,£1), (£5,+5,45), (£7,£7,£7) or (£1,4+5,£7) (mod 18)
then k% + 1% + m? = 3 (mod 72). Thus,
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Z t(gn)q72n+3 — Z 7"(7271 + 3)q72n+3

n>0 n>0
_ Zq(18k+1)2+(18l+1)2+(18m+1)2
+ Z q(18k75)2+(18Zf5)2+(18m75)2
+ Z q(18k+7)2+(18l+7)2+(18m+7)2
+6 Z q(18k+1)2+(181—5)2+(18m+7)2
_ Z q(6k+1)2+(6l+1)2+(6m+1)2‘
k+14+m=0 (mod 3)
If weset k+14+m=3u, 2k—1—m =3v, | —m = w then v =w (mod 2),
(6k +1)% + (61 + 1)* + (6m + 1)?
=12(k + 1+ m)? +6(2k — 1 —m)* + 18(1 — m)® + 12(k + 1 +m) + 3
=12(3u)? + 6(3v)% + 18w? + 12(3u) + 3
= 108u? + 5402 + 18w? + 36u + 3

and

72n+3 _ 108u?+54v2+18w?436u+3
E t(9n)q = E q .
n>0 v=w (mod 2)

That is,

Z t(9n)q"

n>0
_ Zq(3u2+u)/2 Z q(3U2+w2)/4

v=w (mod 2)

— Zq(fiu +u)/2 Z q(3(s+t) +(s=1)%)/4 _ Zq(i%u +u)/2 qu +st+t
3 2,3 q3n_1
= (46" (~¢* ¢%) o (¢’ {1+6Z< e 2—1_q3n1>}

n>1

B (q;q(gg.i) q°) {1+GZ < 3”35 21 3323:‘1>}'

n>1

(For a proof that

st q3n—1
S oY (P )

n>1

see the Appendix.)
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In similar fashion,

Z t(9n + 6)g " = Z r(72n + 51)g"™*" 1

n>0 n>0
_ 3Zq(18k+1)2+(18l—5)2+(18m—5)2
+3 Z q(18k—5)2+(18l+7)2+(18m+7)2
+3 Z q(18k+7)2+(18l+1)2+(18m+1)2
_ Z q(6k+1)2+(61+1)2+(6m+1)2.

k+l4+m=1 (mod 3)

Ifweset k+1l4+m=3u+1,2k—1l—m=3v—1,l —m = w then v Z w
(mod 2),

(6k +1)% + (61 + 1)? + (6m + 1)?
=12k +1+m)? +6(2k —1 —m)> +18(1 —m)? +12(k +1+m) + 3

=123u+ 1) +6(3v — 1)* + 18w? + 12(3u + 1) + 3
= 108u? + 54v? 4 18w? + 108u — 36v + 33

and
Z t(9n + 6)¢"*" T = Z 108U +540 H 18w +108u—360+33
n=>0 vZw (mod 2)
That is,
2 2,2
S Hon+6)g" = 3 M0 S g@truto2mn /4
nz0 vZw (mod 2)

_ Zq?)((u2+u)/2) Zq(3(s+t+1)2+(sft)272(s+t+1)71)/4

_ E qs((u2+u)/2) Z q32+st+t2+s+t

_ o (@%50% 0 (@705 _ ((9%4°)5(¢% 4%

- 3. .6 . - . :
(%%  (¢:0)0 (45 @)oo

(For a proof that

2 : s24st+t2+s+t _ 3((13;(13)20
q frd - = =
(45 9)
see the Appendix.)

4. Proof of the main result in the case A = 1. We want to show
that

t(27n + 12) = 3t(3n + 1),
t(27n + 21) = 5t(3n + 2),
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t(81n + 3) = 4t(9n),
t(81n + 57) = 4t(9n + 6).

As we shall see, it is crucial for us to prove

(%) D 2T +3)¢" =4) t(3n)g" =3 t(n)g*" .
n>0 n>0 n>0
The third and fourth of the above relations follow from (x) on comparing co-
efficients of ¢3" and ¢3"*2 respectively. Also, we shall require () in Section 5
to prove the main result for A > 1.
We shall prove (*) in full detail, and outline the proofs of the first and
second relations above.

First,
Z t(3n)g**"t3 = Z r(24n + 3)g**"t3
n>0 n>0
_ Zq(6k+1)2+(6l+1)2+(6m+1)2
+ Z q(6k+3)2+(6‘l+3)2+(6m+3)2
k,l,m>0
=g Z q36k2+12k+3612+12l+36m2+12m
2 2 2
g Z 30k" +36k+361°+361+36m" +36m
k,l,m>0
SO

2 2 2
Zt(?m)q” = Zq(3k +k)/2+ (312 +1) /2+(3m>+m) /2
n>0

1q Z B HR) /D31 +D)/2)+3((m? +m) /2)
k,l,m>0
_ Zq(3k2+k)/2+(312+l)/2+(3m2+m)/2

+ Z t(n)q3n+1.

n>0
Next, t(27n + 3) = r(216n + 27), so we need to consider
216n + 27 = k* + 12 + m?
with k, 7, m odd and positive. Modulo 54, this becomes
k* + 12 + m? =27 (mod 54)
and we find that

D t2Tn+3)g*M 0T =3 (2160 + 27)g> O+
n>0 n>0
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_ 3{ Z q(54k—23)2+(54l—17)2+(54m—17)2 + Z q(54k—17)2+(54l+25)2+(54m+25)2
+ Z q(54k—11)2+(54l+13)2+(54m+13)2 + Z q(54k—5)2+(54l+1)2+(54m+1)2
+ Zq(54k+1)2+(54l—11)2+(54m—11)2 + Zq(54k+7)2+(54l—23)2+(54m_23)2
+ Z q(54k+13)2+(54l+19)2+(54m+19)2 + Z q(54k+19)2+(54l+7)2+(54m+7)2
i Z q(54k+25)2+(54l—5)2+(54m—5)2}
+6{ Z q(54k—23)2+(54l+19)2+(54m+1)2 + Z q(54k—17)2+(54l+7)2+(54m—11)2
+ Z q(54k—11)2+(54l—5)2+(54n~b—23)2 + Z q(54k—5)2+(54l—17)2+(54m+19)2
+ Z q(54k+1)2+(54l+25)2+(54m+7)2 + Z q(54k+7)2+(54l+13)2+(54m75)2
+Z q(54k+13)2+(54l+1)2+(54m—17)2 Jrz:q(54k+19)2+(54l—11)2+(54m+25)2
i Z q(54k+25)2+(54l—23)2+(54m+13)2}
+ Z q(18k+3)2+(18l+3)2+(18m+3)2
+ Z q(18k+9)2+(18l+9)2+(18m+9)2'

k,l,m>0

The last two terms constitute

Z t(3n)q216n+27

n>0
so we have

Z t(27n + 3)q216n+27 _ Z t(3n)q216"+27

n>0 n>0
-3 Z q(6k+1)2+(6l+1)2+(6m+1)2‘

4k+l+m=—4 (mod 9)
l—m=0 (mod 3)

Ifwesetdk+1+m =9 —4, —k+20+2m =90+ 1, | —m = 3w then
u=w (mod 2),

(6k +1)% + (61 4 1)% + (6m + 1)?
=2(dk +1+m)? +4(—k + 20 +2m)? + 18(1 — m)?
+ 44k +14+m) +4(—k +20+2m) + 3
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=2(9u — 4)%> + 4(9v 4+ 1)% + 18(3w)? + 4(9u — 4) + 4(9v + 1) +3
= 162u? + 32402 4 162w? — 108w + 108v + 27

and
Z t(27n + 3)q?1on+27 _ Z t<3n)q216n+27
n>0 n>0
—3 Z q162u2+324v2+162w27108u+108v+27.
u=w (mod 2)
That is,
Z t(27Tn + 3)¢" — Z t(3n)q"
n>0 n>0
=3 Z q(31)2+’0)/2 Z q(3u2+3w2—2u)/4
u=w (mod 2
-3 Z q(3v2+U)/2 Z q(3(s+t)2+3(sft)272(s+t))/4
=3 Z q(3v2+v)/2+(352—s)/2+(3t2—t)/2
=3( Y tBn)a" = Y g ),
n>0 n>0
SO

Z t(2Tn +3)¢" =4 Z t(3n)¢" — 3 Z t(n)g>" .
n>0 n>0 n>0
In the same way, we can show
Z #H(2Tn + 12)g2Lon+99 _ Z #(3n + 1)g2Lon+99
n>0 n>0
_3 Z q(6kz+1)2+(6l+1)2+(6m+1)2

4k+l+m=2 (mod 9)
l—m=0 (mod 3)

from which it follows that

D t2Tn+12)¢" = Y t(3n+ 1)g"

n>0 n>0

—3 Z q3(('uz+v)/2) Z q(3u2+3w2+2u)/4

u=w (mod 2)
— 62 q3((v +v)/2)+(35%+5)/2+(3t>+t) /2
v>0

=2 t(3n+1)¢"

n>0
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and
D (270 4 21)gP T =y "1 (3n + 2)g* 0T
n>0 n>0
=3 Z q(6k+1)2+(61+1)2+(6m+1)2
4k+l+m=—1 (mod 9)
l—m=0 (mod 3)

from which it follows that

D t2Tn+21)¢" — ) t(3n+2)¢"

n>0 n>0

2 2 2_
— 32(](31} +v)/2 Z q(Su +3w=—-3)/4
uZw (mod 2)

2 2 2
_ qu(?n} +v)/243((s“+s)/2)+3((t“+t)/2)

=12} gV HV)/243((+9)/2)+3((#+)/2)
s,t>0
=4> t(3n+2)q".
n>0
Thus the first and second relations hold.

5. Proof of the main result for A > 1. We have shown that
3*r(n) if n =11 (mod 24),
r(9*n) = { (2-3* = 1)r(n) if n =19 (mod 24),
((3M1 —1)/2)r(n) ifn=3or 51 (mod 72)
for A =1, and it is trivially true for A = 0.
Suppose now that A > 2, and that the result is true for A — 1 and A — 2.
We have

D t2Tn+3)g" =4 t(3n)g" -3 t(n)g*" .
n>0 n>0 n>0

3n+1

If we consider the coefficient of ¢ we obtain

t(81n + 30) = 4¢(In + 3) — 3t(n)
or
r(648n 4 243) = 4r(72n + 27) — 3r(8n + 3),
or
r(81(8n + 3)) = 4r(9(8n + 3)) — 3r(8n + 3).
It follows that for all n,
r(81n) = 4r(9n) — 3r(n),
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for if n # 3 (mod 8) then 81n =9n =n # 3 (mod 8) so r(81n) = r(In) =
r(n) = 0 and the result is trivially true.
It follows that for every A > 2,

(9% ) = 4r(9*1n) — 3r(9*2n).
Thus, if n =11 (mod 24),

r(9*n) = 4r(9n) — 3r(9*2n)
=4-3""1r(n) —3-3*2r(n)
=(4-3"1 —=3.3"2)r(n)
= 3%r(n),

if n =19 (mod 24),

r(9*n) = 4r(9 " 1n) — 3r(9*2n)
=4(2-3"" = 1)r(n) = 3(2-3* 2 = 1)r(n)
=423 =1)=3(2-3"2 = 1))r(n)

= (23— r(n),
while if n =3 or 51 (mod 72),

r(9*n) = 4r(921n) — 3r(9*2n)
=4((3* = 1)/2)r(n) = 3((3*" = 1)/2)r(n)
= (4((3* = 1)/2) = 3(3 " = 1)/2))r(n)
= (M = 1)/2)r(n),

and our result is proved.

Appendix. In [3], a generalisation of the following identity was estab-
lished:

Zas+t+uq(52+t2+u2)/2
V293 (a7 g %) (@ )2
= co(—00*"?; %) oo (—072¢*% ¢%) o (673 %)
+ c1{a(—a*¢"%; %) oo (a7 20"%; %) oo (6% ¢*) e

_|_afl(_a3q1/2;qS)OO(_a73q5/2;q3)oo(q3;q3)oo}7

= (—aq

where
3n—1

3. ,3\3
q 1/2(q 14 )5

co=1+6 E ( o2 3n_1> and ¢ =3¢/ ———.
n>1 1_(] (QaQ)oo
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Thus we have
2 2 20420 (_g_p)? 24242
qu st _ Zq(s F(—s—)2)/2 _ Z ) /2

s+t+u=0
= the constant term in Z as‘*'“r“q(SQ‘H’z+“2)/2
= CO
3n—2 3n—1
N q q
- 1+6Z <1 — 21 _q3n—1>’
n>1
and
Z q52+st+t2+s+t

_ Z q(52+t2+(—s—t—1)2—1)/2

. —1/2 Z (s2+t2+u?)/2
=4q q
st+tt+u=—1
= ¢~ /2 . the coefficient of ¢! in Z as‘*'tJr“q(SQ‘HZ*'“Z)/2
(¢ ¢*)%

_ —1/2 _
=q c1 =3 .
' (¢ 9)

Addendum. We conjecture that for each odd prime p, each A > 1, each
wed{0,1,...,p—1} and all n > 0,
e if p=1 (mod 8), then
(P n+ (3p™* = 3)/8 + up™)
pM(pn + p) if 844+ 3 is a q.r. modulo p,
= Hpr —2
(p+1)p i
p—1
t(pQ)\—i-Zn + (3p2>\+1 _ 3)/8 + Mp2x\+1)

p)\Jrl -1 5
= ﬁt(p n+(3p—3)/8+up) for u# (3p—3)/8,
e if p=3 (mod 8), then

t(e* 1+ (3p** — 3)/8 + up*)

pn+p) if 8u+ 3 is a q.n.r. modulo p,

pM(pn + p) if 8 + 3 is a g.n.r. modulo p,
= Hpt —2
wt(pn +u) if 8u+3 isa q.r. modulo p,
p —

t(pQ)\—i-Zn + (pQ/\—i—l _ 3)/8 4+ Iup2/\+1)

p)\Jrl -1 9
= ﬁt(p n+(p—3)/8+up) for p#(3p—1)/8,
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e if p=>5 (mod 8), then
t(p* i+ (3™ = 3)/8 + up™)
p(pn + p) if 84 + 3 is a q.r. modulo p,
=4 e+ Dp* -2,
p—1
t(p2>\+2n + (7p2)\+1 _ 3)/8 + Mp2)\+1)
pt -1 2
= Ft(p n+(Tp—3)/8+up) for p+# (3p—17)/8,
e if p=7 (mod 8), then
(P n+ (3p™* - 3)/8 + up™)
pM(pn + p) if 8 + 3 is a g.n.r. modulo p,
= 1p* —2
(p+1p i
p—1
tp* P+ (5p*M = 3) /8 4 pup* )
_ p/\+1 -1
=53
In terms of r(n), these relations are:
e if p=1 (mod 8), then

(pn+p) if 8u+ 3 is a g.n.r. modulo p,

pn+ u) if 8u+ 3 is a q.r. modulo p,

t(p*n + (5p — 3)/8+ up)  for pu # (3p —5)/8.

(p*r(n)
for n = 8u+ 3 (mod 8p) if 8 + 3 is a q.r. modulo p,
p* —2
(p+1p r(n)
p2)\n) — b —= 1
for n = 8u+ 3 (mod 8p) if 8 + 3 is a q.n.r. modulo p,
p)\+1 -1
‘z;jji‘*r(n)
for n = 3p (mod 8p), n # 3p? (mod 8p?),

e if p=3 (mod 8), then

p*r(n)
for n =8u+ 3 (mod 8p) if 8u + 3 is a g.n.r. modulo p,
Hp* —2
(p+1)p r(n)
21 p—1
r(p™'n) = : .
for n =8u+ 3 (mod 8p) if 8+ 3 is a ¢.r. modulo p,
p)\+1 -1
FT(”)
for n = p (mod 8p), n % 3p* (mod 8p?),



Representations as a sum of three triangles 301

e if p=>5 (mod 8), then

(p*r(n)
for n = 8u+ 3 (mod 8p) if 8 + 3 is a q.r. modulo p,
Hp* —2
(p+1)p r(n)
2A, 0\ p—1
r(p™'n) = _ : .
for n =8u+ 3 (mod 8p) if 8 + 3 is a q.n.r. modulo p,
p)\—l-l -1
ﬁr(”)
for n = 7p (mod 8p), n # 3p? (mod 8p?),

o if p=7 (mod 8), then

prr(n)
for n = 8u+ 3 (mod 8p) if 8 + 3 is a q.n.r. modulo p,
p* —2
(p+1p r(n)
=4 o
for n = 8u+ 3 (mod 8p) if 8 + 3 is a q.r. modulo p,
p)\—i-l -1
———r(n)
p—1

( for n =5p (mod 8p), n # 3p? (mod 8p?).

References

[1] G. E. Andrews, EYPHKA! num = A+ A+ A, J. Number Theory 23 (1986),
285-293.

[2] C.F.Gauss, Werke, Bd. 10, Teubner, Leipzig, 1917, 497.

[3] M. Hirschhorn, F. Garvan and J. Borwein, Cubic analogues of the Jacobian
theta function 6(z,q), Canad. J. Math. 45 (1993), 673-694.

School of Mathematics Department of Science and Mathematics
University of New South Wales Cedarville College
Sydney 2052, New South Wales P.O. Box 601
Australia Cedarville, Ohio 45314
E-mail: m.hirschhorn@unsw.edu.au U.S.A.

E-mail: sellersj@cedarville.edu

Received on 15.9.1995
and in revised form on 7.11.1995 (2863)



